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Transllteration,

For the transliteration from Arabic into English the rules are used,
laid down in Bulletin 49, November 1958, issued by the Cataloging
Service of the Library of Congresa,

]
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Fatha is represented by a , kasra by 1 , and denma by u .

12

This is the same system as used dy George Sarton in his Introduction
to the History of Science [ I, 46/47).

For the letters in the drawings I followed the recommandations laid
down by H. Hermelink and E. 8. Kennedy in "Transcription of Arabilc
letters in geometric figures" in Journal of the American Oriental So-
elety, vol. 82 (1962) p. 204,

The following abbrviations are used;

L = treatise Aya Sofya 4830,5 (fol. B9v - 102v)
B = treatise Bankipore 2468,29 {fol. 141lr - 144v}
E. = Buelid

K. = Kitdb {~sbook), in Arabic titles

b, = ibn (sen), in Arabic names.



Introduetion and Summary.

For & betier understanding of modern life and culture it is clearly
indispenseble to have some idea of the stream of events and histori-
cal connections that resulited in the present situation, The many fac-
tors that played a rdle in this development are partly found in "po-
1itical" history, such as the history of wars, dynasties, social
changes, partly in "eultural" history, such as the hisfory of ideas
in art, philosophy, and the sciences, Perhaps as & congequence of the
Renaissance, the study of cultural history used to strongly emphasize
the period from the 16th,/17th. century onwards and the classlcal pe-
riod ending with the decay of the Roman Emplre. The intermediate
wdark Middle Ages" wers considered a period of standstill at best and
were acoordingly neglected, Only in more recent times it was general-
ly accepted that the medieval period deserved equal attention, if on-
1y for the sake of continuity. But in that period the main stream
flowed outside Europe through the Arab world, i.e. through countries
in which Arabile was the scientific language, Although it may be con-
{roversial it 13 the opinion of this author that more scholars should
therefore apply themselves to this period to arrive at a better under~
standing and appreciation of the Arabic contributions to our culture,
She hopes that the present work may be accepted as a small contribu-
tion to this aim,

The purpose of this work is to edit an Arasbie translation of a Greek
mathematical treatise, of which the Greek text is not extant, Several
yesrs ago H. Hermelink drew my attention to two manuseripts deallng
with this Avabic translation and to the many problems comnected with
them, The two menuscripts in question are, the Istanbul ms. Aya Sofya
4830,5 (£ol. 89v - 102r) "Kitdb al-mafrtdat 1T Aqdtun" (A) and ms.
Bankipore 2468,29 (fol. l41lr - 144v) °Kit8b Arshimldis £I'1-Usiil el-
nandasiya" (B). Treatise A consists of forty-three propositions deal-
ing with plane geometry, whereas treatise B contalns only nineteen
propositions, All nineteen are alse to be found in the first half of
A, although not in exactly the same form and in a 8lightly different
order., M, Schramm has apperently been the first to notice a correla-
tion between these two treatises,

The first chepter of the present work describes the itwo treatises,
compares theilr contents and the way in which they are expressed, and
establishes the correlation between the two, We find that the general
level of treatise A is higher than that of treatise B, The marginal



notes which appear all through treatise A are also discussed. As they
date from the 13th. century A.D, they shed some light on the inter-
ests and, to some extent on the way of thinking of Arsbic mathemati-
clans during that period.

One of the problems we had to deal with, was to establish the title
and & name for the author. Several possibilities are discussed in
chapter II: they resulted in the acceptance of Aqiyun as the author
and of "Kitdb al-mafriiddt" as the title. This title 1s translated as
"Book of Asumptions”.

Chapter III treats the contents of the Book of Assumptions, Special
care is taken to point Put the connections which apparently exist
with other mathematical works, either from a later or from an earlier
period, The different influences are gathered in chepter IV, Through
the intermediate of Pappus (Book VII), we have the impression that
Apollonius' "Loei" has contributed the most. Among later mathemati-
cians only Ibn al-Haytham is found to take up and extend materisl from
the Book of Assumptione, Chapter IV summarizes our conclusions on the
treatise,

In order to allow direct comparison the Arabilc text 15 added at the
end of the thesis; the American Englieh translation of thls text con-
stitutes the contents of chepter V,



Chapter I.
Description and Comparison of the two Manusecripts.

1, Treatise A is part of the Istanbul ms, Aya Sofya 4830, which was
discovered and described for the firet time by Max Krause. This ms,
consists of 235 pages, size 21 x 14 1/2 om., 23 lines on & page, writ-
ten in Neskhi, Except for & few rainspots and some of the marginal re-
marks, it 15 well readable, It containeg various treatises, mostly of
mathematical contents by well-lmown scholars, Some of the treatises
are dated A,H. 626, 627 or 628 ( = A,D, 1229 . 1231), sometimes with
the addition "Damascus” or "Maragha", On fol, 108v the pame of the
redactor reads as Muhammad ibn Sartdq ibn Jawban from Maragha, (1)
Treatise A, 1,e, AS 4830,5 (fol. 89v - 102v) [Krause|I], 439] "Kitab
el-mafriidat 11 Aqatun", 1s placed between an znonymous treatise ( AS
4830,4, fol. 86v - B89r) on "algebraic geometry"[Krause[I], 522}, per-
haps by el-Quhi (see chapter II,l1) and a fragment (half of fol. 102v)
from Theodosius' Sphaerica, This fragment consists of & proof for a
part of prop. III,1l}, and is different from the proof given in the
Greek edition [Heiberg, 154 £f.). A8 4830,6 (fol, 103r - 108v) is en
anonymous treatise on "number theory", starting: Let us assume three
proportional numbers ... . In ms, A fol, 9%, smaller than the other
pages and in & differemt handwriting, although aleo in Neekhi, has
wrongly been inserted. It does not belong %o the treatlse, which con-
tinues logicelly from fol. 94v on fol, 96r. Also the drawing belong-
ing to prop. 23 is mainly asitueted on fol. 94v but spreads out om fol,
g6r. On fol. 95r two stereometrical (astronomical?) figures are drawn.
Fol. 95v contains a proposition by Muhammad ibn Mis2 from the book

K. £I*1-lura alladhi ah&la “aldhu (On the Sphere which Turns around
itself).

{1) Nothing is lmown about the redactor.

Mardgha ( %% | <), former capital of Azerbaijap. Probably the town
existed already in Roman times, In A.H, 22 it was conquered by the
Araba, and during the following centuries was ruled by different dy-
nasties, The Mongols captured Maragha finally in A,H. 628, and Huldgu
made it his capitel after the conquest of Baghd&d in A.H. 656, Thisa
was the beginning of a time of prosperity, in which e.g. the famous
observatory was bullt under the direction of Nasir al-Din al—?ﬁsi.
[Enzykiopaedie des Islam, III, 284-290, Leiden/Leipzig, 1936)



Treatise B 1s part of the Bankipore ms. 2468, described in the Cata-
logue Bankipore vol. XXII, p. 60-92, This ms, consists of 327 pages,
slze 24 x15 end 20 x 12 1/2 em., 31/32 lines on & page, writtem in
Neskhi, It is a collection (majmu®ah) of 42 treatises on mathematics,
ineluding practically spplied mathematics and astronomy, by distin-
guished scholars, Some of the treatises are dated Mosul A B, 631/632

{ = A.D. 1234/1235) (2). They were published by the Osmanis Oriental
Publications Bureau (Hyderabad, Deccan),

These treatises were probably collected by Abd‘'l Rayhdn Muh. b, Ahmad
al-Birinl. A note at the end of the collectlon, indicating the date

of composition, reads: f'Abii'l-Rayhdn has finished ... with the compi-
lation in Rajab { = the seventh month of the muslim year) of the yeer
418", Rajab A.H. 418 means December A4.,D. 1027 or January A.D. 1028.
Between the years 1017 and 1030 al-Biriuni stayed in different parts

of India, probably as a hostage [DSB II, 147-158]. Fifteen of the
treatises are written by Abd Nasr Mansiir b. “A1I b, ?Ir8q [DSB IX, 83-
85}, al-BiriinI's teacher, and elsven of these especially for al~Blrini
¢.g. treatise 2468,19 {fol. 103v - 106v), which consists of answers to
questions asked by al-BIrtini. Four of the treatises are by al-Blrini
himself, Also treatise 28 of this collection, 1.e. ms, 2468,28 (fol,
134v = 141r), the unique copy of the Archimedean treatise Om Touching
Circles, was lmown to al-BIrtinI, At any rate he uses the last propo-
sition (prop. 15 in the German edition) (3) in his QEniin al-Masndi,
as & base for the third maqd@la, calling it “"Archimedes” Theorem". The
three proofs by Archimedes are slmoet exactly reproduced by al-Biriuni
{2) Mosul (ja431|), city in N, IrEq, on the west benk of the Tigris,
opposite ancient Nineveh. Until A.H. 527 (A.D. 1127/1128) the town
was ruled by a succession of different dymasties, In that year the
Seljuqe were cverthrown by the Ati#baks, and a period of prosperity be-
gan. [Bnzyklopaedie des Islam, III, 656-658, Leiden/Leipzig, 1936)

(3) Three translations exist of this treatise: 1. A Russian transla-
tion by B, A. Rosenfeld, incorporated in the complete edition of Ar-
chimedes, edited hy I, N, Veselovaky (Moscow, 1962); 2. J. Vernet and
M. A, Catald, Dos tratados del Arquimedes arabe: Prattado de los ofr-
culos tangentes y el libro de los tridhgulos, (Barcelona, 1972, Pu-
blicacicnes del seminario de historia de la ciencia de la real acade-
mie de buenas letras) (Spanish); 3. Archimedes Opera Mathematica, IV,
lber einander berithrende Xreise. Aus dem Arabischen von Yvomne Dold-
Samplonius, Heinrich Hermelink und Matthias Schramm (Stuttgart, 1975)
(German).



in his Istikhrdj al-awtér £I'1-d@%ira (Chords), referring to Archime-
dee &8 the author [Dold, 34-39}, It may well be, that al-BIr@in col-
lected these treatises during his stay in India, as the necessary 1it-
ersture was not there at his disposal,

The ebove described treatise ms, 2468,28 precedes ocur treatise B, i,e,
Bankipore 2468,29 (fol, 14lr - 144v), Kitdb ArshimTdis £I'1-usul al-
handasIya. They were edited together in Hyderabad, Deccan in 1947.
Ireatise B is followed by ms, 2468,30 (fol, 144v - 145r), Fasl fI
takhtit al-sd°at al-zam@niyya £I kull qubba aw fI gubba tustamal la-
h8 (On Drawing the Iines of Temporal |that is, unequal] Houre in any
Hemisphere or in a Hemisphere Used for that Purpose), a "chapter" on
the hemispherical sundial by al-Fadl b, Hatim al-Nayrizl [DSB X, 5-7].

S0 the coples of treatise A and treatise B date from the same period,
i.,e. the first khalf of the 13,th century A.D.

2, Treatise B seems to be translated in the ninth century 4.,D. From
the title we are informed that "Thabit ibn Qurra transleted the trea-
tise from the Greek into the Arabic for Abii'l-Haser “AlY b, Yahys,
companion to the caliph", Thabit b, Qurra translated many scientific
treatises and was en outstanding scholar, He lived from A.H. 221 - 288
{ = A.D, 836 ~.901) [DSB XIII, 288-295]. Ab&@'l-Hasan “A1I b, Yahyi,
the son of the astronomer Yahyd b, AbI Mansur {DSB XIV, 537/538],

was the companion to the caliph al-Mutawakldl (A.H. 232 - 247), he
died A.H. 275 ( = A,D, 888/889). Thue the translation must have been
made before A,D, 889, In treatise A no information about the trans-
lator is given.

Comparing the-text of treatise A and treatise B the Arabic is rather
8imilar, but some systematic differences in the translation exist:
Throughout treatise A consequently kaan {sath} is used, where trea-
tise B has (musa??ay), both meaning "product", In treatise A
elso the word «~ ,~ (darb), beating, multiplication occurs for prod-
uct. This happens in prop, 6, in the part only found in A (fol. 91r,
12/13) and in prop. 26 (fol. 96v, 5-10), To distinguish the use of
"darb", "darb of A and B" is consequently translated as "A times B*,
In many places the conjuctions irn A and B are different, and the words
for comparing ratios, triangles, lines etc., i.e. M, 3 ,‘9L¢A~a
differ often in the two.

In prop. 4 A(fol. 90r, 22) writes >, (fareda), to assume, where B
(fol. 141lv, 29) has _)JL? (3aela), to make, This differemce only oc-



curs once, In prop., 10 A(fol, 92r, 5} also writea "farada®, but here
B{fol. 143r, 2) writes FlJ T (taallema), to learn, study. In prop.
9, a special case of prop. 10, where a simllar sentence occurs, both
treatises write "to study". Another difference in prop., 10 18, A(fol.
92r, 7) uses ‘YJH* { Jand), to bring about, cause, whereas B{fol. 1l43r,
4) has @& _r3 (kharaja), vhich is generally used for "to draw", In 4
the verb "jand" occurs in several places (props. 10, 23, 27, 34, 36,
40, 41,1, 41,2) for "to bring about {a line parallel to & given line)"
—) "construct", Here the different itranslation also gives a some-
vhat different meaning,

3. Sometimes the reading of the text in 4 and B differs also. Those
differences are only mentioned when they are significant for the mean-
ing or the understanding of the text. In most cases A has the more lo-
gleal version:

Title and author are different in A(fol. B89v, 1) and B(fol, l4lr, 8-
10), see Chapter II.

Prop. 1: A(fol, 89v, 7} "the product of GE and BE equeale the product
of ED and DG" is missing in B(fol., 141r, 16), After the first part of
prop. 1 only B(fol., 141r, 22) remarks "And this 18 what we wanted to
prove", which corresponds with the splitting up of prop. 1 into two
propositions in treatise B. After the first case of prop. 1 A(fol. 89w
11-14) containe an explanatory remark, in which the.diptinction be-
tween the possible cases 1s exposed (e¢f, translation). Thls passage is
not clear in B{fol, 141r, 22/23), where it reads: "By this argument is
completely proved what we have asserted in this construction, if we
say". Also the drawings in A represent two cases, whereas in B the
difference is not clear, as in both drawings a semicircle has been
taken, These differences make the understanding of prop. 1 in treatise
B rather vague, Additional precise information is given in B in 1. 25:
(extend the lines) "at the sides Z and A", and in 1, 28: "thus the ra-
tio of E2 to 2Y i1s like the ratio of DH to HY".

Prop. 3: No drawing is made in A, and the room left free for this pur-
poge is not sufficient, B contains superfluous information in (fol.
14lv, 18/19): "But angle DAG equals angle EZG", and alsc in 1., 23:
"therefore line TZ is perpendicular to line HZ", In A "And this is
what we wanted to prove" 1is missing,

Prop. 4: A(fol, 90r, 21) has'isosceles", where B(fol, 1l4lv, 27) uses
"equilateral”. In both treatises the drawings correspond to the text;
"lsosceles” is sufficient and necessary, In the proof both treatises
{A fol. 90v, 4; B fol, 142r, 4) write "isosceles”, In A "And this is



what we wanted to prove" is again missing.

Prop. 6: A(fol. 90v, 21/22) "which meet at point 2" has been left out
in B{fol. 142r, 11), although it forms necessary information. A(fol.
91r, 5) (two angles are equal) "because the base of both is the same
arc", This argument does not occur in B. The proposition is on the
whole expressed differently in A and B, Also B gives only an indirect
proof in the form of the analysis of the proposition, A, on the con-
trary, gives the same analysis, but followed by & proof.

Prop. T: A(fol., 91r, 14) "which meet at point Y" has been left out in
B(fol. 142r, 24). A(fol. 91v, 1/2) "and the squares of TD and DZ equal
the square of TZ, because angle TDZ is right" has been left out in
B(fol. 142v, 4). In both cases the left out sentences contain needed
information., B{fol, 142r, 27) glves ms extra, useful information: "As
has been proved in the preceding |proposition]®.

Prop. 9: A(fol, 91v, 23/fol. 92r, 1} "Iine EH is perpendicular to line
TB, apd so line BK equals line EH", has wrongly been left out in B
(fol. 142v, 30). B(fol. 142v, 30/31) "figure XEZY is a parallelogrem",
whereas A{fol. 92r, 1/2)} writes only "line KY is parallel to line EZ";
the additional information "AG parallel to TE", is an assumption made
at the beginning of the proef, A(fol. 9lv, 20) = B{fol. 1l42v, 26).
Prop. 10: Points K and Y are interchanged in the drawings of B and A,
here the drawing in B 1s according to the text., The argument in B is
less coneise than the argument im A,

Prop. 12: B(fol. 143r, 21/22) "and so line 2ZH equals line ZG" is Bu-
perfluous, A{fol. 92v, 5). Also A(fol. 92v, 11) "Therefore the trian-
gles [margin: i,e, triangles DAG and GAH] are similar" is superfluous,
B(fol., 143r, 29). "And this is what we wanted to prove"is left out in
A,

Prop. 13: A(fol. 92v, 19) "The product of GD and GE is then twice the
amount of the product of DG and GB". This extra remerk, which feelli-
tates the understanding, does not occur in B({fol. 143v, 15).

Prop. l4: A(fol., 92v, 23/fol. 93r, 1) ~ B(fol. 143v, 19/20): this pas-
sage is in B more complicated, somewhat distorted, perhaps due to an
overzealous copylst. /

Prop. 15: A(fol. 93r, 10/11) "Angle e equels angle 3, and angle h e-
quals angle t. Consequently angle e equals angle h and angle z equals
angle t", This passage is miassing in B(fol, 1l44v, 12), slthough neces-
sary for an understanding of the proof., B gives in the line above the
superfluous remark (fol., l44v, 11): "Angles e and z are already equal
to a right |angle]"., The drawing is correct in treatise A but not in
treatise B (cf. chapter III).



Prop. 16: A(fol, 93r, 19/20) "Thus line AD equals line DB" 1s super-
fluoue and does not occur in B(fol. 143v, 30).

Prop. 19: A(fol. 93v, 21) "with equal sides AB and AG", this necessary
information has been left out in B(fol. 144z, 1), B(fol. 144r, 7/8)
"because angle AEG is right", has rightly been left out in A{fol. 94r,
5}, as this information is alreedy given two lines above. Due to these
two differences the proposition is more to the point in A than in B.
Prop. 20: A(fol, 94r, 7) "with equal sides AB and AG", is left out in
B(fol. 1l44r, 9). As in prop. 19 this information is necessary: prop.
20 is an application of prop. 19.

In prop. 22 B makes 5%73131 explanatory remarks, which can also be
left out.

The end of E(fol., 144v, 14-16) reads: "Finished is the book by Archi-
medes on the Elements of Geometry which consists of twenty proposi-
tions, Praise be 1o Allsh, end his benedictions on his prophei Nuham-
mad and his family." The amount of twenty propositions results from
the fact that here the two cases of prop. 1 are numbered &s prop. 1
end prop. 2. A(fol. 102v, 9/10) ends with: "Finished are the proposi-
tions., Praise be to Allah."

The differences listed in par. 3 could mean that the copylst of A
was & more accurate copyist. But the differences in par. 2 point more
towards two different translators, -

4, It may even be that these translators started with two different
Greek texts, aes A consists of forty-three propositions, but B only of
nineteen, According to the last marginal remarks{fol. 102v, *top), how=-
ever, the redactor has also corrected and enlarged treatise A. The nu-
meration and the sequence of the propositions contained in both trea-
tises 1s not the same in A and B, The propositions numbered in A &s

5, 17, 18, 23-43 occur only in A. Some of these twenty-four proposi-
tions may heve been inserted by later revisors or by the redactor, but
Bome arae clearly of Greek origin, To the latter belong prop. 27, 1lit-
erally the same as Pappos VII,189, prop. 33 and prop. 34, Menelaus®
Theorem for the plane, and prop. 36, literally the same as Pappes VII,
145, For the other propositions the origin is not so obvious, Here I
took as a criterion the segquence of the letters in the drawings. If in
the drawing belonging to a proposition the letter A was placed on the
left, the letter B more to the right ete., i.e. the letters were plac-
ed according to the system we are used to in our and in Greek geomet-
rical drawings, the proposition was takenm to be of Greek origin, If,



on the contrary, the letter A was placed on the right, the letter B
more to the left ete., i.e. the drawing was made according to the Ar-
abic custom, the proposition could be either of Arablc origin or of
Greek origin, but in an Arablc adaptation. The latter group consists
of the propositions 5, 25, 28, 32, 35, 39, 40, 43 (all A numeration).
Of these, prop. 25 is most probably Greek, as 1t 1s applied in prop.
26, which has the Greek letter-sequence; prop. 39 is probably Greek,
as it shows a strong connection with prop, 11 and Pappos VII,11% {ef.
chapter III). Prop. 35 might very well be an Arabic try at demonstra<
4ing Postulate % of Euclid; also prop. 5, prop. 28 and prop. 32 might
well be Arabile insertions. Prop. 40 and prop. 43, which are the same
proposition with different proofs, pose a problem, 48 they form the
conclusion of the treatise, we should assume at least one of them to
be Greek; because prop. 43 1s connected with Apollonius' circle (cf.
chapter III}, it could be Greek, In the drawing of prop. 29 the let-
ters run from top to bottom, which leaves the sequence undecidable,

The following scheme gives the connection between the propositions in
A and B, and & survey of the propositions only occurring in 4, The
numeration in 4 18 the order of the propositions, whereas in B the
numbers are written in the margin,

A: prop. 1 ., = B: prop. 1 and prop, 2

prop. 2 = Prop. 3

PTop. 3 = prop. 4

prop. 4 = pProp. 5

prop. 5 --- , might be Arabie

prop, 6 - 10 = prop., 6 - 10

prop. 11 = prop., 12 the order in A 18 more loglical, as

prop. 12 = prop. 11 A,11 is used in the proof of 4,12

prop. 13 - 14 = prop. 13 - 14

prop. 1% ] prop. 20 , this proposition is neither logi-
cally placed in A, nor in B; in
both cases the connectlon with the
context seems lost,

prop. 16 = prop. 15

prop. 17 --- , Greek

prop. 18 wws o Greek

prop., 19 ~ 22 prop. 16 - 19

The remaining propositlons belong only to treatise A,
prop. 23 , Greek
prop. 24 s+ Greek



A: prop. 25 s Arabic letter sequence, either Arabic or Greek
prop. 26 s Greek

prop. 27 s Greek ~~Pappus VII,189

prop. 28 » might be Arabie

prop. 29 , undecidable

prop, 30 s Greek

prop. 31 s, Probably Greek

prop. 32 s, might be Arabico

prop. 33/34 , Greek ~~Menelaus' Theorem

prop. 35 s might be Arabic

prop. 36 . Grapk ~sPappus VII, 145

prop. 37 , Greek

prop. 38 s Greek, perhaps with Arabic proof

prop., 39 , Arabie letter sequence, but probably Greek
prop. 40 s Arabiec letter sequence

prop, 41 y Greek

prop. 42 s Greek

prop, 43 s Arabic letter sequence, but presumably Greek.

In the following chaepters the numbers of the propositions will always
be those used in treatise A, unless otherwise stated,

5. An interesting feature of treatise A are the margipal remarks., As
often happened, this treatise may have gone through the hande of two
men, one who redacted the contents, and another one with & good hand-
writing, the copylst, It looks as if after the copying the redactor,
Muh. b. Sartdq al-Mer8ghl, went again through the treatise adding his
remarks, and thereby trylng to elucidate the contents of the treatise,
This consists of filling in words left out by the copyist, adding ex-
planatory remarks, and giving existence-proofs, e.g. demonstrating
why two lines really meet (prop. 37, 43). Especially the last aespect
is very interesting as we do not find this in the clasaical Greek ma-
thematical text-book, i,e, Euclid, The amount and thoroughness of the
marginal remarks indicate a still lively interest for this treatise
in the 13.th century A.D. among Arabic mathematiclans.



Chapter II,
On Author and Title.

1, The author's neme.

The treatises give two possibilities: A has Aqi?un and B Archimedes,
Furthermore there is a note in & more recent handwriting on the back-
side of the first page of 4, i.e, fol, 89r., This reads {4): "These
propositions are extremely nice, Allsh be merciful to the one who ob-
tained it. All of them are correct except the second proposition from
it, The fakir, who needs Allah, has redacted it, Muhammad ibn Sartéq
[ibn JawbBn] (5) from MarZgha (ef. chapter I). ... in making use of
it, with the date the second of Dhui-lhijja, the blessed as to pilgrim-
age, Bixhundert and twenty seven, And he has studied it, and it be-
longe to the discovery of Waijan b, Wustam al-Quhl, the geometer, Al-
lah, who 18 sublime, be merciful to him." In our treatise proposition
two is correct, This makes it possible for this remark to belong to
the treatise before, This one (A5 4830,4, fol., 86v - 89r) is listed in
Krause [I, 522) as an anonymous treatise without a title, It starts:
"If two lines have been divided in & similar way, then the ratio of
the product of one of the two [lines] and ome of 1ts parts to the
square of its other part is like the ratio of the product of the other
line [m8: gism] and 1ts corresponding part to the square of its other
part,” In proposition two of this treatise is asked [fol, 86v, 21/22]:
"to divide an assumed line such that the ratio of the product of the
whole line and one of its parts to the square of its remaining part is
an assumed ratio," This is solved by means of a "Neusis" construction.
Lthe redactor calls this a "discussion without evidence" and does not
accept the solution. Thus the above clted remark refers to the preced-
ing treatise, This means that al-Qfhl is said to be the author of the
anonymous treatise (AS 4830,4) but not of the treatise "Book of As-
sumptions® (AS 4830,5)}. On the last page [fol. 102v} of the latter
treatise two marginal remarks read: "And the amount of propositions by
Ag8tun is 43, counting improvements and additions", and "By Aqﬁtun. He
has explalned this book, he has ascertained it, and he has corrected
{4) I am much indebted to Prof. M. Ramidullah, who checked this pas-
sage for me in the original menuseript while visiting Istanbul, Ox the
fotocopy the text i1s extremely diffieult to read, even in the original
text, one line is not certain. (5) This addition is made on fol. 108v,
according to Hamidulleh,



it, may Allah, who is sublime, compensate him, the slave, the fakir,
who needs Allah, Muhammad ibn Sartf@q al-Mard@ghi, in the wedrasah al-
Nizamlyyah ... the meeting in the year 62B. And he has selved it all
in Mardgha in one night before this approximately. And a year follows,
Thus let his intelligence be admired and the independence of time in
it be praised, The End." [cf. translation]. Thus the treatise has beem
enlarged and corrected by a redactor named Muhammad ibn Sartdg al-Ma-
raghl, According to the second remark, Muk. b. Sartiq lived in the
first half of the 13th century A.D., and worked or studied at the ma-
dresah {~ religious college) al-Nigamiyyah. From the description of
Baghdad by Ibe Jubayr iny581/1185 we learn "There were about thirty
madrasas, all housed in excellent buildings with plenty of "wakf" and
endowments for their upkeep and for the students expenses. The most
famous madrasa was the Niz8miyya which was rebuilt in 1110. [Encyclo-
paedia of Islam, vol., I, 901 (Leidem, 1960)] The fame of the school
points towards an intelligent scholar., This impression is confirmed
by the contents of the marginal remarks.,

Which mathematician is meant with Ag@tun is not kmown. Repeating the
name Aqatun twice at the end of the treatise might indicate that he
was known, but not well-known. The only other place in Arabic litera-
ture where I have found the name is in Ibn al-Qify{"s Ta>rIkh al-huka-
md, In his article on Sin@n b, Thabit a 1list of SinBn's work is given
{p. 195). Among these is (1. 14) His Improvement of the Bock by Af1&-
tun on the Elemenis of Geometry, and He BExrtended this Book Extremely.
In the printed edition Af18tun is written as the authors name, but
Lippert remarks in a footnote that all codices have Aq?ﬂ_;un instead,
Ibn AbI Ugaibi®a (vol. I, 224, 1., 17) has a gap instead of this name.
Sezgin (V, 291) has Y3qut's version: Euclid, If Ibn 2l-QiftI's read-
ing is the correct one, the assertion could be made, that treatise B,
the Elements of Geometry, is by Aqdtun, and, that Sinén's extension
of this is contailned in treatise A, This would mean, however, chang-
ing the author's name given in B, and changing in A the given title
and the given author's name, A8 at the moment none of Singn's mathe-
maticael works are extant, no comparison can be made based on contents.
So we have no evidence whatsoever ﬁp justify our conjecture.

¥app [II, 91) thinks Aqdtun (_.).,J:’U*l) to be 2 corrupted version of
Aflatin (;J’}$ 1), the Arabic form for Plato. His arguments are,
that according to the Pihrist (p. 245) and Ibn al-QiftI (p. 18) Flato
has written a ireatise on the elements of geometry; and secondly, that
SinAn is sald to have studied Plato's Republic [DSB XII, 447/448]. For
this conjecture also too many names would have to be changed,
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Krause [I, 440 footnote], however, bslieves AgEtun as "leetio diffici-
lior" more original. Sezgin, who, contrary to these two, lmew both
treatise A and treatise B, conslders AgAtun a corruption of Archimedes
{see further chapter 11,3).

Regarding Archimedes: If this treatise is really by Archimedes, it has
come to us in a distorted version, Probably additions and omissions
occurred; also the quality went down: 8.,g. proposition two in our
treatise is the same as propoeition twelve in On Touching Circles, ale
most certainly by Archimedes. A comparison of the two mekes the dif-
ference in quality apparent. In On Touching Circles, the proposition
is formuleted in an abstract way, after which the three possible cases
are considered. In our treatise only one case is formulated, and this
in a rather slipshod way {(¢f. chapter III), 4 Plausible explanation
for Archimedes' reputed authorship lies in the commercial point of
view. A treatise by a famous author, even transiated by a famous
translator, will find a more general interest.

2. The title "Kitdb £I'1-Usfil al-handasiya®,

Sezgin [V, 503] mentions:

(1) Buclid, K. al-Usil; (2) Ibn WahehIya, X. al-Us@l; (3) Menelaus,
Usil al-handasa; (4) Ps, Plate, K. Us@l al-handasa; (5) AbQ Ja“far
al-Khézin, K. al-Usil al-handasiya; (6) Archimedes, X. £Irl-vedl al-
handasIya; (7) Seremus, K. al-Usiil al-handasiya; (8) Ibn al-Haytham,
K. fIhi'1-Usil al-handasiya wa-1-®edediya min K1t8b Uqlldis wa-Abu-
luniyus.

On (1): Euclid's Elements are of a different size and scope than the
present treatise. This makes a further discuseion and comparison of
the two superfluous.

On {2): The full title of this treatise is given in Sezgin [IV, 282},
as K. al-Usiil al-kabIr or Us@il al-hikma., It is said to be [Flessner,
548/549] a book on alchemy of a 8trong polemical character, with many
guotations,

On (3): According to the Fihrist (p.267) Meneléua composed three books
on the elements of geometry which were edited by Thi#bit ibn Qurre. The
work is neither extant in Greek, nor in Arabie. However, some quota-
tions are found [Sezgin V, 163/164]:

Proclus [344/345; ed, Morrow, 269/270] gives for Euclid I, 25 an al-
ternative proof by Nenelaus, which 1s direct, whereas Euclid's proof
is by reductio a4 sbsurdum [Heath, E. vol. I, 297/298)]. This proof was
probably taken either from Memelaus' Book on the Triangle, which is
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likewise not extant, or from his Elements of Geometry.

The Band ¥isZ demonstrate in their Liber irium fratrum de geometria
[Clagett, 334-341] the proposition, "how two quantities are prlaced be-
tween two quantities, so that the four quantities are in continued
proportion”, en operation for extracting the side of a cnbe., For this
they use "the method of one of the ancients called Menelaus, who wrote
a Book of Geometry". This turns out to be Archytas" solution.

In his Istikhrdj sl-awbtdr (p.49) al-BIrGnI cites Menelaus' Elements

of Geometry and Thabit b, Qurra's commentary to it. He relates how
Menelaus in the second proposition of the third book wanted to draw in
an assumed half-eircle & bent line equal to an assumed line,

From this gathered information there is no reason to assume that our
treatise should have Menelaus as its author,

On (4): This lost treatise i3 listed by Ibn al-Nadim (p, 246) and by
Ibn al-Qifti (p., 18). It was translated into Arabic by Qustd b, ILugi.
Its influence on Arabic geometry is not yet known. AS mentioned be-
fore, it has been discussed whether Aqdtun ( ;;H\&T) eould be a dis-
tortion of Afl&tin { ., ¢b ™j (). I think the differences in the writ-
ing considerable, but as long &8s the contents of Plato's treatise are
not kmown, this remains an open question,

On (5): Abii Nasr b, “Iréq cites in his Tashih 213 al-gafa’ih this work
by AbQ Jafar al-Khd@zin, in which Memelaus is critisized, However, the
probability for our author to have been an Arebic mathematicisn is
very small: Treatise B has added to the titlelthat the work was transe
lated from Greek into Arabic by Thabit b, Qurra, Also, the proposi-
tions 8 - 10 are quoted by Ibn al-Haytham (see chapter IV) and attri-
buted by him to the geometers of antiquity (literally: the ones being
in front - sl-mutaqaddimin).

On (6): This is our treatise B.

On (7): Serenus' treatise 1s mot extant. In his Istikhrdj al-awtar

(p. 4) al-BiriinI treats the theorem kmown as Archimedes' Premise, and
gives among the proofs three by Archimedes from the Book of the Cir-
gle [Archimedes IV, 54-60]. In the Hyderabad edition of al-BlriniI'ts
work also the authorship of S&rInfs is added to these three proofs

(p. 7, 18, 20), the first two times with the title of his work BEle-
ments of Geomeiry. The Hyderabad edition is based on the manuscript in
Bankipore, Qther coples of the manuseript are found |Sezgin 7V, 381]

in TLeiden, Istanbul and Cairo. Suter's translation Das Buch der Auf-
findung der Sehnen im Kreise uses the lLeiden ms, As there is no refer-
ence to SEriniis authorship in this tramslation, a comparison with the
avallable mes. was made. The Leiden ms. (Or., 513 (5) ) and the Istan-
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bul ms, (Muraet Molla 1396/4) do not mention SarInums (6). These two
mss, seem 0 have about the same text, which is shorter than the text
of the Hyderabad edition. In the case of these three proofs the text
was exactly the same. As the Hyderabad edition of the Istikhrdj al-
awtdr contains many insertioms (7), the name S&rInts might be an ad-
dition. Until this name is also found in another copy of the treatise,
we should regard it with scepticism. Schramm thinks, however, that
both versioms are by al-BiriinI himself,

In the third magdla of his Q@niin al-Mas®@di (p. 300) 2l-BIruni proves
and uses a proposition by SarIniis, which he alsc uses in magdla 10

(p. 1283). The name of/the work is not given. The proposition reads:
*In a half-circle the ratio of a greater arc to a smaller arc is
greater than the ratio of the chords belonging to them". The only pro-
positions in our treatise dealing with inequalities are the proposi-
tions 24 - 26 (see chapter III). There is no direct connection between
these propositions and the one quoted by al-Biriuni,

0f the work by Serenus [DSB XII, 313-315] only two treatises are ex-
tant in Greek and none in Arabic. On the Section of a Cylinder 1s
written to display that the oblique sections of a cylinder and of &
cone are both ellipses. On the Section of & Cone deals mainly with the
various triangular sections made by planes passing through the vertex
of a cone and either through the axis or not through the axis, Sezgin
(v, 186] suggests a connection between the propositions 45 and 57 of
this treatise and the above mentioned quotation by al-BIrini,

Based on these two treatises there ie no reason to consider Seremus
as the author of our treatise, Moreover it is not even sure he really
wrote an Elements of Geometry.

on (8): The treatise is not extant. Ibn Abi Usaibi®a gives Ibn al-
Haytham's deseription of it [II, 93, 1. 24-27]: "A work, in which I
collected the elements of geometry and arithmetic from the works by
Fuclid and Apollonius; in it I classified the elements, arranged them

{6) I am much indebted to Drs. J. J. Witkam of the University Library,
Leiden and to Prof, M. Hamidullah, Paris, who made the original texts
available to me. I did not succeed in obtaining information about the
Cairo ms.. (7) Saidan gives a critical analysis as to which pages of
the Istikhréj al-awtdr, in the Hyderabad edition can be removed such
that the book remains complete. Probably a few lines between the two
seotions so formed are then miseing, but can easily be interpolated,
[4.5. Saidan, The Ras&’1l of BIriini and Ibn Sinén, in Islamic Culture,
34(1960), 173-175].
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and proved them by means of proofs which I took successively from ma-
thematics, from calculus, and from logic; I also transposed the order
as found in the treatises by Euclid and Apollonius”,
The reasoning that our author was not an Aratic mathematician applies
here even more strongly then in (5). Ibn sl-Haytham lived more than a
century later than Thabit b, Qurra {ef. chapter IV),

3. The title "Kitdb al-mafridat".
Sezgin |V, 491] lists two works with this title: (1) by Thébit ibn
Qurra, and (2) by Ps, Archimedes.

On (1): This treatise i; extant [Sezgin ¥, 271]. One copy is known in
the original version by Thabit ibn Qurra, and many exist in the re-
daction by Nagir al-Din al-TisI, In the last form the treatise belongs
to al-TisI's redaction of the Kutub mutawassitat {the intermediate
books). This collection was studied after Euclid's Elements and prior
to Ptolemy's Almsgest {8), and hence was wldely spread. The books con-
tained in the collection vary somewhat, and this treatise is not ai-
ways included, In the opening lines to his redaction of Thabit's Kitadb
al-mafriidat NasIr al-Din mentions that some of the copies have 36 pro-
positions and some 34, In the last case propositions 4 and 23 are
missing. To compare this treatise with the one by AqE?un 1 used the
original edition (AS 4832,4, fol. 35v - 39r) [Krause I3 453/454] (9],
the edifion redacted by al-TisI, i.e. the mss. in Oxford Arch. Seld,
A. 45 (fol. 159v - 164v) and Paris B.,N, Fonds arabe 2467 (fol. 68v -
72v), and the printed al-Tisl edition {Hyderabad-Dn., 1940). The orig-
inal version contains 36 Propositions (3-9 missing) and 1s not fden-
tical with the version redacted by al-Tiel, It then appeared that the
contents of Thabit's treatise differ clearly from our treatise ( of.
chapter IV),

On (2): This is our treatise A.

In our treatise the author ig called Agdtun, but Sezgin [V, 135]
thinks Aqdtun to be & deformation of Archimedes, and this treatise to
be identicel with the one mentioned by Ibn al-Nadim in the Fihrist
{8) See M, Steinschneider, Die mittleren Biicher der Araber und ihre
Bearbeiter, in Zeitechrift fiir Mathematik una Fhysik, 10 (1865), 456-
498. (9) I am very grateful to Prof. M. Schramm, Tibingen, who lent
we his microfilms both of this manuseript (AS 4832) and of the manu-
8cript AS 4830,



15

{p. 266}, Also Ibn al-Qiftl and Haji Ehalfa list in their articles on
Archimedes the Kitab al-mafrudft among his works. The K. £I'1-Usul
would then be an extract of the K. al-mafrudat, Sezgin's reason is
that the author starts every problem with "li-mafrid". My objection
to this reasson is that in ThéEbit b, Qurra's K. al-mafrudat, as well

in the original version as in its redaction by al-TiisI, none of the
problems start with "li-nafrid", but this has of course not been
translated from the Greek, However, the treatise On Touching Circles,
supposedly by Archimedes has been translated from the Greek. This
treatise gives, in its more rigid structure, first the general propo-
sition and then a practical example, These examples all start with
"li-nafrid®,

Nevertheless I favor the title "KitZb al-mafriGddt" on the following
grounds:

1, The contents of the K, al-mafrfiddt are of & higher and more logl-
cal quality than the contents of the K. al-Usul (see chapter 1),al-
though the redactor is partly responsible for this. According to the
last marginal notes [fol. 102v, top] the present copy of the Kit&b al-
mafriiddt is an improved and enlarged version.

2.0ur trestise seems to be something like Pappus, Book VII, i.e, work-
ing out known mathematics. In the next chapter we will see that the
author gives mroofs for assumptions made, but not proved, in other ma-
thematical works {e.g. props. 8, 22, 27, 42], from which the fitle

K. al-mafrudat could originate.

As for the translation of "Kit8b sl-mafriidat", Fliigel [Haji kKhalfa V,
154] gives Liber datorum sive definitorum, Liber daterum or Data is
misleading as this is usually, that is, in the case of Euelid, used
for K, al-mu‘tey@t., Dodge (II,636) translates Things determined, I
propose Boock of Assumptions, which connected with the beginning of
the propositions "let us assume", covers the same meaning as "K. al-
pmafridét" and "li-nafrig”,




Chapter III.
The Contents of the Book of Asumptions,

The forty-three propositions of the treatise are of a varying
level and of different interest., Some belong together in groups,
while others seem to have no conmection with the rest of the text,
On the whole the work appeara to be mors the result of someone
who studied hard to understand the existing mathematica, and not
the development of a new theory.

Together with the propositions,their connections withk other mathe-
matical works are treated, The proofs are hers only glven in a
consentrated form, but can be read in full length in the trams-
lation,

Prop. 1: If the bese BG of the elrole-segment ABG be extended in ai-
ther direction with pieces of equal length,&and from the endpoints

D and E the tangents BZ and DH be drawn to the circle-seg-
ment, then the line ZE oonneating the tangentisl points is
parallel to the line ED ., Y

B Y T E & B &
(fig. 1) (fig. 2}

First the special eage of = gemi-circle is proved:
I oaonter of cirole ABG » Join 2T and TH,
GE.EE = ED.DG -» RBZ° = DE®
ZT = HT = 4 2TE = 4. ED
IE =1
=» chord 2B = chord EG - Z8// ED .
Then follows a discussion on what happens if the cirole=segment
is smaller or greater than a semi~cirocle, with the poesibility
of having two parallel tangents in the last ease, After this the
broposition i1s proved for a olrcle-segment greater than a gemi~circle:
GE.BE = ED.DG ~) EZ° = DH° -y EZ = DN
extend EZ and DH +411 Y - YZ =YH
- EZ : ZY = DH : HY - HZ// DE .



17

This proposition resembles Pappos VII, 162 |Bultach I1I, 914-917 ] ,where
the following i proved : If the line ZH 18 parallel to the base

BG of a semi-girele and the perpendiculars ZY and BHK are

drawn from 2 and H +to the base, then BY = KG . [fig. 1]

The proof also bears a resemblance, starting out as in the firast

casair T ocenter of circle ABG , join 2T and TH,

2 2
2T~ = HT g (g2 = Pg2 T = BY = XG .
2 s (F IE® = T=TL <= q.e.d,

Prop. 2: Assume the two lines DB and DG &are tangents to a clrele.
Let the chord BG conneeting the tangentiml pointe be extended
+il1 E , and let from E a third tengent be drawn, touching at 4
and meeting DG in Z and BD 4in T , then TE : BZ = TA : AZ .
Remark: If point E lles in in-
finity, TZ will be parallel to
BG and may touch the cirele ei-
ther at side D or at the oppo-
site side, If it touches at the
opposite side, we have a special
case of Prop., 1l: the base of
1 the circle-segmenat 1s concentra-
ted at this one tangential
point.

(£1g. 3)

Proof; draw ZH// TB -3 BD : DG = HZ : 2G
ED « DG -» BHZ = 2G

TE ;: EZ = TB :

BT = TA , GZ = 24 -~ TE : BEZ = TA : AZ, q.e.d,

} — TE : EZ =TB : 0
ZH

This proposition occurs as proposition 12 in "On Touching Circles”
by Archimedes, where it is more generally formmlated and treated,
[cf. Chapter II, 1] There the proof sterts with the remark, that the
proof is different,lepending on whether DB ‘and DG are parallel
or not parallel to each other, The proofs for both cases are then
glven, Here, &s shown above, only the not parallel case is treated,
The letters used in the drawings of the two treatises are not the
pame, but the proofs are similar, The only differemce 1s thet in
"0n Touching Circles” equel angles are used to prove 2ZH = 2G .
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Prop. 3: Assume the two lines EG and ED are tangents to a eircle,
while EB cubts it at H and B, Iet DA be the chord through D
parallel to EB , and let AG meet BH in 3 , Then BZ = ZH .

E

(fig, 4) (fig, 5)

Proof: (The different configuration makes no difference for the proof.
The drawings are taken from treatise B y 88 they have been left out
in treatipe 4 ,)

T center of circle, join TD s IE , TG , T2

D = TG

IE common ( - 4 01E= %618 - X016 = 2 4 ETG
ED = BG

L DTG = 24 DAG -> X DAG =

7 vac i‘iji(‘:s—) 4 ETG = 4 B¢

> B,6,2,T comneyclic ~-» X EGT = 4 E2T
4 EGT =90° 5 A Ezr =90° — Tz 1 HB =  BZ = ZH,
q.2.d,

If we replace the last phrase of the proposition "Then BZ = ZH " by
"Then, if ZY be drawn perpendicular to AD y 1t will bisect 1t at
Y", wo have Archimedes' ILemmata prop. 10 instead. The propositions
are equivalent, and having proved one, the other follows immediately,
Although the problems are related, neither the wordings nor the
proofs of the two propositions are very similar,
Heath [Archimedes, 312} has remarked that the figure of Lemmats,
prop. 10,recalls the figure of Pappus VIi, 108, one of the 1emma$
to the first book of Apollonius' treatise "On Contacts" ('ﬂ1£[:L
ETl'ul\fC.sv) (Bultsch II, 836), This lemma is [fig, 4]: "Given a circle
and two points 2 , F, to draw through Z , F respectively two chords
AG , DG having a common extremity G and such that AD 1is paraliel
to IF ", As the figure of prop., 5 is very similar to the figure of
Lemmata, prop. 10, the same remark might be made regarding prop, 3
and Pappus VII, 108, although the connection in the last case is
lesa obvious,



Prop. 4: Let ABG be an isosceles trisngle amd AD the perpendiocular
to the base b5G ., Assume on AP the points Z , E such that

E0% = BE.BZ . Let ZD be joined, ZH be drawn parallel to 3G ,

end EH be joined, then X~ EBG = 2 & AZbL ,

Remark: The drawings ars nei-
ther correct in me. A nor in
me, B: in both cases the
cirecle throvgh E , 2 , D , B
is not and can not be drawn.
Also: ms, A assumes the trie

H angle ABG to be isosceles,
/ whereas B assumes it to be e-
= G quilateral.As A does not indi-

cate which sides are assumed

(fig. 6) equal, equilateral might be
the more original version, being replaced in 4 by isosceles, the
latter condition being necessary and sufficient.

Proof: join ULE 'y Di
EB,BZ = DB > %.2DB = ¥. BED
% zDB = & HZD i - }..,4.3@:1(.@:
A HDZ isosceles =» X HZD = % 26D - %. ZED = % z@D
-» EZDH in a cirecle,
extend EH to T [on BG) — LDHT:-!LEZD} -
¥. DZE = ¥ AHD

7 g} > et

E. ¥I, 5

q.e.d,

Prop. 5: If AG be the diameter of a semicircle and B +the middle
of the are AG ; let from D , on the extension of AG s DB be joined
cutting the cirecle at Y , If YE = EF and from the aenter Zy IE
is drawn until it meets the extension of AB/in H,
then AH : HB =DZ : ZB .,
H

(fig. 7)
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Proof: draw BT // B2 — AH : HB = AZ : 27
YE=EB , Z center of circle —3 X ZED = 90° [E. III,3]
X ZED = 4. TED -» % TED = 90°
- O DZB o» aBZT «—» DZ : 2B = BZ : 27
AZ =2 , — AH : HB = DZ : ZB , q.e.4.

Written in medern symbols both prop. 4 and prop., 5 represent a hy-
perbola , Prop. 4 gives xy = p2 » by keepilng IB = p constant and
varying BZ and BE ., Prop. 5 gives rt = -V2' , in which DG and

HB vary; the minus-sign results from the Arabic sequence, This way

of thinking is, however, too far away from classic plane geometry.

But it might be poesible that an ancient Greek or Arabic methematician
was inspired by prop. 4 to set up prop. 5 by & link of thoughts we

do not see now,

Prop. 6: If BG be the diameter of a memicircle, and the chords AG ’
BD meet in 2, and if BA , GD be drawn meeting in E ,
then DD.DZ = GD.DE ,

Remark: In both the drawings of A and
B the line AD is drawn parallel to
the line BG , which is.not necessary
for the proof.

In B only an indirect proof is given

{ e S |
5 H,' ““agih- by means of mn analysis of the proof.
(tig. 8 . In A the direct proof follows the
analysis,

Proof: X GDB = 90° -3 ¥ BDE = 90°
¥ GAB = 90° -3 4 ZAE - g0°
%- DBG = £ DAg DEZ = ¥.DBG
4 DAZ = 4 DEZ 2 & ¥ e
-> & H)G v» &EDZ -5 BD,DZ = GD.DE . q.e.d,

Q —» IDEA in a circle

This proposition iz in the spirit of Archimedes’ Lemmate, e.g. prop. 2

but there i1s no direct resemblance,. Proposition 6 is needsd to
Prove proposition 7 :

Prop. T:Let BG be the diameter of a semlcirele, and the chorde AG ,
BD meet in Y , Take Z on BD and E on AG so that ED.DY = DZ2
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and GA.AY = AEZ , and let EB , Z2G be joined meeting in E ,
then 2H = HE ,

T
Hemark: As in prop. 6, line AD is
') drawn parallel to line BQ, though
proposltion and proof are more
general,
B G
(fig. 9)

Proof: draw TZ and TE
assumption 2
ED,DY = GD,DT (prop, 6) —S38URBDTION. 4p DT = Dzog LY §-TZH = 90°
% Thz = 90
likewise X TEH = 90°,
BI.TA = BA,AT + AT? « GP,TD = GD.DT + TD2 o
2 ,m2 2 2 2 2
> AES+ 47° =Dz + TD° - TE® = T2° - TE = 1%,
draw EZ , ~» ¥ TZE = X TEZ
> (4 TZE - & T2ZE) = { EZH = ( 4 TEH - & TEZ) = % ZEE
-» ZH = HE , g.e.d.

The next three 'propositions belong together. The first step i8 prop. 8,
used in the proof of prop. 9. Although a basic proposition, it is

not found in Euclid, so had to be treated here. The second step is
prrop. 9, a speclsal case of prop. 10, After thie, prop. 10 is proved

by bringing it beck to prop. 9.

Prop. 8: In the equilateral triangle ABG the heights AZ , ED , GE ,
are of equal length, 4

C Z
(fig. 10)

Proof: in & ABG: AB = AG , AZ 1 BG , —)BZ:ZGS_*
in o GAB: GA =GB , GE L AB, => AE = EB
> 02 =45 i-) AZ = GE
AG = 4G , X AGZ = B GAE
Likewise is proved GE = BD =3 GE = AZ = HD , g.e.d,
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The proposition can be proved in an eapier way by comparing areas:

area A ABG = area & GAB = areas & BGA

1/2 A2,BG = 1/2 GE.,AB = 1/2 BD_AG

BG = AB = AG — AZ = GE = HD ,
This asks, however, for a completely different way of thinking. In
this treatise "area-thinking" ocours only in prop. 22, But prop. 22
1s almost literalily the seame as Pappos VII, prop. 134, Van Schooten
uses "area-thinking" in his proof for prop. 10, in this way he
does not need prop, 8 and prop. 9.

Prop. 9: Let ABG be an equilateral triangle, and AD 1its height.
Let from & point E on BD the perpendiculars EZ and EH be
drawn on the sldes GA and AB , then AD = EZ + EH .

(fig. 11)

Proof; draw EI // AG and BY L AG
2A IBE egquilateral

BX 1 TE Top. 84 Bx = EH

BH J_ TB
KY // EZ -5 KXY =EZ [on B's version see chapter I,3]
-3 BY = AD = EH + BZ ., q.e.d,

By taldng for the point E an arbitrary interior point of the equi-
lateral triangle ABG we arrive at proposition 10 :

Prop. 10: Let ABG be an equilateral triangle, and 4D 1its helght.
Let from an interior point E the perpendiculars to the sides EZ ,
EH , ET , be drewn, then AD = EZ + EH + ET

A
f Remark: In the drawing of ms. A the points
! K and Y are interchanged, and the inter.
K secting poilnt I of AD and XY is
forgotten,

e

H
I -
A

2D
(fig. 12}




23

Proof: EZ // AD
draw YEK // BG
YEK // BG -3 o~ AYK equilaters Prop. 9! AL
=EH+ET
AL L YX , EE ) AY , ET } AK
% AD = EZ + EE + ET ., q.e-d-

i =—» EZDL parallelogram —y ID = EZ

In the Western world this proposition was first proved in the seven-
teenth century by Frans van Schooten in his Commentary to Descartes'
Geometria, Van Schooten, however, wae looking for the locus of the
points inside an equilateral triangle with the property, that the sum
of the perpendiculars from a point on the sides is equel to the height
of the triangle, He analyses, that any interior point of the equilate-
ral triengle has this property, and proves thie [fig. 12] by dividing
triangle ABG into the triangles ABE , BGE , GAE [cf. prop. B}:

area a ABG = area A AHBE + area A BOE + area & GAE

211 bases equal =» AD = EH + EZ + ET ,
After this, van Schooten explains the relation in the case when point
E 1lies outside the equilateral triangle: the height of the triangle
is equal to the sum of the two perpendiculars on the pides of the
angle, in which the point lies, minus the perpendicular on the side
which subtends this angle. The paragraph 1s closed with the remark
that similar relations can be found for rectilinear figures,
As van Schooten's teacher Jacob Golius was an eminent Arabist who
travelled in Spain to collect Arabic treastises, van Schooten might
have lmown about this Arabic proposition, The context and proof, how-
ever, point to a genuine achievement. |Hofmann, p. 16/17 ; ven
Schooten, p. 228-230]

In the Arabic world Ibn al-Baytham around A,D. 1000 begina his
treatise FI khawdgs al-muthallath min jihat al-Samid (On the pro-
perties of the triangle with regard to the height) with this propo-
sition, mentioning that 1t was lmown to the ancient geometers. He
then continues "what we have discovered about this, that we report
now" and develops a similar relation for isosceles triangles, He
even thinks to have found a relstion for any kind of triangle, but
here & smwell error occurs. [see Hermelink)
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Prop. 11: If in frisngle ABG the line AD is drawn meeting BG at
D , such that angle BAD is equal to angle AGD , then GB,ED = AB? .

Remark: The drawing in
ma, A 18 not correct,

(f1g. 13)

Proof: £ AGB = A BAD / - 4 BAG = ¥ BDA
& ABG € AABG and € A AHD
& ABG and aDBA  equiangular -P-&i—)
—> GB: AB = AB : ED w3 GB.HD = AB? , q.0.4,

This proposition, = consequence of Euslid VI,4 , 18 in a practiesal
form the direct converse of Euclid VI,5 [Heath, E. vol. I, p.202}:
If two triangles have their sides proportional, the triangles will

be equianguler and will have those angles equal to which the corre-
sponding sides subtend., Prop. 11 is easy and handy to apply, and this
happens in the proofs of the propositioms 12, 13, 24, 28, 40, whereby
prop. 12 and prop. 13 seem to be treated here mainly for this

reason. Euclid VI,5 1s used in the proofs of the propositions 4, 18,
24 and 25. Prop. 1 together with B, Vi,5 form the "key-proposition"
of this treatise, and indicate +the interest and the level of the
original Greek author,

There exists a close connection between the propositions 11, 39 and
Pappos VII,119:

Prop., 39 |fig. 13]: If in triangle ABG the line AD 4ip drawn
meeting BG in D , such that angle BAD 1s equal to angle AGH
then GB : BD = GB® : BA? = GA? AD2. This proposition =slsc
follows from E, VI,4

The combination of prop. 11 and prep. 39 results immediately into
Pappos VII,119 (fig. 13|: Given triangle AGD , if the line AB is
drawn such thet GAZ : AD® ~ GB : BD , them GB.BD = AB® . The
condition in Pappos VII,119 is more theoretical, and not as easy

to construct as the condition in the propositions 11 and 39. Pappos
with the aid of DE // AG proves angle DAB to be equal +o angle AGD
and concludes from this direetly the wented relation, To the proof 1is
added "the converse is obvious".
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Prop. 12: Let in triangle ABG , with AB aqual to AG , AD be drawm
perpendicular on AB meeting the extension of BG in D , If AB

is bisected at E and ED im joined cutting AG at Z , and if
through 2 HZ 4e drawn parallel to 4B , them DA.AH = AG2 .

B T G
(fig. 14)

Proof: & ABG 1soscelea} - IT = 26
ZT // AB
AE = BB , EB // BT —» HZ = ZT
join HG - & HGT = 90°

4 ZHG + ;.ZTG=90°S_} 4 ABG + ¥ ZEG = 90° -
% TG = ¥ ABG % ABG + ¥ ADB = 90°

— 4.ADB =AZHG}_, % ADB = ¥ 268 _PTXOPe 11 py ap - ag? ,
4 ZEG = X ZGH q.e.d,

In treatise B the order of prop, 11 and prop. 12 is raversed, From

the use of prop. 11 in the proof of prop. 12 the sequence in treatise
A eappears more logical, The use of prop. 11, however, seems no longer
clear in later times:in the proof given in treatise A an extra line
before the last one 1s inserted maybe by the redactor, maybe already
by an earlier scribe, This superfiucus remark reads: "so the triangles
ars similar" , to which is added in the margin "i,e, the triangles
DAG and GAH ",

~» ZH = 2T = 26 —

Prop. 13: If in triangle ABG , with AB equal to AG s AD 1is drawm
perpendicular on BG , then 2DG.GB = AG2 ./
A

(fig. 15)
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Proof: draw AE L AG , with E on BG
[a]
% BAG = 90 § ~— BB =BA =BG -y EG=20B

GB = BA

Q
;iAiG’ 9°-g [ ~ 4.GAD = % ARG ] —PEOPs 11y s gp - ga2
= 2DG.GB = Ga2 . q.e.4,

The line within the brackets makes this propesition clearly an
application of prop, 11, Without it, this could alse be an application
of Euclid, Lemme before X,33, In some Greek texts this lemma 4is

found as a porism to B.;VI,8 , but according to Helberg as an inter-
polation [Heath, E. vol, II, p.211). By means of Pythagoras' Theorem
the proof would have been more direct and shorter, but also more
algebraical,

Prop., 14: If in triangle ABG +the perpendicular AD on BG is drawn,
then 302 - Da? = BA® - ag2 .

Remark: The marginal note in mirror-
script does not belong to this
proposition,

B D G :
{(fig. 16)

Broof: ED? - 0% = (802 + DA) - (D2 + DG?) = BA2 - ag? | g.e.d,
The proof 1s a direct application of Pythagoras, This proposition is
equal to the first part of Pappos ViI,120. In Pappos the proposition
ie considered to be obvious and its proof is better formulated than
the proofs given in our treastises. These are similar, but the one in
B 1is expressed in a more complicated way than the one in A .

It 15 interesting to note that the phrase "the difference of AB®
and BG2 " 18 denoted by "the excess of the square of AB over the
square of BG "; namely in the Arabic text as: ziydda murabba® AB
€ald murabba® BG [4,fol. 92Y 1,22 ff,], while in the Greek text a
similar expression is used: ?‘ TSw amse ADB A ¢-'"‘£r°,t'§...
(Hultsch, Pappos II,854 1.6 ff.]. The word Sep ux'g covers the same
meaning as the word 6. L;j : excess, surplue — the amount by
which one (geomstrical) quantity surpasses another one [Mugler, 438].
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Prop., 15: Let the line AB be equal to the line AG and the line ED
equal to the line DG , and let both angle BAG and HEDG be right,
then X ABD = % AGD .

Y, Remark: The drawing in treatise B 1is not
correct: AB = AG and DB = DG , but
B 8 AN A gAB = 90° 4+ £  and
h 4 GDB = 90° - £ , so that
no square is drawn,
The designation for the angles e, h, z,t
(fig. 17) comes from the Arabic treatise,

Proof: join BEG
X BAG =90° = X e +Xz 90°} L
%-BDG =90° — & h + &t =90° s At
{4e=42z , 4 h=4t =p %e=%h and £z=24%
- ‘_a+z§.h=#z+i—t . g.e.d.

As Bn exception this proof is given in full detail,to show, that it
does too much, The following is slready sufficlent:

Ye=4%z _

th:zﬂ.t-}-ﬁ Ye+dh=5%z+4t .
The suthor examines what happens if two right angles are put together
to & quadrilatersl, whereby each angle has two equal legs. Without the
1ast condition the result would he a quadrilateral in & circle, ac-
cording to the converase of Euclid,III,22, with the diagonal BG as the
diameter of the cirele [B,III,20], Taking also the second condition
into mocount, the two triangles at different sides of the diameter
have to be isosceles too, which results in +the sguare, The author
could have weakened the condition "let both angle BAG and EDG Dbe
right® into rlet angle BAG ba equal to angle BDG ", in which case
the proposition ie still valid, Then a parallelogram would be obtained
with a1l sides equal, and the proof follows immediately from E, 1,34,

Prop. 16:Let A4 be the right angle of the rectanmgular triengle ABG .
If BG 4ie bimected at D and AD 18 joined, them ED = DG =D4 .,

Proof: draw DE // AB , BD = DG -3 AE = EG

% BAG = 90° ~» % h =90° , %4z =90° — AD =DG =
ED  common
=) AD = BD = DG . q.e.4d,
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D
(fig, 18)

This proposition is a consequence of E,III,31, first part: "In a
circle the angle in the semicircle is right", [Heath, E, vol. II, p.61]
48 D is the middle of BG , it is therefore the cemter of the

circle circumscribed ar?und triangle ABG -» AD = ED « GD ,

Prop. 17: Let in the rectangular triangle ABG , with angle BAG right,
on the extension of AG & point D be taken, from which DE 1s drawn
perpendicular on BG and outting AB at 2%, Let GZ be joined and
on 1t E be taken, such that BH> = AB,BZ , and let DH be joined,
then DE? = DE,ZD .,

D Remarks: To the assertion is remarked *
(in mirror-seript on opposite page):
Because of the assumption DE meets AB
between points A and B,
T A The redactor has inserted by hand line
AE. He needs this line in his proof
[margin 93v] that line GZT is perpendi-
cular to line DB. This is once proved by
B (fig? 10) & means of EGZ TDZ, and a second

time by means of AGZ TBZ,

Proof: draw DB , extend GZ to T :
BA , DE perpendiculars in A DBEG —
=% GT perpendicular |margin:
Lprop. 14) for® - B2 = D12 - 78%) o o2y 2, (oo
p1? - 182 = D22 - 282
L A=90° ,fE=9° —5 E,B,A,D in circle =
~» AZ.ZB = DZ,ZE
BZ.(AZ + 2B) + DB? = DZ(DZ + ZE) + HB2
AB.BZ = BH®
~» DZ,ED = DH? . q.e.d,

* margin fol, 93v left: Because the sum of the two extremities

in this numericel relation is the same as the sum of the two
mediums,
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Prop., 18: Let the 1lines AB and BG meet at B , and on AB the
point D be taken, such that AB® = aD? + BG? , Let DG be joined and
bisected at E , and AE be joined, then X DAE = X DGB .

2

Proof:

B

Remark: The drawing in the
treatise 1s not correct:
%-BGD £ X.DGB .

2 In the treatise is written
" ZD P DB ", this has to be
" ABY DA " , as this 1s actually

G used in the proof.

{fig. 20)

extend BA to Z with ZA =AD , AB > DA , join ZG
2 2
(,ug + An)a(ma -2AD) + ADS = AB } - ZB.ED = Bg2
AB® = AD° + B
E, V1,5
Ee¥2205 £ BeD = X.B2¢ } - ¥ DaB =%.DEB , g.e.d.
AE // 26 ~> X B2G =% DAE

This proposition is in the same spirit as the propositions 11 - 13,

-

Prop. 19: If in the isosceles triangle ABG , with AB equal to AG,
an arbitrary line AD is drawn, cutting BGA at P , then
BD.DG + DAZ = AG®

Remark:
4. BAG > 90°, in trea-
tise B X BAG < 90° .

In treatise A

E D
(fig. 21)

Proof: draw AE L BG

e EG} — ED.DG + ED° = EG?
BD # DG erd A2
BD,DG + AE? + ED? = AE? + EG?
-» ED.DG + DA% = 46° , q.e.d.

This proposition 1s closely connected with the group of propositions
11 = 14 : As we have seen,prop, 11 is related to Pappos VII,1l9 and



30

prop. 14 to Pappoe VII,120, Pappos VII,119 and Fappos VII,120 belong
to the eight lemmata given by Pappos to facilitate the study of the
two Books by Apollonius "On Plane Loei"™ (roma imi m5del ), Ver Eecke
(Pappos II,p, 669) treats in a Ffootnote a remark by M,Chasles from
the Apergu Historigue, which reads that these eight lemmata can all
be considered as consequences of the second of the general theorems
by Stewart: Given three points 4 + C, B on a straight line and
ancther point D outside or im the direction of this straight line,
then DA2.BC + DBE.AC - DCE.AB = AB.AC.BC (Ver Eecke writes wrongly
DB instead of pe? ). Here the four point=s are B , D, 6 ona
atraight line and A qﬁtside:

4B%,06 + Ac2,BD - AD2,BG = Bg.ED.DG

as here AB = AG

AG%(DG + ED) = AD?,BG + BG.ED.DG —>  4G2 = 4D2 4 ED.DG .
So the same relation is valid in prop. 19, which means there 185 a
strong comnnection between prop. 19 and prop, 11 - 14,

The next proposition i1s e direct applicaetion of prop. 19, which
seems to have been the reason to take it into this treatisce,

Frop. 20: If in the isosceles triangle ABG s With AB equal to AG ,
the 1ines AE and AD are drawn, meeting BG at E and D such
that BD,DG : DA® = GE.EB : EA2, then DA = AE ., -

A
Remark: In treatise B +the points
Y and E in the drawing are inter-
changed, Because of the symmetry
this does not make any difference
to the proof.

D
(fig. 22)

Proof: ED,DG : AD2 = GE.EB : A.E2

uompoaition, (ED.DG + AD2)

AD? - (GE.EB + AE2) ; ag®

LI T

~BZope 19, 48% ; ap? - aG? : ax?
AB = AG - AD = AE - q-e-do

Prop. 21: Let in triangle ABG the angle BAG be bisected by the line
AD , meeting BG at D, then (BA + AG) : GB = AB ; ED .
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)

B o
\ = /G
\
\\\\“ ‘,///
(f1g. 23)
Proof:A. BAD =¥ DAG - BA : AG = ED : D¢ [marg. remark)

alternately AB : BD = AG : GD
whole : whole = single : Bingle [E, V,12]
-» (BA + AG) : GB = AB : BD , q.e.4d.

Marginal remark: This step 1s based on E, VI,3, In the margin a
later commentator, probably even later than our redactor, explains
which proposition has been used here, As the writing has somewhat
faded out and the text is cut off at the edges, the reference 1s not
clear [of. ¢. V].In prop, 43, where Euclid VI,3 $s also applied, a
margina) reference to the pame proposition in the same handwriting
cocurs, ’

The proposition E. V,12 18 also quoted by Aristotle in the shortened
form "the whole is to the whole what each part is to each part
(reaspectively)" [Heath, E. vol. II,p. 160].

Proposition 21 is in the same spirit as the previous propositions, 1t
also Bppears &8 an in-between result in the proof of Euclid's Data,
prop, 93 [fig. 23]: If the angle BAG of & triangle ABG be bisected
by the straight line AE meeting the cirele circumscribed about the
triangle in E , and if BE be joined, then (BA + AG) : AE = BG : BE,
|Heath, &, vol, II,p, 227; Thaer,p. 62},

In Euclid's demonstration AE 18 supposed to meet BG in D , then

is proved in exactly the same way as in propositiom 21, that

(BA + AG) : BG = AG : GD .

Prop. 22: Let from triangle ABG AB be extended to D and AG +to
E, let DH be drawn parallel to EB and EZ parallel to D&, then

ZH will be parzllel to EG ,
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Remark: In both treatises 4 and

: B the line ED 1is drawn parallel
A to the line BG , which is super-
/‘ fluous,
B G
{fig. 24)

7

The proof consists of applying twice E, I,37 [Iriangles which are on
the same base and in the same parallels are equel to one another.],
end then the partial converse of E. I,37, i,e, B, I,39 [Equal tri-
angles which are on the same base and on the same side are also in
the same parallels. |,to find the wanted relation:

Join 2ZG , HB , ED

06 common ba“}M larea) & DEG = [area) & DZG
D& // EZ. -

& DAG common | areal]
= |area] A DAE = [area] & GAZ

S commonybase] TEIL; 575 larea)] & DEB = |area] & EHB% -
EB // DE A EAB common [area)
-3 |area) ADAE = |area] & ABH} -
[area| A DAE = [area] & AGZ
=) [area] & ABH = [area] & AGZ
& AZH common [area]

~) larea] & BZE = |area] AHZG} E.I,Sgg ZH // BG g.e,d,

} -
ZH common base

The same constellation cccurs in Pappos VII,134: Given the bomisgue
ABGZHED , i1f ZH 4is parallel to BG and DH parallel to BE » then
EZ 18 parallel %o DG. [Pu,.. ;'cuns = altar, is Heron's expression for
this geometricel figure; see Ver Eecke, Pappos II,p. 680], The proof
by Pappos 1s, mutatie mutandis, exactly the same as the one glven here,

Prop, 23: Let in triangle ABG AD be equal to BE and A% equal to
GE , et GE , GD , B , BE be joined, GE and BZ interseoting in
W and GD and BH 4in S5, If A5 and AW are jolned and extendsd
meeting BG in T and Y , then BT is equal to GY.
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T
(fig. 25)

Proof: draw through A XL // BG , and extend BZ , BH , GD , GE

AZ = HG i -3 AH =062 -» AH : HG = GZ : 24
HZ common
AH : HG = AT : GB

G2 ¢+ ZA = BG : AM
-3 AL : GB = BG : AM - AL.AM = BG2
similarly XA,AN = BGZ

—> LA AM = KA,AN —3 LA : AN = KA : AM
KA : AM = GT : TB

LA : AN = BY : {G
- G : TB=BY: Y -Composition, gy . pr . pg : GY o
~3 BT =GY ., Q.e.4d,

If the intersection points ATMA\GD and AINBZ are taken instead of
the polnts W and 85, the proposition will still be valid,

The next three propositions deal with inequalities, In Buelid I,21 it
is proved |Heath, E., vol. I,p.289]: If on one of the sides of a tri-
angle, from ita extremities, there be constructed two straight lines
meeting within the triangle, the straight lines so constructed will be
less than the remaining two sides of the triangle, but will contain

a greater angle. This proposition does not say anything about the
relation between the length of the side of tHe triangle from which
extremtties the two lines are constructed, and the length of one of
these two lines, To be eble to decide this reletion,extra conditions
are necessary.,

Prop. 24: Let angle AGE from the rectangular triangle ABG , with
angle ABG right, be bisected by line GD and angle DAE be equal to
either angle AGD or angle BGD , then GD) GE ,



(fig. 26)

Proof: 4 DA =% DAE _PXOP: 11y op pp o py2

Prop.

pProp.
[fol.

Prop.
angle
twice

AD : DB = AG : GB 2y pp?
-~ AD)DB - AD*) D
AG ) @B } ? ?

essume GD.DZ = 1\3'32 [~» Dz DE -» G2 Y GE]
« V1,5
join B, g_uz=4_zang - %-DBe =¥ DzB
4. ZDB common to A EDZ and & BGD
> ¥ DzB=90° - BeHGZ - BG)) GE . q.e.d,

24 ie needed for the proof of prop. 25; when the suthor applies
24, he even remarks "hbecanse we have proved it previously"
96%, 22].

25: Let angle AGB from the rectangular triangle ABG , with
ABG right, be divided by line GD such +that angle BGD 1s
angle DGA , then BG.GA ) @2

G

%

Y
(fig. 27)

Proof: assume 4G.GE = GZ , join BED —Ee VIs3, ¢ pag = f Eng

=> X GDB = 4. EDG +X%. AGD -» i GDB ) ¥ EDG
meke . GDZ = X-GDE eand & BGZ = & DG3Z

-> EG = 6z
¥ EDG = & EGD + L EDG
4 Gz = 4 EDG _

ig:z;‘g’;i-) 4 Bz = £ 26D _BEOP: 24y pg 3 gq
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GZ = GE —» BG ) GE

-  EBG.46 > AGéGE} - BG.GA ) gp2 , q.e.d.
AG.GE = GD

In modern notation we have cos 2a =-§§- 5 cos8 Ja = S, s thus we
find the relation cos2 24 Y cos 3a (0< g 309)

Prop, 25 18 used in the proof of prop. 28, in both the version of the
treatise and in the "original” version.

Frop. 26: Let in the semicirole with diameter AD are AB be equal to

arc BG , et GD be joined and BE be drawn perpendicular to AD
then @ { ED .

’

E W Z
{fig. 28) (fig. 29)

Remark: The dréwing in the itreatise is not according to the conditions
of the proposition, as are AB ¥ arc BG : G has been taken in the
middle of are AD , and arc AB is equal to half the diameter --
ar¢ AB = 2 arec BG . I suppose "arc AB twice arc BG" +to be the condi-
tion in the original form of the propesition, as this 1s what 1s
actually proved with prop. 25 as an auxiliary, As the pPropogition
stands here with the condition "arc AB equal to arc BG" the proof
can be much easier with a more exact result, as has been shown by
Ptolemy in the first Book of his Syntexis |fig, 28}:

wake DW = GD , join AB , BG s BW

4 GDB =X BDA — A BG £ & BWD

- “G‘BW=BAj_>AE=Ew ~ D +AE=ED ,

BE 1, AD
This relation, writien as AR = 1/2(AD « GD),together with the relation
AD.AE = AB® are the two basic geometric propositions used by Ptolemy
for the preparation of his Table; they are equivalent to sinaa =

1/2 (1 - cos 2a). [Heath II, 405-409; Ptolemasus, vol, I, 39/40]
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For the "original" version of prop. 26 we have to make one change in
the proof, asccording to the change in the conditions i.e., X ADB =
2 ABDG , as a result we also have exactly the required conditions
for applying prop. 25. ln the version of the treatise we need an extra
consideration [fig. 28]:

"it 18 necessary” : according to prop. 25

& DGZ rectangular} - m.De) B'p2

X H'DZ = 2 A B'DG

¥ HDZ = HDG -» DHDE' -3 2006 DEE

LProp. 26): Let in the semicircle with diameter AD arc AB be twice
arc BG , let GD be Joined eand BE be drawn perpendiculsr to AD ,
then 6D { ED ,

Proof [fig. 29): join BD , draw GZ AD «» intersectionpoint E
~% AD,DZ = BD.DH [mergin: as & ADB s AZDH)
AD.DZ = DG° - DG2 = ED.DH
X. ADB = 2 X EDG g "1t 18 necessary" [prop. 2% e.Dz ) DR
A DGZ rectangular
- (D6° : pg.pz) < (DG2 : DH2)}} o
pe? = BD.DH
(062 : DG.DZ) ¢ (ED.DH : DE?) [marginel remark]
DG : D2 { BD : DH

BD : DE=DE : D2 -) DG :DzZ{DB: D3 -5 DG <{DE 2
q.e.4,

In the last marginal remark 15 explained that pGe and DG,DZ have
the same term DG , so that we can divide by it, similarly for the
eecond part of the equation,

This proposition and proof have a more algebraie outlook, which also
shows in the use of the word -~ o darb - multiplication instead of

zd,_.,. sath -~ product.

Prop. 27: If, in triangle ABG, BG be bipected at D and AD be joined,
from B an arbitrary line be drawn cutting AD in Z &nd AG 1in
E, and GZ be joined and extended to H on AB , then, 1f HE be
joined, it 4is parallel to BEG .



D
(fig. 3v)

Proof: construet through 4 TK // BG , extend BE +to X , GH to T
Gh = DR -2 TA = AKX - GB.TA = GB.AK
(TA // BG , AB and GT betwsen both LE=VIs4ly )

BG : TA = BH : HA
GB : AX = GE : EA
~ BA:BA=GE:BA LB VD,2) o mm //Be . q.e.4.

This proposition i1s the same a&s Pappos, VII,189, which by Pappos is
formulated |fig, 30]: Given the figure ABGZHED , if line ED ip equal
to 1ine DG , then lino HE 48 parallel to line BG [ef. prop. 22]. The
proof by Pappos is the same but more compact, especially the line
put in brackets 1s left out by Pappos.

-

Prop, 28: If in the circlesegment, standing on line BG , arc BG be
bisected at 4 , E be taken on the extension of BG , and AG and
AE , cutting the segment in D be joined, then EA.AD = A .

A Remark: In the treatise this
proposition 1s snunciated for a
D semicircle, 4s the property,
angle BAG equal to 90° , 1s
not used in the proof, the pro-
(£1g. 31) position is valid for any cir-
cle-segment,

Proof: join AB , DG , DB
are AB = arc Ag —Be TIL:271y ¢ 4pg o 4 AGB
4. ADB =4%. DBE + 4 DEB
¥ ADB =% AGB , both on are AB (B, III,21]
— %_ABG = 4. DBE + & DEB

% AED = & DpB —PTOPe 1L gy 4p - 4p°
AB = AG ~) EA.AD = AGZ g.e.d,
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Prop. 29: If through two cireles intersecting in A4 and D , &N
arbitrary line be drawn cutting one circle in 2 and H and the
other in B and £, and 24, AB, ED, DH be joined, then

A ZAB = 4 EDEH .

Secondly, if HD and ZA be extended to X and T on circle

ABED , and BK and ET be joined intersecting in L , them BL = LE,

Proof: join AD
ADEB 1in cirele 2= 111,224 x pup 4 £ BED = 180°
AZHD in cirele —Be 111,22 youp g 7mp - 180°
— % ZAD + 3§ ZHD = 4 BAD + 4. BED
X BAD 4 BAD
4 2AB + 4.EHD = ;.BED} s
¥ BED = ¥ EHD + X EDH
=> % 2AB + o EAD = §. EHD + 4 EDH — £ 2aB = 4 EDH . gq.e.d,

Secondly, proof 1,: & ZAB = L EDH
X ZAB exterior angle of ABET -3 #. ZAB = & TEB -
X EDH exterior angle of BKDE -y X EDH = 4 KBH
-;z(.TEB=t.EBL¢ BL = LE ,

H

proof 2.: % 2zAB = & Epg —E- 1,13, f map . K ppx
ABET in circle —2r I11,22. o pun .y 7gp = 180°
EDKB in circle Z= II1,22_ y upy | ¥ g = 180°
~> % BAT + { TEB = ¥ EDK + ¥. EBK
% BAT = & EDK -
% LEB =4 EBL ~» BL=1I1E , q.e.d,

The two proofs for the second part of this propoeition are very simi-
lar. Both use Buclid I,13 [If a straight line set up on & straight line
make angles, 1t will make either two Tight angles or angles equal to
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two right angles. Heath, E, vol. I,p.275) and Euclid III,22 [The
opposite angles of quadrilsterals in circles are equal to two right
angles, Heath, E, vol. I, p.51]. Only in proof 1, the use of E. I,13
and E, III,22 is two times combined, whereas these propositions form
+wo separate steps 1n proof 2..

Prop. 30: If from triengle ABG , with angle BAG right, BA be extend-
ed with AD , and from D DE be drawn perpendicular on BG , cutting
AG 1in 2 , then BD,DA = GZ.ZA + ZD?

Conversely: If BD.DA = GZ,ZA + ZD? , them ¥. DEB = 90° ,

D

B
(£ig. 33}

Proof: X BAG = QOO} -

< ° B, 4, E, Z on circle cirounference |E. III,22
ZEB = 90

conv., not proved by Euelid)

-» HD.,DA = ED,DZ

ED.DZ = EZ,UZ + 7D°

EZ,DZ = GZ.2A [margin: for & GEZ we aDaz]

—» BD,DA = GZ,ZA + ZD° q.e.d.
This last line giving the conclusion 1is migsing in the treatise,

Conversely, proof:
HD,DA = GZ.ZA + znz}

2
BD,DA = GA.ZA + AD
702 = DA? + AZ2

pa? pa?
BA.AD = GA.AZ
—> BA: AG = ZA : AD - A& BAG vo ADAZ
- 4 BDE""AGB;—y 4 DAZ = & 2EG

% BZG = 4. AZD
A DizZ = 90° - & 2EG = 90° -» 4 DEB = 90° , q.2.d.

Prop. 30, converse is needed in the proof of prop. 31. Alse prop. 19
is &gain applied.
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Prop. 31: If the tangents ED and BA at the ecircle ABTD be drawn,
and an arbitrary line E2Z ocutting the circle at % and B ; if 4D

be joined, on EZ +the perpendicular ZT be drawn cutting AD in Y
and the cirele in T , and EY and ZD be joined:ls then

X _DEY = 2 £.D2T .

Remark: Line AM has
been drawn in later B
without the use of

& ruler, probably by

the redactor. In the
second part of the

proof the distinction

is made between X
either falling in I or
in between L &and B, In
the second case K is then (fig, 34)
called M , This is correct,

but rather formalistic,

Proof: extend EZ2 to B on ecirecle, joim BT ,
draw DL.L DE, extend EY o K
A B2T = 90° - BT dia.meter} =3 D center cirols -3
DL LDE — DL diameter
—> 4. DIT = 2 4 DzT
So 1t is requested that X DIT =4.DEY ,or ¥ ,D ,E, L ona
circle circumference, or X. EDL = & EXL = 90°
& AFD  isosceles, EY in it
PXOPe 13, 4v,¥D + EY2 = A2
AE? = BE,B3Z = 1Y.YZ + EY? = BE,EZ
AY . ID = TY,YZ
_prop. 30 conv, > £ TKY = 90°
Objection: the extension of EY falls either in point I , or in
between L and B,
Case 1. extension in L :
XA ELT = 90°, according to the proof above
4 ELt = X EID + A.DEL
¥ EID  %EDD
¥ DLT = 3 DEL
Case 2, extension mot in L , but between I and B 1in M :
join AM
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90° = 4. IME = 4. TAE -» A , E, L, ¥ on circle ciroumference
4 AED + & ATD = 180° }_,
4 ALB + A DLT + 4 ALD = 180°
—> & AED = X ALB + 4 DIT
4 AEM = § ALB _ o on same arc |E, 111,21}
{ DEM = £ DLT . q.0,.d.

Prop, 32: If at the semicircle with diameter AG the tangents EA and
EE be drawn, EB and AG be extended until the intersection point b,
BZ be drawm parallel to AD , DZ and AB be joined interseeting in
H, and HT be drawn perpendicular to AG , then T is the center

of the eircle, E

Remark: GH and HY are joined,
Y being the intersection point
of cirele and BZ , and proved
to form a straight line, In the
treatise the fact "GHY =&

straight line" is used in the
proof, which is therefore not
correct. This error has been
repaired in & marginal note by the redactor, who croesed out the erro-
neous part of the main text. The redactor makes also one remark in the
enunciation of the proposition and three remarks in the first part of
the proof. Of these the last one is & necessary improvement, written
in between the lines as the sgquare of 742 has been forgotten. The
first one and the one in the enunciation are formally necessary, l.e.
to state "join GH and HY ", and to state "DZ and AP intersect in
H ", But the remaining ome is superfluocus, i,e, to change DA into

DB and add an extra sentencs, writtem in | ], so that the proof reads
DE : EB=DB [: 2B, DE : EB = DA )J: ZB , The change, made in the last
part of the proof, is not necessary, but mekes the proof somewhat more
elegant, All this shows that the redactor had difficulties with this
proposition as well as worked on its understending.

G
(fig. 35)

Proof: [ intersectionpoint BZ M circle]
join GH end HY [mergin)
AE , EB tangents — AE =EB —» DE : EB =DE : EA
DE : EA=DB : 24 , DE : EB = DA% ; ZB | ¥ marg, remark]
-> DA:BZ=0DB: za Sltermate. ,n . pp.Bz:20 -
~ 0?2 : DB? = 22 : 7a% [* 2 in pargin|
802 = ap,D& , 2a° = ©3,2Y
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— ap? : AD.DG = BZ? ; BZ,ZY =\ 4D :DG=BZ: I
Marginal text:

alterna.te; AD

AD :

~» DG : YZ =DH :

¥ CDH = % YZH
- X GHD =X YHZ

Main text again: Y. YAED ¥. YHD +
4 YHG = X ZHD

i 28D = 180° — & YHG

B = H
2 =DG : 2Y } -
BZ = DH H HZ

Hz} - AGDH o» & YZH

180° <3  YHG straight line

{ BYH = ¥ HGA alternative text
Y. BYH = ¥ BAG , on same arc BG [E, III,27] in margin:
— 4 BAG = L HGA BY // AG

= arc AY = arc BG
— X BAG = 4 HGA

-3 AH = HG
HT 1 AG [assumption] =» AT = TG
AG diameter circle = T center circle , q.e.4.

Frop. 33: If line AG of triangle ABG be bisected at D , 1line BA be
extended to E , and ED be joined and extended to 2 on line BG o

then BE : EA = BZ : ZG ., 4
And conversely, if BE : EA = BZ : ZG , then AD =DG .
E
A T
Y]
B A G
{fig. 36)

Proof: draw AT // BG§ — AT = 26
Al = DG
A EBZ : AT // base BZ -3 BE : EA = BZ : AT
= BE : EA = BZ : G , Q.8.0.

Conversely, proof:
AT // ZG

[ AT = ZG ] AD = DG . l}tﬂ-dt
BE:EA:BZ:ATS = —>
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This proposition is a apecial case of Menelaus' theorem in planme
geometry. This theorem 15 expressed in the equations [fig, 36]:

#-nw ma  F-HE (2
{ Braunmhl, 16]

As we have in prop, 33 the extra condition "AD = DG , the required
relation follows immediately from Menelaus' theorem [1]. It is obvious,
that prop. 33, converse: %ﬁ = gé =) AD = DG
sequence of Menelaus' theorem [1].

Braunmiih]l notes that neither Menelaus nor Ptolemy cut & triengle by a
transversal, but each studied the relation between the lines AG and

2ZE on the one hand and the lines EB and GB on the other,

y i a direct con-

Also in prop. 34, another special case of Menelaus' theorem, a triangle
is examined and not the relation between intersecting lines, As in
prop. 33 Menmelaus' name is not mentioned and the proof 1s by different
means, although applying Menmelaus® theorem would be shorter.

Prop. 34: If line BA of triangle ABG be extended with AE , line BG
be bisected at Z =and line AG be divided at D puch that BE : EA =

GD : DA , then & , D , 2 are collinear.
E 4
- ' Remark: proof with Menelaus:
BE GD GD ,EA
Y A e EA DA > 1 =pi'BE
GZ
o BZ = ZG& — 'B—Z=1
- %% = %%'%% . this is Menelaus [1]
# EDZ @ straight line
B 7 G
(fig. 37)

Proof, according to the treatise:
construet AT /' BG , join ETD
BE : EA = GD : DA ,
GD : DA = GZ : AT |Z7T straight|} —> “BE : EA = BZ : AT
GZ = BZ
draw BY // BT
extend TA — Y
-~» T = Bz
YT // BZ , constructed = EZ a straight line . q.e.d.
ED // BY , assumed

} — BE: BA=1YP:TA
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The proof would be more precise by changing ™"joim ETD" inte "Jjoin
ET and TDZ" and “ED // BY , assumed” dinto "ET // BY , consiruc-
ted”,
The redactor remarks in the margin at the end of the proof:

e // BY} - 21 // ED or  ITED ocollinear

EDL // BY

27 meets ED din T —» EZ a straight line .
This is actually an application of prop. 35, where the redactor very
rightly puts a note in the margin: "This proposition should precads
the preceding proposition”.

Frop, 35: Let through péint D outside line AB the lines ED and D2
be drawn, both parallel to line AB , then EDZ 1is & straight line,

A D E

/

B ¢ A
{fig. 38) :

Proof: assume G on AB , join GD
8D /7 4B _Ee 1,29 ¢ ppg + 4 DGA = 180°
aB /7 vz B2 1,29 ¥ ngE + & 2DG = 180°

4 angles = 360° .
2 angles [margin: G] = 180° -
2 angles |margin: D] = 180°
-» EDZ a straight line , q.0.d,

The theory of parallels, and especially postulate 5, has from ancient
times on attrected many mathematiclans, Euelid in Book I, def, 23
defines parallel lipes as: "FParallel straight lines are straight lines
which, belng in the same plane and being produced indefinitely in both
directions, do not meet one another in either direction" [Heath, E.vol.I
p. 190]. To this Proclus remarks: "The basic propositions ebout par-
allels and the attributes by which they are recognized we shall learn
later, but what parallel straight lines are is defined in the words
above" [Morrow, 137). These propositions,i.e, E. I, 27-31, contain the
propertles "A straight line falling on parallel straight lines makes
the alternate angles equal to one another, the exterior angle egual) to
the interior and opposite angle, and the interior angles on the same
slde equal to two right angles" [E. I,29] and the converse |E. I,27 and
28], moreover "Straight lines parallel to the same straight line are
alsc parallel to one emother” [E, I,30] and "Through a given point to
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draw a straight line parallel to a given straight line" [E. I,31],
From the proof of prop, 35 we can deduet the criterion for parallelism
used here, 1,8, the property that two interior angles on the same side
are equel to two right angles. Thie means that prop. 35 does not bring
something new, but is an immediate consequence of E, def, 23 and E,30,
Ap Proclus remarks,through the same point two parallels to the same
straight line camnot be drawn, It eseems therefore clear that, as the
redactor already noticed, prop. 35 has besn inserted to justify the
last step in the proof of prop. 34, However, looking et the proof

|see above] this connection was no longer apparent.

Frop. 36: Let from point E the lines EZ and 3BD be drawn cutting
the lines AB , AG , AD respectively in 2 , ? , L and in B, G , D
and be E?az 2 = EL ¢« LT , then EBP : BG = ED : DG ,

Remark: In the proof some lines |1.e.
fol. 99¥, 14 (last two words), 15, 16
and 17 (first four words) ] have been
crossed out, probably by the redactor,
They contailn the same argument as had
already been given in the lines be~
fore,

(fig. 39)

Proof: conmetruct in T HTY // BE -» EZ : ZT = EB : HT
EZ : ZT = BL : 1T [assumption | -
Y //DE -» BL ; LT =ED ; TY
— EB: HT = ED : Ty _2ltermate  pp ., gp _gr; oy
& ABD i AG arbitrary, ED //HY —» HT : TY = BG : GD
— EB: ED =BG : gp Blternate gp . 35 _Ep:DE . g.e.d.

This proposition is identical with Pappus VII,1l45, a special case of
Pappue VII,1l29. The proofs are also the same, only that in our trea-
tise the detalls are worked out more elaboratd&y.

The proposition deals with the anharmonic property. lleath {II, 401]
thinks 1t probable that both the anharmonie property and Menelaus'The-
orem for the sphere were already included in some earlier text-book
than Menelaus' Sphaerica, and that they were lmown to Hipparchus. The
corresponding planar theorems appear in Pappus among hls lemmas to Bu-
clid's Porisms, and it is reasonable to infer that they were assumed by
Euelid as knmown. However, the importance of this proposition 1lies in
the fact that it proves the projective invariance of the anharmoniec
ratio.
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Prop, 37: Let in the rectangular triangle ABG s with angle BAG right,
the lines AD and AE be drawn, such that angle DAE be equal to
angle ABG , and from point B the perpendicular BZ on AE [,cutting
4D 1in T,] be drawn and extended to H on AG , then

DALAT + GB.BD = HB.BT + GA.AH 5
and secondly GB.ED + GA.AH = AB2

Remark: The proof of the
proposition shows that one
circle goes through A , H,
T, {, one through B , ¥,
T, D and one through G ,
D, T, H; so the triengle
Iy G is divided into three qua-
(fig. 40) drilaterals, every one of
them lying in & cirecle, All
three circles go through point T , which ylelds an interesting con-
figuration,

Proof: Y. LAE = 4. ABG
£ BAD § BAD
{. BAE = 4 ADG
4 AZH = 90° =3 £ ZAH + 4 AHZ = 90° -
¥. BAH = 90° [assumption) ’
Y. ZAH 4+ X AHZ = 4 BAG
L ZAH { ZAB _
£ ARZ - 4 BAE —~> X AHZ = X ADG
[wargin: —> &-GHT + 4. GDT = 180° ]
—» H,?,D, 6 oncircle circumference
—> DA.AT = GA,AH , HB.BT = GB,ED
—» DA,AT + GB,ED = HB.BT + GA.AH .

Secondly, proof:
assume GB,BD = AB,BY apnd join TY
GB.ED = HBE.BT [proved above]
—» AB,BY = HE,BT —» 4 ,H, Y, T on circle circumference
—> 4 BYT = 4 aHT } —> {.BIT = £ ADG
4 AHT = L ADG [proved above)
~» B, Y,D, T oncircle circumference
—> BA,AY = DA,AT
DAAT = GA.AH 0 GB.ED = AB,BY
—> GA,AH + GB.ED = AB.BY + AB,AY

—» GA,AE + GB,ED = aB? q.e.d,
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The beginning of the second part of the preof i1s changed by the redac-
tor. His version starts "draw in T TY perpendicular on BH" , this
is more intelligent and easier to do than "assume GB,BD = AB,BY and
join TY " as written in the main text, But this brings the redsctor
more difficulties in proving A , H, ¥ , T on & circle circumference.
The easiest would have been to draw inm D DY perpendicular on BG ,
which means A , G, D , ¥ on a circle circumference, hence the as-
sumption in the proof, GB.,BD = 4B.BY , follows immediately. The resat
of the marginal remark, as far as readable, does not seem shorter or
better expressed than the main text.

The next six propositions belong together: Prop. 40 and prop. 43 are
the same proposition, but with different proofs. The propositions 38
and 39 are needed in the proof of prop., 40, and the propositions 41
and 42 in the proof of prop. 43.

Prop, 38, 1): If AB = AG = AD and DG , GB , ED be joined, then
4 GBA + £.GDB = 90° .
2): Moreover, if AB = AG and & GBA + £ GDB = 90° , then
AB = AG = AD
3)s Also, 1f AD = AB and ¥ GBA + {.GDB = 90° , then AD = AG = AB ,
4): Finally, 1f AD = AG and X GBA + £ GDB = 90° , then
AD = AG = AB ,
D

A A
(£ig, 41) (fig, 42)

Proof 1) [fig. 41]): extend BA with AZ = AB 4, join GZ
ZA = GA = BA - X 26B = 90°
~> X G2B + % GBZ =90° ané Z, G, B on circle circumferen-
VA =GA=BA -5 D, G, B, 2 onoirele circumference ce
~» 4 B2G = 4. GDB

— £ GDB + £ GBZ = 90° ,

Remark: This proof is bullt up as the proofs for the other assertions
of prop. 38, though in this spaclal case the proof could be shorter
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and more concise:

from the first line follows 2A = GA = BA = DA
- 2,6, B,D oncircle circumference with center A
— X GDB + A4 GBZ = 90° ,

Broof 2) [fig. 41]: extend BA with AZ = AB , join G2

- % 26B=90° — X GzB + 4.GBA = 90"5 -
X GBA + % GDB = 90° ([assumption]

= ¥ GB=YG2B = G,D, 32, B onecircle circumference
%A = BA = GA - A center circle

- AD = AG = AB , q.a.d,

Proof 3) [fig, 41}: extend BA with AZ = AB , Join DZ

— ¥ BZ =90° — X DBz + £.D2B = 90° -
4 GBA + 4 GDB = 90° [assumption]
—> X.GBA - Y. DBZ + ¥. GDB = ¥ GED + 4 GDB = £ DZB

{ BGD £ BGD

angles A BGD = ¥ BGD + £ DZB
-> £ 860 +4DzB=180° - B, z,D,G on oircle circum-
ZA = DA = BA -3 A center cirele S aes
— AG = AD ., q.e,.d,

Proof 4} [fig, 42): draw AE L DG , join 326G

=) DE = EG and X_DZE = £ GZE
4. DBz = 90° = oA EDZ + A EZD = 90°
¥. GBA + % GDB = 90° [assumption]
- A EzD = GBA - X GZE - £ GBA
- 2,G, B, A on circle circumference
~ X AGB = & aZB
X AzB = 4D2E y — X AcB = £ GBa
¥ DZE = {. GBA
[margin: =-» AG =Ba ] , q.8,.d,

Prop. 38 is needed in the proof of prop. 40.

Prop. 39: If in triangle ABG 1line AD is drawm meeting BG in D
such that angle DAG is squal to angle ABG , then

Be

k'
3

@D = BG® : Ga? = BA? ; Ap?

Proof: § ABG = 4 GAD  [assumption] } - 4 BAG = 4.ADG

{ AGD common to A ABG and & DAG
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A
Remark: The drawing in the
treatise is not correct.
D B
(£ig. 43)
Bo VI,4 . 5G ;4G = AG : GD = AB : AD
— BG: GD =BG ; A2 = aB2 ; ap? q.e.4d,

On the connectlon between prop., 39, Fappus VII,119 and prop. 1l see
prop. 1ll.
Prop. 39 is needed in the proof of prop, 40,

Prop. 40 [= prop. 43]: If in the rectanguler triangle ABG , with angle

ABG right, angle BAG be bisected by line AD , 1ine AE be drawn at
random, in point B 1line EZ be consiructed parallel to line AD , ZB
be joined, cutting AD in T , and ET be joined, then
AZ : ZT = AE : BT ,
’ —_— A Remark: The drawing in the
- ‘\\ treatise is not correct: In
/ the treatise Y 1is only as-
\\ sumed on the extension of
{ ATD , and not, as in fig., 44
z ] constructed by means of the
circle through A , B, 2 .
/ The redactor makes a note on
// the position of point Y in
el the margin: "So point Y ,
. E » - — either 1t falls below point
(fig. 44) U or on it or beyond 1t".
This is correct: when E
moves nearer towards G the circle enlarges and Y moves towards D
and passes 1t.

Proof: make AT.TY = ZT7.TB [margin: on position of ¥ , see above] :

join 2ZY¥ , EY , BY [ BY added by redactor]
[E- 111'35 conv., + E- III,ElJ‘ LZAT - * ZBY

{ ZAT = . TAB -3 X.TAB = X ZBY
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crossed out in treatise: instead of this in margin:
ZP.TB = AT,TY X TAB =X TBI} -

— & B2Y =X BAT = = £ ¥YBZ | X BYT common

Lprop. 11, ,y yr = BY? AY : YB = BY : YT =3

ZI,1B = AT,TY -  AY,YT = BY®

¥ say = & I) AT : TB = 2T : TY
% BAY =X GAY the 2 apgles T are oppositeto
- X. GAY =% Bzy each other

Lprope M) ay,v7 = ax? = BY2| - o To¥ = % BAT = X TAZ
% TYZ common
_ - AY : YZ = YZ : YT

' —  AY,YT = ¥2°
main text again:
—) BY = i3
X AmD =90° -~y X ADB + & DaB =
X DAB =% ZBY , X ADB = £ ZED —
-» X zBY + % DEZ = 90°

90°

-~ BY = ZY = YE |margin: by3gropi

BY = ZY '
-  AY,TY = YE® [_-_‘ﬂr5_) 4 YBT = 4. YAE )

~ AY : YT = AE? ; ET° {margin: by prop. 39)

AY ¢+ YT = AZ2 : 212 |margin: also by prop. 39
~» AB : BT = 42 ; 2T . q.e.d,

Again with prop. 40 the redactor seems to havk worked hard on its under-
standing. He makes several useful remarks, given in the text. The re-
wark on the position of point ! shows his mathematical insight, 1t is
not clear, however, whether he realized the drawing to be wrong. The
rart of the text crossed out by the redactor is not so clear, because
of some superfluity, put in (), and the many mistakes. But the solution
of the maln text, twice applying prop., 11, 18 more elegant than what

the redactor offers instesd,

In prop. 43 & different proof is given for the same proposition,

PFrop, 41,1): Let in the rectanguler triangle ABG , with angle BAG
right, from point A to line BG +the iines AD and AE be drawn, such
thet angle DAG be equal to angle GAE , them BE : EG = BD : DG

2) Conversely:; If BE : EG = BD : DG [and angle BAG be right], then
4 DAG = X GAB

{margin 3): Let angle EAG be as angle GAD and BD : DG = BE : EG ’
then %. GAB = 90° .]
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Remark: The lines AT
and AX have been drawn
in later without the use
of a ruler, They are
needed for the proof of
41,3) , which 1s added

E later in the margin of
fol, 101V ,

(fig. 45)

Proof 1): construet HBGZ // AB , <joim DZ > [ <> crossed out and re-
placed in margin by: extend AD
to 2 on HGZ ]

BAG = 90° -5 4 AGH = 90° —  its supplement X AGZ = 90°§_§

DAG = - GAE , |AG common)
AGZ v» A AGH — GZ = HG
A.‘B:HG=BE:EG=AB:GZ§_,, BE

T EG = BU 3 DG,
1 GZ = BD ; LG

EJd pf

Proof 2): construet HGZ // AB
: EG Ba : HG
: DG = AB : G2

BAG =90° = £ AGH = 90° -3 X AGZ = 90°
AG = AG , GH =GZ
X AGH = 4. AGZ

= A ZAG = X GAH ,

S—, AB : HG = AB : GZ -3 GH = GZ

~ B g

}..><_> AH = AZ -3 & GAH 24467 >
L¢> crossed out by redac-
Q-eod- 'tOI'J

The redactor adds to these two cases & third case of which the enun-
ciation |see sbove] 1s given on fol, 102¥ and the proof onm fol. 1017,
both in the margin. As the edge of this page 1is mutilated the proef is
difficult to resad.
Proof 3) [fig, 45]: draw AT | AG
B0 elther AT falls on AB or on the inside or on the outside
g’ 23 ; E Eg} —jiferchange 9 EG/: DG = BT : D = BB ; HD
=> ED : DI =FED : BD = DT =ED =3 AT on 4B =
- 4 6aB = 90° , q.e.d.

.-

This addition to prop., 41 is elso proved by Pappus in Book vi,52 , a
propasition belonging to the section Ef, ThoocETiwh EFladiidew
{On Buclid's Optice). His proof reads |fig, 45]:

construet HGZ // AB , extend AD to 2
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DGBBE:EG’
HG = EB : EG
GZ = ED + DG ~> HG = GZ
: AZ =HG : G2 —> HA = AZ
=062 , AG=4AC , BA =AZ — X HGA =X AGZ =» = 90°
HZ // AB =~» % GAB = 90° ,

i =5 HD : DG = AB : HG

aEEES

This proof is in the spirit of our treatise, and i1t is clearer than the
marginal proof by the redactor. Bultsch {FPappus Vol, II, p. 587)

notes that the existence of twe converses to this proposition, to which
Commandino has added the proofs, is manifest. They are used by Pappus
in resp, Book VI,53/54 and Book VII,156. These two converses are the
pame as prop. 41 and its converse, as given in this treatise,

For the proof of prop. 43 prop. 41 is needed.

Prop. 42: Let in triangle ABG angle B be bisected by line ED and
angle G by line GD , then angle A is bisected by line AD ,

Remark: On the position of the points
Z and E +the redactor remarks:
"So point E*, either it falls between
B and G, or on G_, or away from it
towards the opposite of B ; and in
this manner is the remark on point 2
> ¢ 1n relation with B ." This i1s correct:
(fig.F46) the proof is also true when BG < AB
and/or BG < AG , (* written D)

Froof: assume BE = BA and GZ = GA [marginal rsmark see above]
join DZ , DE

AB = BE 3_5 X.BAD =X BED , DA = DE
BD common
AG = GZ

i—y X DAG =¥-D2ZG , D = DA
GD common

=3 DZ=DE = z{.szn=4zxm£__) 4 BaD = {.GAD .
¥ ZED = X DAB , X EZD = £ DAG a.e.d,
Thie proof is a nice and originel achievement, different from what is
found in Buclid. In Buclid the proposition "the bisectors of the

three angles of a triangle meet in a point" 415 neither emunciated neor
proved in this form, Bowever, it follows immediately from the proof of
IV,4 :"In & given triengle to inscribe a circle". Euclid constructs
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this circle [fig. 46] by bisecting angle ABG by line ED and angle
AGB by line GD . He then draws from their meeting point D the perpen=~
diculars DF , DH , DY +to the three sides, and shows that the circle
with center D and radius DF = DH = DY 15 the required circle.

Frop., 42 i1s needeé in the proof of prop. 43,

Prop, 43 |= prop. 40}: If in the rectangular triangle ABG , with engle
ABG right, angle BAG be bisected by line AD , line AE be drawn at
random, in point E 1line EZ be constructed parallel to 1line AD , 2B
be joined, cutting AD in T , and ET be joined, then A
AZ : 2T = AE : ET .,

Proof: bisect L ABZ by line
BH , join Z2H _[E‘E.P-ﬁ]_)
ZH bisects X AZB
draw BK 1l BH ,
join ZK , EH , EK
[margin:
& ABZ + 4. Baz < 180°
_halving .
£ ABE + X Bag < 90°
- X% AHB > 90° G E D B
-> % BAT ¢ 90°
=3 AD extended meets
BX in K ] X
% HBK = 90° } [prop. 41,1)] .
¥. ABH = X. HBT g
KA : AH = KT : TH}J_prop. 41,3)], ¥ mzx = 90°
i AZH = X KT ’4.HBK-90°1S -3
-» B,H, Z, K on circle circumference

% ABG = 90° = & HBK

(fig. 47)

X HEE L HEE _
¥ HBT = i ABH = & DBK {
L TED 4 TED
& HED = X% KBZ = 4 KHZ
extend HZ +to Y
gz /7 ku LB To29) 4 vz o 4 Bay
(X DBH]* =X DEZ -» ¥ YZE - £ DEH (* not readable|

— [ 4 EZB + § HBE = 180° E, 111,22 conv, -;J
E,2,H, B oncircle circumference




(margin: B , H, Z , £ on eircle circumference - B , H ,
Z,E, X onone circle, {E, II1,20]: because the two circles
intersect in more tham two points, i,e, in B , H, Z ]

[ kB diameter]

~—» ¥ HEK = 90° i { prop. 41,2)]% 4 AEH =y HET
KA : AH = KT : TH

E. Vi,3 AH : BT = AE : ET [marginal remark |
(% AZH = HZT ~» | AH : HT = AZ : 27
=» AE : ET = AZ : 2T ., q.e.d.

The marginal remarks rgise the quality of the proof., They 1llustrate the
sclentific attitude and skill of the redactor,

In the first remark |fol, 1022, bottom left| im proved that SK will meet
the extension of AD , Often in Greek goometry, also in Bueclid, exis-
tence proofe for intersection points are left out, It seems the mathe-
maticians relied upon the drawings,

4lso the second remark |fol. 102¥, right middle} 18 a necessary addi-
tion: Proving the circle through E , Z , H , B is the same as the
cirele through B , H, 2 , K gives "KH is & diameter™, from this it
is clear that angle HEK 1s right. There 18 a curilous mistake in this
remark: The points belonging to both circles are B, H, D , However,
B, K, D have been written and it looks as if "Kv 418 a later "correc-
tion®. "

The third remark |fol, 102, middle| explains which proposition under-
lies the conclusion: This because of the third proposition in the
second chapter 1n the third classification in & Book by al-Kamal,

I kmow nothing neither about al-KamAl, the al-Kamils found in Sezgin
all live rather late, nor about his book, The propesition in question
is E. VI,3 jef, prop. 21].

The other two marginal remarks refer to the treatise as & whole, to

the author Aqatun &nd to the redactor {cf. chapter II].

The fact that so many remarks are made to these last propositions, and
the faet that two proofs are given for prop. 40/ 43 show the importance
of this proposition in ancient Greek and slso in later Arabic times,
The cirele through the points B, H, Z , E s+ £ 18 Apolloniug!
gircle, The circle of Apellonius is a locus |Eeath, E, vol. 11, p, 198]:
"The locus of a point such that its distances from two given points

are in & given ratio (not being a ratio of equality) is a circle”,
Heath adds that the construction apparently was not discovered by Apol-
lonius, but earlier, since it appears in exactly the same form in
Aristotle, Meteorologica III. 5, 376 & 3 sqq. Ptolemy, who needs this
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cirele in his chapter on Retrograde Motion (Almagest, Book XII, Chapter
I) calls it explicitely the cirele of Apollonius of Perga, The appli-
cation of this circle in opties and astronomy counts for its importance.
Perhaps prop. 40/43 is important for a similar reason,



Chapter IV.
Influences on and from the Book of Asumptions. Conclusion,

48 we have seen in the previous chapters different influences

are noticeable in this treatise, 4 connection with Archimedes is
found in the beginning., Prop. 2 and prop. 3 are directly linked
with Archimedes. Prop. 6 is in the spirit of Archimedes' Lemmata,
which also means thet prop. 7, based on prop. €, 1s loosely con-
nected with Archimedes. Prop. 4 could be Archimedean.

lenelaus' Thecrem is foupd in the propositions 335 and 34, How-
ever, we can not deduce from this that the author has been in-
fluenced by Menelaus, as these two propositions are in the more
primitive planar form of Menelaus' Theorem., Euclid i1s used all
over the treatise, aes 18 to be expected, A direct link with
Euclid's Data is apparent in prop. 21, An indirect comnection
between Euelld, i.e. Euclid's Poriems, a treatise now lost, and
the propositions 1, 22, 36 is brought to our attention by Pappus.
Prop. 41 consists of two converses to a lemme given by FPappus in
Book VI among the additions to Euclid's Optics, Thus & connection
with Euelid's Optice might exist,

Through Pappus we also learn about the influence of Apollonius,
.. Apollonius' Conics in prop. 27. Ver Eecke | Pappus -iI, 739/
740] explains that this proposition is justified as it proves the
only step in prop. I111,8 which is left unproved by Apollonius. In
prop. 3 we may see a loose assoclation with Apollonius' On Con-
tacts, & non-extant treatise,

A clear connection exists again between Apollonius' Loci and the pro-
positions 11, 14, 39. This can be extended to the propositions 12 and
13 which are both based on prop. 11, to prop. 17 based on prop, 14,
to prop. 18 which is in the spirit of prop. 11 - 13, to prop. 19
connected with the propositions 11 and 14, and to prop. 20 based
on prop. 19. The propositions 24, 28, 40 using prop. 11 in their
proof, also prop. 31 where prop. 19 is used could perhaps in a
wider sense be included in this sphere of influence., A more di-
rect relation with Apollonius is again found in prop. 43 where
Apollonius' circle occurs,

in Book VII of the Collsctiones guae supersunt Pappus gives a
summary of the contents of Apollonius' loci, This treatise by
Apollonius, now lost, is said to have been divided into two books
containing 147 propositions and eight lemmas, Among the proper-
ties treated in the second book one finds: "If from two given
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points two interaecting lines be drawn and these lines have to
each other a given ratio, then the intersection point lies either
on a straight line or on & given circle circumference”. This cir-
ele is referred to in later literature as Apollonius' Cirele, The
definition of this circle is again found in the treatise Magila
£I?1-mac1imdt (On Discoveries) by Ibn al-Haytham. This treatise
is divided into &n introduction and two books. The first book,
containing 24 propositions is claimed to consist of wholly new
discoveries, of a type not even known to ancient geometers,
which is cleerly exaggerated, The second book, containing 25
propositions 1s said to form a sequence of propositions analogous
to what 15 treated in the Data, but which are not found in fu-
clid's work, Book I, prop. 9 enunciates |Sédillot, 445): "If from
two given points two siraight lines bte drawn which meet in a
point, and if the ratio of these two lines, i.e. of the largest
to the smallest be known, the meeting point lies on a given cir-
cle circumference”, Although Ibn al-Haytham had a good knowledge
of older mathematical literature, thie proposition mey also be
his own achievement,

In another treatipe, Magdls f£I khawfgg al-muthallath min jihat
gl-tamid {On the Bropertiss of the Triangle with Regard to the
Height) Ibn al-Haytham first relates the results acquired by the
mathematicians before him, namely the contents of the propositions
8 - 10 ; these state that "in an equilateral triangle the sum
of the perpendiculars from an interior point to the three sides
15 equal to the height of the triamgle". Extending this result
Ibn al-Haytham develops similar relations for 1sosceles trilangles
and even thinks to have found a generalization for any triangle,
which is not quite correct |see Hermelink, 247 and chapter I11).
This 1is the only direct influensce we have found from our treatise
on later mathematicians,

Although Thébit b, Qurra is said to have translated treatlse B,
Usiil al-handasiya from Greek into Arabic he might still have
known or heerd of treatise A, K. al-mafrﬁ@ét.tmhia title may have
inepired him to write a treatise, equally entitled K, al-mafri.
d&t, However, in Thabit's case, the title K. al-mu‘?ayﬁt {Data)
would have been more proper, as the contents of Thibit's treatise
are in the spirit of Euclid's Data,

Other comnections have not beem found, but as treatise A and
treatise B are the only two extant coples, their sphere of in-
fluence can not have been very large.
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Conclusion:

From the exposition in the previous chapters we conclude that

1. Zitab al-mafruddt, Book of Assumptions could well be the ori-
ginel title of the treatise, (10)

2, Archimedes was probably named as the author from & commercial
point of view. Heither the subject nor the composition of the
treatise point toward Archimedes, Cne might ask whether commer-
cialism also accounts for the title Usul al-handasIya, but for
this I have no evidence,

3. The name of the authgr of the treatise may well be AqAtun. As
this name also turns up in Ibn al1~QiftI it is not likely to be

e misreading, (11) The author, i.e, AqE@un seems to have been 2
man with & good knowledge of the mathematical literature, judg-
ing from the different influences on his treatise, He may have
lived around the same time as Pappus. (12)

4, The treatise contains interesting propositions. However, the
overall impression which the treatise offers 18 more that of
an occupation with existing mathematics than that of the opening of
new horizons,

5. The treatise has still been of value and interest to Arabic
mathematicians in the thirteenth century, according to the ex-
tensive marginal notes. Yet the sphere of influence has appa-
rently not been very large, (13)

(10) cf. chapter II,3, (11) Cf, chapter II,1.

(12) On +the one hend Aqftun glves two converses to a lemma by
Pappus., Un the other hand both Pappus and Agatun prove & lemma
related to Apollonius'_Conics {(prop. 27) and a lemma connected
with Euclid's Forisms (prop. 22). These proofs by Aqf%fun and
Pappus are eimilar but not equal. (13) Cf. chapter IV, above,
and chapter I,5.



Chapter V.
Translation of the Book of Assumptions,

This chapter containg the translation of %treatise A. Ireatise B 1is
only mentioned insofar as it essentially differs from 4, whereas mi-
nor differences are passed over. Also the many misprints or variations
in H, the printed edition of B, remain uncited.From treatise A and B
sach folio and line has been marked in the translation, whereas from
H only the pages have been indicated.

The follewing symbols are used:

i ] text between brackets only oceurs in A
[ ] idem for B

[ J* text badly damaged, not readable

[ ] ny addition

{ ) superfluous,

[A: B?V,l In the name of Allah, the compassionate Merciful. The Book
of Assumptions by Aq&%un, ]

B: 14}1’8 In the neme of Allsh, the compassionate Merciful. ? The
Book by Archimedes on the Elements of Geometry, translated from the
Gresk languege U into the Arabic language for Ab#i’1-Hasan “A11 Ibn
Yahyd companion to the Caliph; Th&bit Ibn Qurra.]

(Prop. 1, fig. 1)37 If Let us assume semicircle ABG, extend line BG
(rectilinearly) in both directions i to points D and E, IE assume
lines BE and GD to be equal, draw from points E and D 1 tangents %o
semicirele 1% 4BG, namely lines EZ end DH, and let us join 2H;

Then I assert that line ZH is parallel i to 1line ED. .°.

Proof: lg Let us specify the center of circle ABG, let it be point T,
and let us join it to H and Z. f Beczuse line EB equals 1E line GD
and we add BG common [to both], the [B: total] line EG equals the
[B: total] line ED. Line BE | equals ' line GD. Therefore [A: the
product of GE and BE equals the product of ED ;nd DG, But] the pro-
duct of B and BE equals | the square of BZ 1f and the product of ED
and DG equals the square of DH. Thue the square 1g of BZ equels the
square of DH [B: and thus line DH equals 1§ line Ez). Because the two
lines i HT [B: GT] 2% and TD equal the two lines ZT and TE and base
EZ equals base DH, angle lﬁ 2% ZTE equals angle HTD, and so chord

2B equals chord HG. Hemce lime zH is parallel to line 1} %2 ED, .°.
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(B: And this is what we wanted to prove, ]

[4: Likewise, when the segment is less than a semicircle. Whem it is
greater than z sBemicircle lﬁ then 1t is possible for line DH to meet
line B2 at side A or at the other side, and the proof is the seme; Or
it ie 1ﬁ poseible for them to be parallel to each other. If they are
parallel to each other and equal, then the lines joining (what is be-
tween)) lﬁ their endpoints are parallel to each othar and equal .".]
[B: By this argument is completely proved what we have asserted in
this ag construetion, if we say]

[£ig. 2} Because the product of GE and EB equals the product of ED

and DG, the product Pr GE and EB equals the equare of EZ, the pro-
duct of ED amd DG %g equals the square 1E of DH, the square of DH then
equals 1§ 2% the square of E2Z. Therefore line EZ equals 1ﬁ line DH.

We now extend lﬁ lines DH and EZ [B: at the sides % and H] until they
meet ag in point Y. Thus line YZ equals line YH, because both {B: of
them] issue from the same point, 2R 2% namely point Y, and touch the
circle [B: ABG]. It has already been proved that linme EZ equals 2

line DH 2} [B:,thus the ratic of EZ to Z¥ is like the ratio of DH ‘Pto
HY]. Bence line HZ is parallel to line DE [B: GB]. And this is 3% what
we wanted to prove., .". .°.

[Prop. 2, fig. 3] Let us assume %% a cirele through A, B, G, and let
the lines % 4LV DB and DG touch 1t. et us join BG,-extend it (rec-
tilinearly) to point E, and draw g from poinf 23 E a line,which touch-
es the circle {B: ABG] [4in point A], meets line DB in point T [and
line DG in point Z], namely line EZT;

g Then I assert that the ratioe gg? of TE to EZ is the same as the ra-
tio of TA to AZ,

3 Proof: Let us draw from point g Z i a2 line parallel to line TB,
namely line ZH [meeting BG in H]. The ratio of HD to DG i is then the
same as the ratio of HZ to ZG. But g line ED equals line DG, thus line
BZ 1 equals line ZG. Because the ratio of TE to EZ g ia the same &8
the ratio i of T to ZH, and line ZH aquals line 2G, the ratio of TE
g 4o EZ 18 the same as the ratic of TB to ZG. g But line BT equals
line TA, I because both touch the cirecle, and line GZ equals line AZ.
Hence the ratio of TE g to i EZ is the same as the ratio of TA to AZ.
And this is what we wanted to prove. .°.

|Prop. 3, fig. 4 and 5] g Let us assume a circle through A, B, G,
with tangents | EG and ED. )} Iet us draw from point E an arbitrary
line cutting the cirele, namsly line lﬁ EHB, and draw from point
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D 1% a line parallel to line EB, namely line DA, Let us join AG, which
cutse li 1% BH at Zj

Then I assert that BZ equals line ZH,

15 Proof: Let us specify the center of the circle, let it be lﬁ point
T, Let us join 1P TD, TE, 176, TZ. Because line TD equals line ¢, and
line TE is } common [to both], lines 1f DT and TE equal lines GT and
TE. Base ED 18 the same as basegEG, 1ﬁ thus angle DTE 1% equals angle
GEB, and so angle DTG 18 twice the size of angle ETG. Angle DTG 18
twice the size of ﬁi lg angle DAG, therefore angle DAG equals angle
ETG. [B: But angle DAG equals angle EZG], hence angle ETG equals
angle EZG. 1& q% Thus quadrilateral (14) ETGZ [1lies] in a circle, 1&
and so the angles %% EGT and EZT ere equal to sach other, 1ﬁ Angle

°R Eor 18 right, thus angle B2T 1§ is right % [B:, therefore line Tz
is perpendicular to line HZ]. So a line has been drawn 26 from center
T to 2ﬁ line BH, which cuts it at right angles gg . and consequently
bisects it at Z, Hence line BZ 2@ equals line 2% ZH. [B: And this is
what we wanted to prove.] .°.

[Prop. 4, fig. 6] 2% Let ue assume an jisosceles gB: equilateral] tri-
angle ABG, 2% and draw line AD perpendicular te ﬁ line BG; %g let us
assume [B: take] [pointe E and % on the extended line AB, such that]
the square of BD [be] equal to the product 3% of BE and BZ,and join
DZ, draw from % point Eﬁ Z & line parallel to line BG, namely line
2H, and let us join 14T EH;

Then I assert that angle EAG is twice the size of 9&? angle AZD,
Proof: Let us join DE and DH, Because g the product of EB and BZ e-
quals the square i of DB, angle ZDB equals angle g BED, Angle ZDB e-
quals angle i HZD. Thus angle HZD equals angle ZED, g But angle HZD
equals J angle x ZED, because triangle HDZ 1s isosceles, g Therefore
angle ZED equals angle ZHD, and thus ] quadrilateral EZDE (15) 1ies in
a cirele, ¢ Let us extend l1ine EH (rectilinearly} to point T, f 80
angle DET equals angle ; EZD, because it is an exterior |angle] of the
[ quadrilatersl |B: EzDE]. Angle DZA equals § angle AED, thus engle
AHT [B: AHD] 1s twice the size of angle AHD, But angle AT equals |
angle EEG, and angle AHD equals angle 1f AZD [A: AZE), hence angle
EHG 1% 18 twice the size of amgle AZD. [B: And this is what we wanted
to prove ,%, .*.].'.

{14) "quadri" in A only in margin, (15) margin A: reductio ad ab-
surduom,
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[erop. 5, fig. 7] Let us =esume the semicirele through 1% A, B, G,
Let us bisect arc ABG at point B, extend line AG (rectilinearly) T

to D, join DB, [which cuts the semicirele at point Y,] bisect line BY
at point B, specify the center of the semlcircile, i namely peint Z,
join ZE, and let us extend lines ZE and AB (rectilinearly) to point H;
Then I assert lﬁ thet the ratio of AH to HB is the same as the ratle
of DZ to ZB.

Proof: Iet ue draw from point B a line 1& parallel to line ZH, namely
line BT and let us join BZ, hence the ratio of lﬁ AH to HB is the same
28 the ratio of AZ to 2T. The ratio of DZ to 1| ZB 1s the same &s the
ratio of ZB to 2T, for jriangle DZB lg iz similar to triangle ZBE. AZ
equals 7B, Angle TED is right, because line ZE is drawn from center 2
lﬁ and bisects line BY at point E, so they comprise together a right
angle. Angle ZED equals 2& angle TBY, thuse angle TED is right, Hence
the ratio of AE to HB is the same as the ratio of DZ to ZE. And this
is 2% what we wanted to prove,

(Prop. 6, fig. 8] 1% Let us assume & semicirele through 4, B, G, D
and draw BD and GA, [A: which meet °f at point 2]; we also 1 join Ba
and GD and extend both (rectilinearly) until they meet at point 1% E;
Then I assert 2% that the product of ED and DZ equals the product of
GD and DE,

lg Proof {(16): When the product of HD and 9%r_DZ is the same as the
product of 1% GD and DE, the ratio of ED to DG is the same as the ra-
tio ﬁ of ED to DZ. Thus when we Join lg EZ, the triangles EDG and EDZ
K should be similer to each other, and angle ZBG should be equal 1%
to angle ﬁ DEZ, When we join DA angle DBG is equal i 1% to angle DAG
[4: because the base of both is the same arc]. Thus angle f DAG should
equal angle 1% l DEZ. And so quadrilateral 2@ EAZD must 1ie in a cir-
¢le. That [B: it lies in a cirele] 1is K evident , because 2% both
angles EAZ and EDZ ere right. Hence 2% the product of HD i and D2
must certainly equal the product of GD and DE, And this is what 2% we
wanted to prove, |A: And the composition of this proof ie i ¢ Angle

(16) mergin A fol. 91r : Proof of the proposition: Let us assert both
angles EDZ and EAZ are right. Thus quadrilateral EAZD lies in a cir-
cle., Therefore angle DEZ is the same as angle DAZ, that is to say the
seme as angle DBG. And both angles D are right. Hence triangle EDZ ie
similar to triangle GEB, Thus was tested what was wanted, I had write
ten down this remark before looking at the construction of the proof.
S50 I apologize,
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GDB is right and the remeining angle BDE is right, likewise angle GAB
1s right and the remaining angle { ZAE is right, and so quadrilate-
ral ZDAE lies in a cirele. Angle DBG equals angle DAG 1& and angle
DAZ is the same as angle DEZ, because both their arcs are DZ. Thus
angle DEZ is the same as angle DBG. The triangles ’f EDG and DEZ are
then similar to each other,Therefore the ratio, [1.e.] the quantity
of BD over DG is the same as the quantity of DE over D3, hence HD
times % Dz is the same as GD times DE. And this is as we wanted to
prove it. ..}

{Prop. 7, £ig. 9] 2% Let us assume & semicirele through &, B, G, D,
Hﬁ and join 2fé‘AG and BD [A: which meet at point Y]; let the product
of D end DY be equal to the square of DZ and the product of li GA
and AY be egqual 2% to the square of AE, and let us join EB and ZG;
Then I assert that line ZH is equal to line EH.
16 proot: 3§ Iet us join BA and GB end extend both (rectilinearly)
until they meet at point T. Then the product of BD 1; and DY 2% a-
quals the product of GD and DT, [B: as has been proved in the preced-
ing [proposition]], and the product of GA and AY aquals the product
of BA and 3 AT, Thus the product of BA 18 and AT equals the square
of AE, &B: the produet of | GD and DT equals the square of DZ, and
angles %JTDZ and TAE are both lﬁ right. Thus when we have jolned ZT
and TE, both angles g TZH and IEH are 20 right. On the ground thet
the product of BT and T4 equals the product of GT end TD, that the
product of 3% BT 2& and TA equals the product of BA and AT [plus the
square of AT] (17), that the product of GT and TD equals the product
2% 14§v of GD and IT plus the square of TD, and that the two products
of BA and AT end of GD and DT [B: the squares of BA, AT, oD, DT] %§
equal the two squares of AB and DZ, the squares of TA and AE there-
fore equal 9kv g the squares of TD and DZ, [A: The sum of] the squares
of TA and AE equals £ the sguare of TE, because angle TAE is right
[4: end the squares | of TD and DZ equal the square of TZ, hecause
angle TDZ 1is right]. g So the square of TZ equals the square of TE,i
end thus line TE g equals line TZ., Therefore when we joln EZ, angle
148 || 18 equal to angle IEZ. But { the rignt angle 17H end 8 the rignt
angle TEH are equal to each other, Hence the remaining angle EZH e-
quals i the remaining angle ZEH, g And thus line ZH equals line EH,
And this is what we wanted to prove,

(17) in A left out, added in margin,



[Prop. 8, fig. 10] E lg Let us assume an equilateral triangle ABG,

and let us draw in it the perpendiculars AZ, BD, GE;

Then I assert I 1% that the perpendiculars AZ, BED, GE are of equal
lenght.

Proof: As triangle ABG 1s isosceles 1% and i perpendicular AZ has been
drawn in it, line BZ is equal to line ZG. Likewise, as triangle GBA

1% ia i igosceles and perpendicular GE has been drawn in 1t, line AE
18 equal to line BE. Thus line Jf GZ equals line AE, Let us take f)
line AG common [to both], then lines AE and AG are equal to lines AG
and Gz.lg Angle lﬁ GAE [A: angle A)] equals angle AGZ [A: angle G] and
thus base AZ [B: AB] equals basse EG. lﬁ Likewiss, 1€ as triangle BGA
is isosceles and g'li perpendicular ED [A: BE] has been drawn in i%,
line }{ AD is equal to line DG [B: DEJ. Thus line EB ff equals line
GD, Tet us teke EG common [+to Both], then %g lines EB and BG are equal
t0 lines BG and GD. lg Aingle BGD [A: angle B] equals angle 1% GEBE [A:
angle G] and thus base ED equals base GE. It has already been 1& Prov-
ed 30 that line GE equals lime AZ, &nd so line ED equals line AZ. 7
Hence the [B: three] lines EG, ED, AZ lg are of equal length., And this
is what 2% we wanted to prove.

[Prop. 9, fig. 11] Let us assume an equilateral triangle 2% ABG end
draw lﬁ in i1t perpendicular AD, 2% Let us study on line ED an arbitra-
ry point, namely point E, and draw lﬁ from 1t [B: point E] 2% the two
perpendiculars to lines GA and AB, namely lines ZE and EH;

Then I assert that line AD equals the two lines 2& ZE and EH.

ag Proof: Let us draw from point E a lirme parallel to line AG, namely
line TE, 2& and let us draw from point 2% B a line which is perpendi-
cular to line GA, namely line BY, Because triangle AEBG 2§ is equila-
teral 28 and line AG 1s parallel to line TE, triangle TEE is equila-
teral. ¢ And %) because line BY is perpendicular to line {B: AG, and
line] AG paraliel to line TE, 3@ BK (18) is perpendicular to line TE.
[A: Iine 98T EH is perpendicular to lime TB [ms: TE], emd so lime BK
oquals line EH, Line KY i is parallel to line EZ, and 1s thus egual
to 1t.] [B: ILine EY equals lg_line EZ because figure 3% KEZY is a par-
allelogrem,] Therefore the total lins BY equals the two lines ZE and
EE. 148% { But line BY equals line 4D, Eence line AD equals the two
lines EH and EZ, i And this is whet we wanted to prove,

(18) K is not defined in the drawing of B.



65

[Prop. 10, fig. 12] § Let us sssume an equilateral trisugle 1 sz,
draw in it perpendicular AD and assume [B: study] in 1ts interilor %
an arbltrary point, i papely point E. Let us draw [B: from it] [4:
three] perpendiculars to the sldes of the triangle, namely lines % 2B,
EH, | ET;

Then I assert that AD equals [A: the sum of them] [B: the lines EZ,
EH and ET].

Proof: Let us construct [B: draw] through % point E a line parallel
to0 line i B3, namely line YBE. Since 1ine YK is parallel to line g BE
and EZ is parallel to line DL, figure 2 BZDL (19) 1s a parallielogram.
Since triangle ABG % is equilateral, [B: perpendicular AD has besn
drawn in it,] and line YK is parallel to the base, (B: namely line g
BG, ] lg triangle AYK is equilateral. g Since perpendicular AL hes
been drawn in it, and we study on line KLY {B: an arbitrary point, 1%
namely ] 1& point E, from which the perpendiculars are drawn to the
lines AY and AK, 1é;namely lines EH 1ﬁ and BT, line AL is then equal
to [the sum of] these two [B: the lines ER emd ET]. 2 (B: It has al-
ready been proved that) line 1D is the same length as line EZ. Conse-
quently 1ine 1p 2% D '} equals the limes EZ, EH, ET. And this 1is
whet we wanted %g to prove.

[Erop. 11, fig. 13) li 14pv 12ﬁ6 Let us mssume a triangle ABG g and
draw from point A4 [A: on R lire AB] a line to 1line BG which encloses
[B: with BA] an angle equal %o angle G [B: AGB), nemely 2 1ine AD —
thus angle BAD lh equals angle AGD —;

Then I assert that the product of GE and ED equals 11 the square g_
of AB,

Proof: Since angle AGB equale angle Iﬁ BAD and [B: we made] g_angle
ABG [A: i8] common %o both triangles ABG and AED, 12 the remaining
angle EDA 15 equal to angle § BAG, Thus the triangles ABG aud AED
have equal angles, 2& consequently they are similar to0 each other. ;
Thus the ratio of GE to BA 1s the same aB the ratio of AB to ED,
hence the product of GB g and ED equals the square 2% of AB, And this
38 what we wanted to prove. .°. !

[Prop. 12, fig. 14] 14%5'14 11§3 Lot us zssume an isasceles triangle
ABG, Bﬁ ﬁ% draw from point A a perpendicular on line AB, namely line
AD and extend line BG 1 (rectilinesrly) 2 w1l 1t meets [B: line

AD at point D] {A: it, namely ED, and they meet at D], Let us bisect

{(19) L is not defined 1n +he drawing of A,
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line AB at point 1% B, join EZD 9§V and draw from point 2 a line par-
allel to line AB, namely line ZH;

Then I assert %g that the produet of DA and AH i eguals the sgquare of
AG.

Proof: Let us extend ZH (rectilinearly) to point ﬁg T. Since triangle
ABG i is isosceles and line ZT is parallel to line AB, line ZT %g is
equal to lime ZG. Moreover, since line AE equals line EB, and line
EB is parallel to line HT, HZ is equal to line ZT. i It has al-
ready been proved that line ZT equels linme 2G [B: , and so line %g ZH
equals line 3G]. Thus the |B: three] lines ZH, ZT, 2G %g are of egual
length. And when we join E GH, angle HGT %g is right, hence the two
remaining angles ZHG and ZTG | b equsl a right [angle], % angle 210
%E equals angle i B [B: ABG], and thus angle B [B: ABG] plus angle
ZHG equal § & right [angle]. Angle B [B: ABG] 93 plus angle X D [B:
ADE] equal one right [angle], and thus angle D [B: ADB]} equals angle
zHG, 20 Angle ZHG equals 't angle 2GH, and thus engle D (B: ADB] e-
quals angle ZGH. {A: Therefore the iriangles &margin: i.e, triangles
DAG and GAH) are similar.] Hence the product “437 of D and aH 1 e-
quals the square of AG, [B: And this is what we wanted to prove. .°.
SRroN| =it

[Prop. 13, fig., 15] 14%7’8 12,16 Let up assume an iBosceles irilangle
g ABG, with the equal sides 1% lines AB and BG; let @s draw from point
A 1@ a line, which is perpendicular to line BG, namely lﬁ line AD;
Then 1 assert that Ha twice the amount of the product of DG and GB 1%
equals the square of AG.

Proof: Let us draw lﬁ from point A & line which is perpendicular to
line AG, namely line AE, 1% and extend lﬁ line BG {rectilinearly) un-
il it meets line AE [B: and let their meeting be] at point B,
Since Y angle EAG 1s right aud line GB is the same as line BA, 15 %
the [B: three) lines EB, BA, BG are of equal length, and EG 1 '3 1is
twice the length of GB, [A: The product of GD and GE i1s then twice the
amount of the product of DG and GB,] And the product of EG and GD 2
equals the sguare of yg @4, because angle GAE 1s right and DA is per-
pendicular |B: to line BG]. [Thus angle GAD equals angle AEG,.] (20)
Hence twice the amount of the product of DG and GB 2 equals 'f} the
square of AG. And this is what we wanted to prove,

(20) see remark on this propoeition in Chapter III.
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[Prop. 14, fig. 16] (21) Let ue assume & triangle ABGD and draw gﬁ
from point lg A to line BG the perpendicular, namely Al;

Then I assert that the difference (22) of the square of ED over the
square of DG Eﬁ is like the difference of the square 1@ of BA over
the square of AG.

Proof: Since the difference of the square of ED over the square 9§:
%O of DG is the same as the difference of the squares of BD and DA
over the squares of AD and DG, the squares %B of HD apd DA equal i
the square of AB, the squares of AD end DG equal the square of AG, %g
hence the differemce of the square i of BD over the square of DG is
like the difference of the square of BA Hﬁ over the square 2% of AG.
And this is i what we wanted to prove.

[Prop. 15, fig. 17] lﬁgv,G 17ﬁ17 Let us assume a line AB equal i % to
a line AG and a line ED equal to a line DG, and let each of the an-
les BAG and EDG £ be rignt;

g g Then I assert that angle AED equals angle AGD.

Proof: Let 1 us join BG, Since g angle A is right, engles z and e i
are equal to a right {angle]. Also, since angle D is right, g an-
gles h and 1 are equal to a right [angle]. % [(B: Angles e and z are
already equal to & right [angle].] Thus angles e and z equal apn-
gles lﬁ h and . {A: Angle ¢ eguals angle z, and angle h equals angle
t. Consegquently angle e 1% equals angle h and angle z equals angle t]
Hence the sum of the angles h and e equals lg the sum H of the an-
gles z end t. And this is what we wanted to prove.

[Prop. 16, Tig. 18] 143y,23 l4ﬁ2Let us assume a rectangular triangle
486 1P with angle A rignt, %g let us bisect BG at D and join AD;

Then I assert that the lines h %g ED, DG, DA are of equal length,
Proof: Let us draw from point D a line parallel to line AR, lﬁ 6
nemely line DE. Since line BD equals line DG and line DE is parallel
to line 4B, %E 2% line AE is equal to line EG. Angle BAG is [B: as-
sumed to be] right, thus angle h, which adjoins (23) it, is right
{21) The marginal note in mirror-script does not belong to this pro-
position but to prop. 17 on the opposite page. (22) . L!j ziyBda
literally: excess, surplus. (23) ‘3‘9 waliya: to be near, 1lle next,
adjoin, be adjacent., The technical term "waliya" is not often found
in geometrical texts. Schramm has drawn my attention to the fact that
Ibn al-Haytham in his " Sharh musidar@t UqlIdis "[Ms, Istanbul Fey-
zullah 1359, 2,foll, 150v - 237r] also uses "waliya", although in a
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and likewise angle 1{ z. Since line AE equels line EG, line ED (24)
2P is common [to both], and angls lﬁ h equals angle z, base AD is e-
qual ﬁg to base DG. f; But line D& equals line DB. [A: Thue line AD
equals line Eﬁ DB, } Hence the three lines AD, ED, DG are of equal
iength. And this is what we wanted to prove.

[Prop. 17, fig. 19) 4L Let us assume a rectanguler trisngle ABG with
angle A right; let us extend line [AG]* E {rectilinearly) to point
D, draw from point D perpendicular DE (25) [which meets AB at Z,]
join GZ, snd let the square of [BH]* be EP equal to the product of
4D and BZ;
Then I assert that when we join DH, [the square of DH is equal %o the
product ]* 9Pv of DE and ZD,
Proof: Let us join DB and extend GZ (rectilinearly) to point T, i
Sinee in triangle DGB the perpendiculars DE and BA have baen drawn

d i 1ine GZ has been extended to point T, line GT is perpendicular
(26) to DB. Thus 1 the difference (27) of the squars of DH over the
square of HBE [ms: GB] is equal to the difference of the square of DT
i ovar the square of TE, The difference of the square of DT over the
square of TB is like the difference f of the square of DZ over the
square of ZBE. Thus the squares of DH and BZ together (28) are like
the two squaree of HE [ms: GB] and DZ, Let us make the product

slightly different context: "the angle which adjoins the inclinatlon
is smaller than the other angle" [fol. 158r, 10]}. (24) not well-read-
able in B, because of a wurm-hole., (25) A: merginal note in mirror-
script on opposite page [fol. 92v|: From the assumption of the pro-
position perpendicular DE meets side AB between the two points A and
B. {26) 4 margin fol. 93v: The proof of this is: When we join line
AE, quadrilateral AZEG will fall in a cirele and quadrilateral ADEE
will alsc fall in a circle., Thus angle EAZ is the same as angle EGZ
and it is alsc the same as angle EDB. Thus angle EGZ is the same as
angle TDZ and angle GZE is the same as angle DZT. Hence angle GEZ,
which ie right, remaine the seme =28 engle DTZ, and so it is right.

Or wo say angle AED 1s the same a8 angle AGZ and the same a8 angle
AED, Thue sngle AGZ 1s the seme as angle ABD and the two opposite
anglas 2 are equal to each other, Thus angle GAB, which is right, re-
mains the same as angle ZTB, and so it is right., Hence line GZT 1is
perpendicular to DB. (27) compare with prop. 14, (28)''That is because
the sum of the two extremities in this numerical relation is the same
as the sum of the two mediums.’ on fol, 93v left margin.
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DZ end 2E common [to both], which is like AZ times ZB, Becsuse angle
A 4 right end angle E is right, thus the points E, B;i A, D coil a
circle, Hence [the two lines]* have to meet within a circle. There-
fore the product of AB and BZ 2 Plus the square of DH [ms: ZH] 1is e-
qual to the product of DE and DZ plus the square of BE. And the pro-
duct of AB and BZ equals the square lﬁ of BH. Consequently, the pro-
duet of DE and DZ equals the squere of DH, And this is what we wanted
to prove, .°.

[Prop. 18, fig, 20] Hi Let us assume the lines (29) AB and BG and &=
sume on line AB an arbitrary (30) point, nemely lﬁ point D, and let
the square of AB be equal to the square of AD plus the square of BG.
Let us join DG and bissct it la at point E, and join AE;

Then I assert that angle DAE equals angle DGB.

Hﬁ Proof: Let us extemd BA to point Z, and let 2ZA be equal to line AD,
Since line ZDlihasbeen bisected at point A, and [AB] is greater inm
length than AD [ms: DB], the product of ZB and HD plus the square of
AD 1ﬁ is squal to the square of AB. But the square of AB is assumed
to be equel to the two squares of DA and BG, Thus, when we have dis-
carded the common sguare (31) of AD, HI the product of ZB and ED re-
meins equal to the square of BG. Thus, when we Join ZG, angle%i BZG
18 equal to angle* BGD, And angle BZG equals angle DAE, because IR AE
ts perallel to GZ. Hence angle DAE equals angle DGB, 2& And this is
what we wanted to prove, .'.

[Prop. 19, fig. 21] 14ﬁ15 %i Let ue assums lﬁgr an isoscsles triangle
ABG [A: with equal sides AB and AG,) °f and let us draw from point 4
to line BG en arbitrary line, namely line § AD;

Then I assert that 2& the product of ED and DG plus the square of DA
equals the square of AG.

lg Proof: Let us draw from % point A 9ﬁrto line BG perpendicular AE.
Sinoce line BG has been divided in two halves at point E and in two %
different parts i et point D, the product of HD and DG plus the square
of ED 18 equal to the square of EG. 3 Let us add | the square of AR
common [to both]. Thus the product of ED and DG plus the squares of
AR and DE i is equal g 4o the sguares of AE and EG, But the squares
of AE and EG equal ] the square of AG, because angle 1 a8G 15 rignt,
And the sguares of DE and EA equal the square of AD [B: because an-
(29) slight change in the ending of ‘the word made by redactor.

(30) not really arbitrary. (31) "square" added by redactor,
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gle g AEG is right]. Hence the product of ED and DG E plus the squere
of DA equals the square of AG. 3 And this is what we wanted to prove.

[ Brop. 20, fig. 22] I Let us assume an isosceles triangle ABG [A: with
equal sides AB and AG], E and let us draw %B from point A two lines,
namely lines AD and AE; let the ratio of the product of BED and DG to
Z the esquare of DA be like the ratio 1% of the product of GE and EB to
the square of EA;

Then I assert that line DA equals line %ﬁ AE.

Proof: Because %% the ratie of the preduct of ED and DG to the square
of AD 1s the same as the ratio of the product of GE and EB %i to the
square H% of AE, therefore [A: I assert], when we compose, then the
ratio of the product of ED and DG plus the square of DA 'ff to the
square of AD is like the ratio of the product 1§,of GE and HS EB plus
the square of AE to the square of EA, But the product 1ﬁ of BD and DG
plus the square of DA equals the square q% of AB, and the product of
GE and EB plus the squere of EA 1 equals the square of AG. Hence the
ratio of the square of BA to the sguare % of AD 18 like the ratio of
the square of GA ﬁ to the square of EA., The front parts are equal fo
gach other, thus the succeeding [parts] %B fa: likewiee] [B: are con-
sequently equal to each other]. Hence line DA equals H line EA. And
this is what we wanted to HB prove,

[Prop. 21, fig. 23] Let us assume 2 triangle ABG l? and bisect angle
A 3 with line aD;

Then I assert that the ratio Hi of the two lines BA and AG together

to line GB is the same as the ratio of AE to ED,

Froof: %2 %g Since angle A from triangle ABG has been bisected by line
AD, the ratio of BA to AG 1= %g %% the same as the ratlo of BD to LG
{32). When we alternate, the ratio of AB to BD is the same as the ra-
tio % of AG % to GD. The ratio of the whole to the whole is [A: the
pame as]) {B: like the ratio of] the single to the single, Hence the
ratio ﬁ% of the two lines BA and AG to Eﬁ line BG is the same as the
ratio of AB to ED, And this is what we wanted 2% to prove.

{Prop. 22, fig., 24] Let us assume a triangle ARG, Eﬁ extend lines GA

and BA (rectilinearly) to %% points D and E, join DG and EE, draw lg

(32) A margin fol. 94r: This because of the third proposition in the

second chapter from the third classification from the first part from
mathematical sciences ... cf. Chapter III, prop. 21 and prop. 43.
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from 9&7 point E 2 line parallel to line DG, namely %g line EZ, draw
from point D a line parallel to line i EB, namely line DH, and Join
ZH {A: G2] (33);

Then I assert i that 1t [B: line ZH) is parallel to line BG.

Proof: ] Let us join 26, HB [A: GB), DE. Thus triangle DEG [B: ZEG]
is equal %g to triangle DZG, because both cover the same base, [B:
namely lire DG [ms. 2G],] and both [lie] between i two lines parallel
to each other, [B: namely the lines] %% DG and EZ, Triangle DAG com-
mon [to both]l is discarded, thus the remaining triangle DAE 15 clear-
ly equal i to the remaining trlangle GAZ. 3@ Triengle DEB equals tri-
angle EHB, becsuse both cover the same base, [B: namely line EB,]

and [lie] between two lines i parallel to each other, |B: namely] EB
and DH. Triengle EAB common [to both] is discarded, thus the [B: re-
maining] triangle DAB 14%7 is equal to the [B: remaining] triangle
ABH, 1 [B: But it has already been proved g that] triangle DAE equals
triangle AGZ [B: GAB], thus triangle ABH equals % triangle AGZ. }
Triangle AZH common [to both] is discarded, thus % the remaining tri-
angle BZE [A: GZB] is equal to triengle HZG. | Both cover the same
base % , namely ZH, thus both [1lie] between two lines parallel o each
other. ) § Fence line 78 [A: GZ) is parallel to lime BG, And this is
what we wanted to prove,

[B: 14ﬁ§'14 Finished is the book of Archimedes on the Elements of
Geometry 1% which consists of twenty (34} propositions. Pralse be to
Allah, lg and his benedictions on his prophet Hohammed and his fa-

mily.}

From here on the propositions only appear in treatise A.

[ Prop. 23, Tig. 25] Hl Tet us agsume a triangle ABG with lines AD and
EE equal to each other 1? and AZ and GH also equal to each other, and
join GE, GD, BZ, BH. Let BZ and GE meet at point W ¥ and BH and GD
meet at point S, let us join AS and extend 1t {rectilinearly) to Y
and likewise % AWT; £

Then I assert that line TB equals line GY.

Proof: Let us construct through point 1P A a line parallel to line

BG, namely line KL, and extend lines BZ, BH, GU, GE to L, M, N, E.(35)

{33) Several times in this proposition it is ambiguous whether in A
"G" or "H" is writtem, (34) of. Chapter I,3. (35) ms. IMNK. The points
are algo not in the correct order, it should be ¥, L, N, K.
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HG Line AZ equals line HG and HZ is common [to both}, so line AH e-
quals line G2, and the ratioc of AH to HG is the same as the ratio b
of GZ to ZA. But the ratio of AE to HG is the same as the ratio of AL
to GB, and the ratioc of GZ to 24 1s the same as the ratlo of BG HB to
AM. Therefore the ratio of AL to 12 BG 1s the same as the ratio of BG
to AM. Thus the product of AL % ana [AM]* equals the squere of BG.
And in the same manner (36) we prove that the product 9t oz [KA]* and
AR eguals the square of BG., Thus the product of LA and AM equals 2?
the product of KA and AN, and so the ratio of L4 to AN is the same as
the ratio of EA to AM, % [The ratio]* of KA to AM is the same as the
ratio of G to TB and the ratio of AL to AN 3T (37) is the same as
the ratio of BY to YG {ms: BG). Thus the ratioc of GT to TB [ms: TE]
is the same as the ratio of BY to YG [ms: BG]. Therefore when we com-
pose, the ratic of GB { to BT is the same as the ratic of BG to GY.
Thus the ratio of BG to both of the lines BT and GY is the same, Line
? BT therefore equals line YG. And this is what we wanted to prove,

[Prop. 24, fig, 26] Let us assume a rectangular triangle ? ABG with
right angle B, let angle AGB be bisected by line GD, 7 and we assume
angle DAE equal to one of the two angles AGB;

Then 1 assert that line GB is greater than ? line GE.

Proof: Because angle DGA equals angle DAE, the product of GD and ED
is 7 equal to the square of DA. The sguare of DA is é}eater than the
square of DB because the ratioc of AD to DB is the same as the ratic
of AG ? to GB, and line AG is greater than 6B, hence line AD is great-
er than DB. We assume the product of GD and DZ ? to be equal to the
square of DB {38), and we join ZB. Angle ABZ equals angle ZGB and an-
gle 1° ZDB 18 common to the triangles BDZ and BGD. Thus angle DEG is
the same as angle DZB, and so both are right. lﬁ Thus line BG is
greater than GZ, consequently it 1s much greater than GE. And this 1s
what we wanted a2 to prove.

[Brop. 25, fig. 27] Let us assume & rectangular triesngle with right
angle %3 B, We divide angle G in two parts by line GD, with angle %4
BGD twice the size of angle DGA;

Then I assert that the product of BG and GA is greater IP than the
square of GD.

{36) margin: "what way?" (37) fol. 95 does not belong to this trea-
tise, cf, Chapter I,1l. (38) The proef would be easier to understand
with an insertion. ¢f. the proof writtem in symbols in chapter III.
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Proof: When we assume [E, such that] the product of GA and GE 16 45
equal to the square of GD, and join ED, angle DAG equals engle EDG,

! Angle GDB 1s then equal to the two angles EDG and AGD, and so it
is greater than angle EDG, Let angle 1§ GDZ be equal to angle EDG, and
let us bisect angle DGB with line GZ, 1F then line EG equals line GZ.
Because angle BEDG equals angles EGD and EDG, that which P 15 1ike
angle GDZ, the common angle GDZ 1s discarded, and the remaining angle
HDZ is equal %1 to the remaining angle EGD. Angle EGD equals angle
DGZ, thus angle EDZ equals 32 angle ZGD, and thus line BG is greater
than line ZG, because we have proved 1t previously. Line GZ equals
line GE, thus line BG is greater than line GE, and the produet of BG
and AG is greater than 9§V the product of AG and GE. The product of
AG and GE equals the square of GD, hence the product of BG and GA is
greater than the square of GD, ? Apd this 1s what we wanted to prove.

[Prop. 26, fig. 28] Let us assume a semicirele through 4, B, G, D,
assume arc 7 AB to be 1like arc 5G, Joln GD, and draw from B a line
which is perpendicular {margin: to AD], namely line BE;

Then I assert that { line GD is shorter than lime ED,

Proof: We join HD apd draw from G a perpendicular to ? AD, namely per-
pendicular GZ, which cuts through line ED at H. Thus AD times DZ is
the same as ED times DH, [margin: For the triangles ADB and ZDH are
similar to each other.] And AD times DZ i1s the same as UG times it-
self. Hence DG times itself is the same as BED times DH, And also, ?
since angle ADB 18 like angle EDG and triangle DGZ is rectansula.r,ﬁ)@
times DZ must be more than DH times itself, Thus the ratio of the
square of DG to DG times D2 is smaller ? than the ratio of the square
of DG to the square of DH, The square of BG (,this) is the same as HD
times DR, Thus the ratie of the square Y of DG to DG times DZ is
smaller than the ratio of ED 1} times DH to the square of DH, Conse-
quently it is proved that the ratio of DG to F DZ is smaller (39)
than the ratio of ED to DH. And the ratio of BED to 1’ DH (,this) is
the ratio of DE to DZ. Thus the ratio of DG 6 Dz 4 is smaller than
(39) margin fol. 96v: That because the "heights" ( &l&¥)| irtifd®: e-
levation, rise) of the square of DG and the product of DG and DZ are
equal. Thus the ratio of the square to the product is the same as the
ratio of base DG to base DZ, And likewlse because the heights of the
product of BD and DE and the square of DH are equal, Hence the ratio
of the product to the square is the same as the ratio of ED to DH,
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the ratio of DE to DZ, Hence DG is smaeller than DE, And thie is what
we wanted to prove. .°.

| Brop. 27, fig. 30] §° Let us essume a triangle ABG, bisect line BG
2t point D, and join AD; draw from lp point B an arbitrary line to
line AG, namely 1line BZE, join GZ and extend 1%t (rectilinearly) 1! to
point H, end join HE (40);

Then I assert that line HE (40Q) is parallel to line BG.

Proof: Let us comstruct through peint 18 A a 1ine parallel to line BG,
namely line TAX, and extend lP lines BE and GH (rectilinearly) to
points T and K. Since llne QP GD equals line DB, line TA is equal to
line AK, Thus the ratio 2 of GB to TA 18 the same as the ratio of GB
to AK. But the ratio of BG to Ta %2 is the same as the ratio of BH to
HA (41), because lines TA and BG are parallel to each other and 3
lines AB and GT lie in between. The ratio of GB to AK is the same as
the ratic of GE to EA. Thus the ratio of BH to HA (41) is the same as
the ratio T of GE to EA. Hence line HE (40) is parallel to line BG.
And this is what we wanted to prove. ..

(Prop. 28, fig. 31} Let us assume a semicircle ? through A, B, G, ex-
tend BG (42) [margin: to E], bisect arc BG at point A, and join GA
[me: GE] end AE [, which meets the semicircle at DJ;

Then I assert that ? the product of EA and AL} equals the square of AG.
Proof: Let us join AB, DG, DB, Since arc AB f is 1like arc AG, angle
ABG 15 equal to angle AGB. And since angle ADBE is the same as angles
DEE and ? DEB, and angle ADB equals angle AGB because both of them
span the one arec AB, ? angle ABG [ms: AGB] is equal to angles DBE and
BED, And when ? we discard the common angle DBE, the remaining angle
ABD is ? the same as the remaining angle DEB. Thus the product of AE
and ? AD equals the square of AB, And AB equals AG, hence the product
of EA and AD equals the square of AG, And this is 1P what we wanted
to prove. .°.

[Prop. 29,1, fig. 32] Let us assume two intersecting cireles through

A, E, D and %, H, ¢ (43), draw 11 qine %2{B]JEH, which cuts through the
cireles arbitrarily, and join ZA, AB, ED, DH;

Then I assert that angle 1? ZAB equals angle EDH.

Proof: Let us joln AD. Since figure ADEE is a quadri-l?-lateral in a

(40) could also read "GE", (41) could also read "GA". (42) "BG" dif-
ficult to read, probably changed by redactor. (43) D =G .
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circle, angles BAD and BED &re equal to two right [angles], 2nd [since
figure AZHD is a quedrilateral in a circle, angles ZAD and ZHD are al-
so equal to two right angles, Thus] angles ZAD 1% ana zED are equal
to angles BAD and BED. And when we discard the common angle BAD, an-
gles 1? ZAB and EHD remairn equal to angle BED, Angle BED equals angles
EHD and EDH. IP Thus angles ZAB and EHD ere equal to angles EHD and
EDH, And when we discard the common angle EHD, %7 the remaining angle
ZAB is the same as the remaining angle EDH, And this 1s what we wani-
ed to prove, .'. «°.

[Prop. 29,2, fig. 32] L Let us keep the picture, extend lines HD and
ZA to points T and K, and join BX and ET [meeting at point L];

Then I assert %° that line BL equals line IE.

Proof |1}: Since %0 angle ZAB equals angle EDE, angle 3l zaB, which
is exterior to quadrilateral %2 ABET, eguals angle TEB, and angle 2?
EDH, exterior to quadrilateral BKED, 9Fv equals angle KBH, angle TEB
is equal to angle EBL. Consequently line BL equals ? line LE. .°.
[Proof 2:] Also, since angle ZAB equale angle EDH, angle BAT remains
equal ? to angle EDK, And since guadrilateral ABTE lies in a circle,
angles BAT 4 ana TER are two right |angles]. And since quadrilateral
EDBK lies in a circle, angles ELK and EBK are ? two right |angles].
Thus angles BAT and TEB equal angles BDK and EBK. Angle BAT | equals
angle EDK, thus angle EBL remains the s2me as angle BEL, Hence line
BL is the same as line LE. And this is F what we wanted to prove.

[Prop. 30,1, fig. 33] Let us assume & rectangular triangle ABG, with
its angle A right; © let us extend line BA at side A, be its exten-
gion line AD, and draw (44) from point D line ? DE perpendicular to
line BG [,meeting AG at Z];

Then I assert that the product of ED and DA equals the product of GZ
and ZA plus the square lP of ZD.

Proof: Since angle BAG is right and likewise angle ZEB, points B, A,
B, Z lie 1} on the circumference of a circle, Thus the product of BD
and DA equals the product of ED and DZ, But the product of ED and DZ
12 oquals the product of EZ and DZ plus the square of ZD. And the
product of EZ and DZ equals [margin:, for triangles GEZ and DAZ are
similar %o each other,] the product of GZ and ZA. .7,

[Prop. 30,2, fig. 33] 13 conversely: let the product of ED and DA be
equal to the produet of GZ and ZA plus the square of ZDj

Then I assert that angle ' DEB is right.
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Proof: Since the product of BD and DA equals the product of G2 and ZA
plus the square IP of ZD, and the square of ZD equals the squares of
DA and AZ, the product of ED and DA 18 equal to the product of GA and
AZ.IF plus the square of AD. When we digcerd the common square of D4,
the product of BA and AD 18 equal to the product lﬁ of GA and AZ, and
the ratio of BA to AG is the same as the ratio of ZA to AD, Thus tri-
engles BAG and DAZ lP are similer to each other, and angle EDE is the
same as angle AGB. Angle E2G is the same as angle 1P A7ZD, and so the
remaining angle DAZ 1s the same as the remaining angle ZBG. Angle
DAZ is right, thus angle DEG is right. Hence angle DEB, which adjoins
(45) 1t, is right, And,/this is what we wanted to prove.

[Prop. 31, fig. 34) 2l Let us assume & circle through 4, B, T, D,

draw the tangents EA and DE to 1t, join AD, draw line %2 EZ arbitra-
rily, draw [margin: on} line EZ perpendicular ZT which meets AD at
point ¥, [margin: and join] EY and 2D;

Then I assert 3° that angle DEY is twice the size of angle DZT.

Proof: Let us extend EZ (rectilinearly) to 9Pr point B, join BT, draw
line DL perpendicular to line DE, and extend line EY to point ? K.
Sinece angle BZT i1s right, BT is a diameter., Line DL is also a diame-
ter since 1t has been drawn ? on line ED in a right angle, point L is
conesequently the center of the cirele. Hence angle DIT is twice the
gize of ? angle DZP, Thus angle DIT has to be equal %o angle DEY. When
points ? X, D, E, L 1ie on the circumferencé of a eircle, this is
true. And they are on the circumference of & circle when ? both an-
gles EDL end BKL are right, This is the case, since triangle AED 1s
1sos-T-calaa and in it has been drawn line EY. Thus the product of AY
and YD plus the square of EY equals the sguare ? of AE, And the square
of AE equals the product of BE and EZ, Hence the produet of AY and YD
plus the square of EY is ? equal to the product of EE and EZ., The pro-
duct of AY and YD equals the product of TY and YZ, Consequently the
product 19 of TY and Y2 plus the square of YE equals the product of

BE and EZ, thus angle TKY is right, since Hl +his has been proved in
the preceding proposition (46). .°.

We object, however, that line EY might be extended
[to a point] in between L and B. .°.

The answer 18 that when it is extended to point I, %3 angle ELT 1s
right, according to the preceding proof, and equal to angles ELD and
DEL, Thus we drop lﬁ the common angle EID, and angle DIT remains the

%2 to point L, or

(45) ecf, prop. 16. (46) namely prop. 30,2.
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same as angle DEL, .°.

Iikewise, when it [= the extension of EY) falls between 3° I and B,
1t is also in a right angle [for instance when] (47) it falls in M.
Then we join AM. Points A, E, L, M lie on |6 the circumference of a
cirele, since angle IME is the same as angle LAE, Thus the circle
passing through points 1F L, E, M passes through point A. Angle ALB
is the same as angle HB AEM, since they stand on the same arc.

Thus angle MED {48) remalns 3P the same as angle TID, because the
whole angle %1 AED 1s the same as angles ALB and DILT, 2 gince angle
AED plus angle AID equal two right [angles], %3 and likewise angles
ALB and DIT plus angle AID equal two right angles., [And likewlse an-
gles 98V ALB and DIT plus angle ALD equal two right [angles].] (49}
And this i1s what we wanted to prove, .°.

{Prop. 32, fig. 35] 2 Let us assume a semicircle through A, B, G, and
draw from peint E a tangent, namely line AE, ? and another tangent,
namely line BB, Let us extend lines ED and AG untill they meet at point
o, draw‘f from peint B a line parallel to line GA, nemely line BZ,
join DZ and AB, [margin: thus they meet at point E,] and draw from
point ? H a perpendicular to line AG, namely line HT;

Then I sssert that point T 1s the center of the cirele,

Proof: [margin:,Iet us join GH and YH] [, Y being the intersection
point of line BZ and the circle]. | Since both lines AE and EB touch
the circle, they are equal to each other. Hemce the ratilo of DE to EB
is the same as the ratilo ? of DE to. EA, But the ratio of DE to EA is
the same =5 the ratio of DB %o ZA, and the ratic of DE to EB is the
pame as the ratio of DA (50) ? to ZB. Thus the ratio of DA to BZ lie
the same 28 the ratioc of DB to ZA. When we alternate, the ratio of AD
to DB 1is ? the same as the ratio of B2 to ZA, Thus the ratio of the
square of AD to the square of DB is the same as the ratio of the
square of BZ to [the square of] (47) ZA. The square of BD 1P equals
the product of AD end DG and the square of 2A equals the product of
BZ and ZY. Thus the ratlo of the square of AD to 1} the product of AD
and DG is the same &8s the ratio of the square,of BZ to the product of
BZ and %Y. Consequently the ratio of line AD to DG is the same as the
ratio 12 of line BZ to 2Y.

(47) inserted by redactor, (48) changed by redactor., (49) repetition,
erossed out by redactor. (50) changed by redactor inte "DB", with ad-
dition in margin: "to ZA and the ratio of DE to EB 1s also the same
as the ratio of DA to".
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The following text is rightly crossed out by the redactor:

"Thus when we separate, the ratio of AG to GD is the same as the ratio
of BY %o Y%, And when we alternate, %3 the ratio of AG to BY is the
same as the ratio of GD to YZ., The ratio of GD to Y¥Z is the same as
the ratio of DH to HZy 8ince 1# the ratio of AD to DG is the same as
the ratio of BZ to ZY and when we alternate, the ratio of AD to BZ 1s
the same as the ratio of GD to J° [YZ]*, but the ratio of AD to BZ
[me: YZ] is the same as the ratio of DH to HZ, since BZ is parallel
%o DA. Thus (triangle [..R]* is similar 1 to triangle (...]* and)
the ratio of GD to ¥Z is the same as the ratic of DH to HZ, or the
ratio of GD to DH is thd same as the ratio 3 of ¥Z to ZH. These
lines enclose equal angles, namely emgles GDH and YZH. IP Hence the
triangles are similar to each other, and angle DHG equals angle YHZ."
This is replaced in margin by:

"Through alternation the ratlo of AD to BZ is the same as the ratie
of DG to YZ. The ratic of AD %o BZ is the same as the ratlo of DE to
HZ, Thus the ratio of DG to YZ is the same as the ratio of DH to HZ.
And angles GDE and YZH are equal to each other, Therefore triangles
GDH and YZH are similar to each other, and angle GHD equals angle
YBEZ,"

Now we continue with the main text:

et angle YHD be 1 common, thus angle ZHD is equal to angle YHG. An-
gle 20 zm equals two right |angles), therefore so dods angle YHG. %1
Thug line YBG is rectilinear. Since angle %2 BYH equals angle HGA,
and angle BYH equals %3 angle BAG because they stand on the same arc,
namely arc BG (51), engle BAG 1s equal to angle 99T fGA, Hence line
AH equals line HG. Line HT is assumed perpendicular to lime AG, and
so line AT equals line ? TG, Line AG 1s a diameter of the circle, con-
sequently point T is its center. And this is what we wanted to prove.

[Prop. 33, fig. 36] 7 Let us assume a triangle ABG, with line AG bi-
sected at point D. Let us extend line BA # {(rectilinearly) to point
E snd join EDZ;

Then I assert that the ratlo of BE to AE 1s the same as the ratio of
BZ 7 %o 2G.

Proof: Let us draw from point A 2 line parallel to line BG, namely
line AT, ? Since it is parallel to line BG and line AD equals line

151) margin: Had he said, since line BY is parallel to line AG, are
AY 1s equal to arc BG, hence angle A equals angle G, it would have
heen more proper.
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DG, line AT is equal to line 2G, | Because in triangle EBZ line AT
has been drawn parallel to the base which is BZ, the ratio | of BE
to EA is the seme as the ratio of BZ to AT. It has already been pro-
ved that line AT equals line ZG, ? thus it is obvious that the ratio
of BE to EA is the same as the ratic of BZ to 2G. And this 18 what
we wanted 10 to prove.

[Convaraely.] Let us assume that the ratio of BE to EA is the same
8s the ratio of Bz 1! to 263

Then I assert that line AD equals line DG.

Proof: 12 The ratio of BE to EA 15 the seme as the ratio of BZ to AT
and line AT is parallel to line ZG, Therefore line AD is equal 3 to
line DG, And thigs 1s what we wanted to prove. .°.

[Prop. 34, fig. 37) Let us assume a triangle ABG, extend line BA 1
at side A, and let its extension be AE. Let us divide line BG in two
halves et point 2 and line AG [ms: AB] in two sections 15 at point D
so that the ratio of BE to EA is the same as the ratio of GD to DA;
Then I assert that the line which %6 connects the points E, D, Z 18
rectilinear,

Proof: Let us construct through point 4 a line parallel 17 to line
BG, namely line AT, and1join line ETD., Since the ratio of BE to EA is
the same as the ratio of GD to DA, 1 the ratio of GD to DA the same
as the ratio of GZ to AT and line GZ equal to line BZ, the ratio of
BE to EA is Iﬁ the same as the ratio of BZ to AT. Let us draw from
roint B a line parallel to line ET, QP namely line BY, and extend TA
to Y, then the ratio of BE to EA is 2} the same as the ratle of YT

to TA, The ratio of BE to EA is the same as the ratio of BZ to AT,
thus line IT equals 1ine BZ. It is parallel to it, and line DE

has been assumed parallel 23 to line BY, consequently line EZ 1s rec-
tilinear (52). And this is what we wanted to prove.

[Prop. 35, fig. 38] (53) Iet us assume a line AB 7P¥ with 2 point D
above 1t, and draw [from point D] two [half-jlines which are both
parallel to line AB, namely lines 7 ED and DZ;

Then I assert that lines ED and DZ have been joined in & straight
line,

{52) margin fol., 99r: If ZT were not to join ED in a straight line,
they would have to be parallel, because both of them are parallel to
BY and they meet in point T, (53) mergin fol. 99v +op: This proposi-
tion should precede the preceding proposition,.
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Proof: Let us assume ? on line BA an arbitrary point, namely point G

and join GD, Since 1lime ED | is parallel to line AB, angles EDG and
DGA are equal to two right {angles]. Likewise, since ? AB is parallel
to line D%, angles DGB and ZDG are ; together equal to two right [an-
gles)], eand so the four angles are ? the same as four right angles.

Two of these [margin: namely the angles G) [ere the same as] two right
[angles], [therefore] ? two [margin: the others, namely the angles D]
remain [the same as] two right [angles]. Hence line EDZ is reotili-
near, And this is what we wanted to prove, .°.

{Prop. 36, fig. 39] 7 Lgt us assume three lines AB, AG, AD, draw to
these from point B the lines 2° BZ [,meeting AD, AG, AB at L, T, 2}
and EB [,meeting AD, AG at D, G], and let the ratio of EZ %o IT be
the same as the ratio of EL to LI;

Then I assert that the ratio of EB to l} BG is the seme as the ratie
of ED to DG,

Proof: Let us construct through point T a line parellel to line BE,
IF namely line HTY. Since in triengle EZE line HT has been drawn par=-
allel to its base, ﬁ3 the ratio of EZ to ZT is the same as the ratio
of EB to HT. The ratic of EZ to ZT is the same as the ratio of EL '
to 1T, and the retie of EL to LT is the same as the retio of ED fo I¥,
because line TY is parallel to line DE. (54) 17 Thus the ratio of EB
4o HT 18 the same as the ratio of ED to TY. %8 And when we alternate,
the ratio of EB o ED is the same as the ratio of HT to TY. Since 17
in triangle AED 1line AG has been drawn arbitrarily, 7° and line ED
parallel to line HY, the ratio of HT to %1 TY is the same as the re-
tio of BG to GD, It has already been proved that the ratio of HT to
TY is the same as the ratio of BE to ED, thus %2 the ratio of BE to
ED is the same as the ratio of BG to GD, And when we alternate, then
the ratio of EB to BG is the same as the ratio of ED 2? to DG, And
this is what we wanted to prove,

[Prop. 37,1, fig. 40) Let us assume a rectangular triangle ABG, with
angle A right, IOPT In it lines AD and ABR have been drawn, with angle
DAE equel to angle ABG, a2nd there has been drawn from point ? B to
line AE perpendicular BZ, which [meets AD at T, and] is extended to
point H [on AG];

{54) 1, 14 (last two words), 1. 15, 1,16, 1, 17 (first four words)
have been crossed out, probably by the redactor., They contain the
same argument as has already been written in the previous lines,
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Then I essert that the product of DA and AT plus the product of GB
(55) 7  and ED equals the product of HB (55) and BT plus the product
of GA and AH,

Froof:; Since angle DAE eguals f angle ABG and we add the common angle
BAD {to both], angle BAE is the same as angle ADG, Because angle AZH
? is right, the remaining angles ZAH and AHZ are equal to ons right
(angle]. Angle BAH is assumed ? right, and so angles ZAE and ZHA e-
qual angle BAG. We discard the common angle ZAH, thus angle? BAZ re-
mains the same as angle AHZ, It has been proved that angle ADG equals
angle BAZ, therefore angle ? AHZ 18 equal to angle ADG, [margin: Hence
angle GHT plus angle GDT 1s the same as two right [angles].] Thus the
points H, T, D, G lie on the circumference of a c¢ircle, and the pro-
duct of DA and AT 18 7 equal to the product of GA and AH, and the pro-
duct of HB and BT equals the product of GB and BD, It follows that the
product of DA and AT 1P plus the product of GB and BD equals the pro-
duet of HB and BT plus the product of GA and AH. .". .".

[Prop. 37,2, fig. 40] Let us keep the picture in the same poaition;lﬁ
Then I assert that the product of GB and BD plus the product of GA
and AH equals the square of AB.

Proof: { Let IF us assume the product of GB and ED to be equal to the
product of AB and BY and let us join TY, The product of GB and ED ia
certainly 13 equal to tha product of HB and BT, hence the product of
AB and BY 13 equal to the product of HB and BT.] (56) Thus points lﬁ
A, B, ¥, T lie on the circumference of & cirele, [Therefore angle BYT
equale angle AHT. It has already been proved that angle AHT %5 equals
angle ADG, and so angle BYT equals angle ADG,] {56) thus (56) pointe
(55) The difference between HB and GB in this proposition often has

to be deduced from the context., (56) crossed out in ms., with "thus®
being changed into "and", The substitute text in the margin reads
[£ol. 100r, 2, marginal note]: Let us draw from point T perpendiculer
TY on line BH, Since angle ATP is obtuse, because angle ATH is ecute,
point ¥ falls between points A and B. Hence rectangular triangle AFH
is similar to rectangular triangle YB[T]*. Line TY is drewn in it par-
allel to ZA. Because the ratio of HB to BA is the same as the ratio of
Y[B}* to BT, the product of HB and BT is the same as the product of
AB and BY. [Insertion: The product of KB and [B]*T is the same as the
product of GB and ED, thus the product of AB and BY is the same as the
product of GB and B[D]¥*] And angle TYB is equal{?) to angle(?) AH[B]}*
vso angle | .YDB 18 the same as two right[angles]. Likewise angle AYT
plus angle AHT is the same as two right |angles],
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B, ¥, D, T 1lie on 1? the circumference of a circle. So the product of

BA and AY equals the produect of DA and AT, And the product of DA and
AT equals the product of GA W end AH, It has already been proved (57)
that the produet of GB and BD equals the product of AB IF and BY,
hence the product of GA amd AH plus the produet of GB and ED is equal
ﬁg to the product of AP and BY plus the product of AB and AY, The pro-
duct of BA and AY 2P plus the product of AB and BY is like the saunare
of AB, the square of AB therefore is squal to the product of GB and
H %1 plus the product of GA and AH, And this is what we wanted to
prove,

[(Prop. 38,1, fig. 41] Let us assume three lines of equal length C AB,
AG, AD, and Join DG, GB, BD;

Then I assert that angle GBA plus angle GDB is the same as a right
ganglej.

? Proof: Let us draw line AZ [in the extension of BA,] equal to one
of them, and Join GZ. Since lines ZA, GA, BA 1q0v are of equal length,
angle ZGB 1s right, and angles |G]Z[B] and [G]B(Z] are the same as &
right [angle| ? (, beeause lines ZA, GA, BA are of equal length). Thus
points 2, G, B lie ? on the ecircumference of a circle, It has already
been assumed that lines DA, GA,# BA are of equal length, thus points
D, G, B, 2 1lie on the circumference of & circle.? Thus angle BZiG e=
quals angle GDB, It has already been proved that angle G2ZB plus angle
GBZ equals one right [angle], ? end so angle GDB plus angle GBZ is
right,

[Prop. 38,2, fig. 41) Also, let lines BA and AG be of equal length, 1
and angle GEA plus esngle GDB be equal to one right {anglse];

Then I assert that lines AB, AG, ? AD ere of equal length,

Proocf: Let us extend line BA to point Z, let line AZ be equal to one
? of the lines AB or AG and let us join GZ. Thus angle Z2GB ie right,
and the angles GZB and GBA together are right. IP Angles GBZ and GDB
are assumed as one right [angle], angle GDB therefore equals angle
GZ3B, lﬁknd so points G, D, Z, B lie on the circumference of a circle,
Lines 24, BA, GA are of equal length, hence point A is the center of
the circle, 12 AD then equals each of AG and AB. And this is what we
wanted to prove.

[Prop. 38,3, fig, 41] Moreover, let DA and BA be 1? of equal length,
end the angles GBA and GDB be equal to one right [angle];

(57) "proved" should be "zssumed", cf, 1, 12, Only in the case of the
marginal text "proved" is correct,
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Then I assert that lines DA,lﬁ G4, BA are of equsl length,
Proof: Let line AZ be equal to each of the lines BA and AD, and let
us join 3° DZ, Thus angle B[DZ]* 1s right, thus the two angles [D]*ZB
{and DBZ] are the same as a right [angle]. Angles GEA and GDB are as-
sumed IF equal to a right [angle}. We diecard the common angle DBZ,
and angles GED and GDB remain equal )/ to angle D[Z]*B. We add the
common angle BGD, then angles BGD and DZB equal IF the angles of 4ri-
engle BGD., Thus angles DZB and BGD equal twe right [angles], and
points B, 2, D, G Hg 1lie on the circumference of a circle., Lines ZA,
DA, BA are of equal length, so point A is the center of the eirele.
Hence line GA 2P equals DA. And this 1s what we wanted to prove, .°.
[Prop. 38,4, fig., 42] Also, let lines DA and GA be of equal length,
and the angles GBA and GDB be equal to one right [angle];
Then I assert that lines DA, GA, %2 BA are of equal length.
Proof: Let us draw from point A to GD perpendicular AE, [meeting DB
at 2,) and let us join 2G., 3° Thus line DE is equal to line EG, and
angle DZE 18 equal to angle GZE. 91T Since angle DEZ is right, an-
gles EDZ and EZD are equal to a right [angle], It has already been
assumed (58) § that angles GBA and GDB equal a right |angle], there-
fore angle EZD egquals angle ? GBA, But angle EZD equals angle EZG,
and so0 angle EZIG ﬁ equale angle GBA. Thus points %, G, B, 4 1lie on the
circumference of 2 ciréie, and angle ? AGB equale angle AZB. But an-
gle AZB equals ? angle DZE, and angle DZE equals angle GBA, hence an-
gle AGE equals angle 7 GBA. [margin: Hence line AG is the same as BA].
And this is what we wanted to prove. .°.
[Prop. 39, fig. 43) Let us assume triangle ABG and draw in it line §
AD, such that angle DAG is equal to angle ABG;
Then I assert that the ratio of BG to GD is the same as the ratlo ?
of the square of BG to the square of GA and the same as the ratio of
the square of BA to the square of DA,
Proof: Since angle ABG 1s assumed 1P equal to angle GAD, and angle
AGD 1s common to triangle ABG and triangle AGD, the remaining angle
%1 BAG 1g the same as the remaining angle ADé [ms: ADB], Thus the ra-
tio of BG to AG is the same as the ratio of AG to GD and |the same
as] the ratio 3 of AB to AD. Hence the ratio of BG to GD is the same
as the ratio of the square of BG to the square of GA and the szame as
the ratio of the square of BA 1? to the square of AD, And this is
what we wanted to prove., .°.

(58) ms.: “proved", This is the same mistake as in prop. 37,2.
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{Prop. 40, fig, 44] lﬁ Let us assume & rectangular triangie ABG, with
angle B right; we bisect angle A with line AD, draw line AE arbi-
tra-% -rily, construct from point E & line parallel to line AD, name-
1y line EZ, and join ZB [meeting AD at T,] and ET;

Then 1 assert 4 that the ratio of AZ to ZT, this is [the same as] the
ratio of AE to ET, (59)

Proof: Let us make the product of AT and ¥ HB like the product of ZT
end TB (60), and join ZY and EY [added: and BY]. Since the product of
ZT and TB equals the product of AT lp end TY, angle ZAT is equal to
angle ZBY, But angle ZAT equals EP engle TAB, thus angle TAB equals
angle ZBY. 7
The following text is crossed out by the resdactor:

"Because the product of 2T and 7B [equals]* 2} the product of AT and
IY, angle BZY is also equel to angle BAT. Consequently it equale an-
gle 3% [YB]*Z, Thus the product of AY and YT [me: BT] equals the
square of BY [ms: 2Y]. Also, since the product of zT and TB equals the
product %3 of AT and TY, angle BAY is equal to angle [BZ]*Y, Buk angle
BAY is the same as angle GAY, thus angle 1Q1V GAY is the same as angle
BzY. And so the product of AY and YT (6l) equals the square of ZY, It
has been proved that it equals ? the square of BY,"

This is replaced in margin by:

"Since angle TBY is the same as angle TAB and angle BYT 1s commonm

[to both],the ratio of AY to YB is the same aa the ratio of BY to YT.
Thus the product of AY and YT equale the squére of HY. Since the ra-
tio of AT to TB is the same as the ratio of ZT to TY and the two an-
gles T are opposite each other, hence angle T2ZY is the seme as angle
BAT or as angle TAZ, Angle TYZ is common [to both]. Therefore the ra-
tio of AY to Y2 is the same as the ratio of ¥YZ to YT, thus the pro-
duct of AY and YT is the same as the square of YZ,"

Now we continue with the malm: text:

hence line BY equals line Y2, Since angle AED 1s right, ? angles ADB
and DAB are the same as a right [angle]. But angle DAB equals angle
ZBY and [engle}* f ADB is, due to parsllelism, the same as angle ZED,
so angles ZBY and DE[Z]* ? are the seme as & right [angle]. Line BY
equals line 2Y, lines BY, | ZY, YE are therefore of equal length (62).
(59) "T" is difficult to decipher. It is again written in margin where
it is elso difficult to read. (60) margin: Thus point Y, either it
falls below point I or on 1t or beyond it. (61) could also read "BI",
{62) margin: through the proposition conveyed on this, with part four

[= prop. 38,4].



Then the product of AY and TY equals ; the square of YE (63) [and an-
gle YET equals angle YAE]. Thus the ratio of AY to YT (63) is the same
as the ratio of the square of AE to the square of ET (64). [But]x f
the ratio of AY to YT is the same as the ratio of the square of AZ to
the square of ZT (65). Hence the ratio of AE to BT [1s like]* { the
ratio of AZ to 2T, And this is what we wanted to prove.

(Prop. 41,1, fig. 45] Let us assume & rectangular triangle A[BG]*, 10
with angle A right; we draw from point 4 to line BG lines AD and AE,

such that angle 1 DAG is equal to angle GAE;

Then I assert that the ratio of BE to EG is the same as the ratio of

ED to D[G]*.

2 Proof: ILet us construct through point G & line parallel to line AR,
pamely line HGZ (66) [and join DZ] (67). Since 1P angle BAG is right,
angle AGH is right, thus angle AGZ, which adjoins (68) it, is right,
and angle DAG [equals]# lﬁ angle GAE. The two triangles are therefore
similar to one another, znd so line GZ is the same as line HG. Thus
the ratio of AB to HG is the same as the ratio 1? of BE to EG and the
same as the ratlo of AB to GZ. The ratio of AB to GZ is the same as
the ratio of BD to DG, hence the ratio of EE lF to EG is the same as
the ratio of ED to DG. And this is what we wanted to prove. .°.

[ brop. 41,2, £ig. 45] [Conversely:] Also, let the ratio of BE to E[G]*
be 1F the same as the ratlo of HD to DG [,and let angle BAG be right];
Then I assert that angle DAG [me: BAG) equals angle GAE,

Proof: IP Let us construct through point G & line parallel to line AB,
namely line HGZ., Since the ratio of BE to IP EG is the same as the ra~
tio of BA to HG and the ratio of BED to DG is the same as the ratio of
AB to GZ, the ratioc of AB to [HG)* is %® the mame as the ratio of AB
to GZ, hence line GH equals line GZ. .°. Since angle BAGY® is right,
angle AGH is right, and so angle AGZ is alse EF right, Thus lines AG
and GH equal lines AG 2P and G2, and angle AGH equals angle AGZ.

[Base AH 102r oquals base AZ, thus triangle GAH is the same as trian-
gle AGZ.] (69) Therefore angle ZAG 18 the same as angle GAH. And this

LT F

{63) "Y" gould also read "B", (64) margin: through the preceding pro-
position on this [= prop. 39). (65) margin: also through the preceding
proposition [= prop. 39]. (66) could alsc read "GHZ", clear from draw-
ing, {67) crossed out and replaced in margin by: "and extend AD until
it meets EGZ in Z", (68) ef, prop. 16. (69) crossed out by redactor
who, although this sentence 1s not necessary, could have kept the se-
cond part of it.
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is ? vwhat we wanted to prove, ..

[[Prop. 41,3, fig. 45)] (70) Furthermore, let angle EAG be the same as
angle GAD, and the ratio of ED to DG the same as the ratio of BE to
BG;

Then I assert that angle GAB is a right angle,

Proof: Let us make in point A of line AG a right [angle] and let its
new side be line AT, Either AT falls on AB, or on the side of G, or
towards the opposite of 1t. Since the ratio of TD to DG is the same

a8 the ratioc of TE to EG, and the ratio of EHD to DG is the same as

the ratlio of BE to BEG by assumption, and by alternation of the rear
parts, the ratio of EG Dms:ED] to DG 18 the same as the ratio of ET

to TD and the same as the ratio of EB to ED., Hence the ratio of ET to
ID is the same as the ratio of EB to BD., And so by comparison the ra-
tio of ED to DT is the same as the ratio of ED to DB, Thus DT is the
same as DB, Thus line AT falls exactly on line AB, It has been assumed
that they do not fall together., Therefore the assumption is impossible
because of the congruence of ... Thus angle GAB is consequentiy(?)
right., And that is what we wanted, ]

[Prop. 42, fig. 46)] Let us assume a triangle ABG, bisect angle B with
line ED 1 and angle G with line GD, and join AD;

Then I essert that angle A has also been bisected,

f Proof: Let us assume [on line BG) a line BE equal toline BA (71),
and a line GZ equal to line GA, &nd join DZ and DE, ; Since line AB
equals line BE and line ED is common [to both], angle BAD is equal to
angle § BED. Also, since line AG equals line GZ and lime GD is common
[to bothj,?therefore angle DAG is the same as angle DZG. Also, since
line ZD equals ? line DA, and it has alreedy been proved that line DA
equals line DE, ? line DZ is the same as line DE, thus angle EZD e-
quals angle ZED. But angle ZED equals IP angle DAB, and angle EZD e~
quals angle DAG, hence angle BAD equals angle 1} GAD, And this 1is what
we wanted to prove,

[Prop. 43, fig. 47] (72) Let us assume a rectangular trisngle ABG with
%2 angle B right; let us bisect angle A with line AD, draw from point
{70) This addition has been written in the margin of fol. 102r, proba-
bly after an improvement was made to prop. 43. The proof stands on
fol, 101lv, margin bottom. (71} wmargin: Thus point E [me: D], either it
falle between B and G, or on G, or away from it towards the opposite
of B; and in this manner is the remark on point Z in relation with B.
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A an %3 arbitrary line, namely line AE, draw from point E a line pa-

allel to line AD, namely line EZ, -ff and join ZB [meeting AD at T,]
and ET;

Then I assert that the ratio of AZ to ZT is the same as the ratio of
AE to ET.

Proof: %5 Let us bisect angle ABZ with line BH and join ZH, then an-
gle AZB has been bisected 3 with line ZH. We draw from point B a line
which is perpendicular to BH, namely 1ine BK, apd join ZX [ma: DK],lF
EH (73), EK (74). Since angle HBK is right and angle ABH is equal o
angle HET, the ratio of KA %8 to AH ie the sams as the ratio of KT to
TH. And since angle AZH equals angle HZT, angle HZK 18 17 right; like-
wise angle HBK [is right], thus points B, H, Z, K lle on the circum-
ference of a circle, Because angle 20 ame 1s right end equal to angie
HBK which is also right, we drop the common angle HEE, and A angle
DBK remains equel to angle ABH which is the same as angle EBT. We add
angle TED common [to both], 22 then angle HED becomes equal to angle
KBZ which is the same as angle KiZ. We extend furthermore line HZ
(rec-%3-tilinearly} to point Y, thus angle KHZ is equal fo angle EZY
because of parallelism. {ingle 102v | (73) 18 certainly equal to an-
gle DHZ.) Therefore angle ? YZE (73) 1s equal to angle DBH. So points
E, Z, H, ? B lie on the circumference of & circle, |When we join EH]
(75), then ? anéie HEK (73) is right, and the ratio of KA %o AH q is
the same as the ratio of KT to TH, therefore angle AET has ? heen bi-
gsacted with line EH, and the ratio of AR to HT 7 is the same as the
ratio of AE to ET (76). But the ratio of AH to HT is the same a8 the
ratio of AZ to ? ZF, hence the ratio of AE to BT is the same as the
(72) Prop. 43 has the same assumption and assertion as prop. 40. cf,
chapter III. (73) changed by redactor. (74) margin fol 102v, left bot-
tom: We extend AD until it wmeets BX at K, because angle BHT is acute.
Since the two angles ABZ and BAZ together are smaller than two right
{angles], the two angles ABH and BAH together, which are half of the
previous [ones], are smaller than one right [angle], hence angle AHB
is obtuss. (75) crossed out by redactor and réplaced by [fel. 102v,
right margin middle]: Points B, H, Z, K lie on the circumference of &2
circle. Hence ell the five points B, H, Z, E, K lie on the circumfe-
rence of one circle., There doee not exist another when the intersec-
tiop of two circles is in more than two points, and points B, H [ms:
changed into K(3}], Z belong to both quadrilaterals, (76) margin fol.
102v (beside the end): This because of the third proposition in the
second chapter in the third classification in a book by al-EamBl, cf.
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ratio of AZ to ZT, And this is what we wanted to prove. .°.
P Finished are the propositions.
10 praise be to allahn,
e ok ok ok ok ko ok
ok
*

The twe remalning marginal remarks on the last page [fol. 102v)] read,
right upper margin: "iAnd the emount of propositions by Aqitun is 43,
counting improvements and additions(?)".

and on the top of the ﬁage: "By Aqﬁyun. He has explained this book,
he has ascertained 1t, and he hae corrected it, may Ailah, who 18 su-
blime, compemsate him, the slave, the fakir, who needs Allsh, Muham-
mad ibn Sartdg from Mardgha, in the madrasah al-Nig@miyysh (77) ...
ees the meeting in the year 628, And he has solved it 2ll in MarZgha
in one night before this approximately(?). And a year follows, [Thus
let his intelligence be admired and the independence of time in it be
praised,](?) The End.(78)"

rrop. 21. (77) the most famous madrasah (.. religious boarding school)
in Baghddd, ef Chapter II,1. {78) 1=,.L_.Jl, instead of f’w Iy «
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Samenvatting.,

Dit proefschrift gast over het traktaat Aya Sofya 4830,5 "Kitdb al-
mafriddt 1I Aqdtun" (afgekort A), bestaande uit drieenveertig stel-
lingen over vlakke mestkunde., Negentien stellingen uit de eerste helft
hierven zijn ook zelfstandig overgeleverd in het traktaat Bankipore
2468,29 "Kit&b Arshimidis £1'1-Usiil al-handasIya" (afgekort B).
Hoofdstuk I beschrijft en vergelijkt de belde handschriften en con~
cludeert, dat het niveau van traktaat A in het algemeen hoger ligt dan
dat van tralktaat B, Bovendien geven de kantiekeningen in A ook inzicht
in de belangstelling van de ongetwljfeld intelligente bewerker. Hoofd-
stuk II bespreeki de twee mogelijkheden voor de titel en de naam van
de muteur, Het blijict dat "Xit@b al-mafriiddt" plausibel is en dat er
geen reden 18 om een andere auteur dan Aqdtun san te nemen., In hoofd-
stukt III wordt de inhoud van traktaat A op de voor ons vertrouwde
schrijfwijze weergegeven, Hierbij wordt bovendien ingegaan op de be-
trekkingen, die tussen A en voorafgeande of latere wiskundige werken
schijnen te bestman, Deze invlceden zijn samengevat in hoofdstuk Iv,
dat tot slot de conclusies over dit tralctant geeft, Als hoofdstuk V
volgt dan de vertaling van de arabische tekst, die achter in dit
proefschrift bijgevoegd is.



STELLINGEN

I

Van de tijdelijk onvindbare manuskripten ven het Wiskundig Genoot-
schap == daterend van 1592 tot 1896 — zijn vooral de oudere exempla-
ren interessant, De zeventiende-eeuwse manuskripten laten zien, hoe
gretig internationale resultaten in die tijd in Nederland ingang von-
den en hoeveel bekwame wislundigen hier toen gewerkt hebben, dle voor
een deel weer volkomen in vergetelheid geraakt zijn.

Ivonne Dold-Samplonius, "Die Eandschriften der Amsterdemer mathematischen
Gesallachaft*, in Janus IV (1968) 241 - 303,

ir

Het valt niet te rechivaardigen uit de inhoud, dat de verhandeling
van Archimedes over rakende cirkels zoveel later uit het arabisch
vertaald is dan zijn "lLemmata",

Archizedes Opera Omnia, J. L, Heiberg et &l. ed., 3 volas,(Stuttgart, 1972)

Idem, vol. IV, "Uber einander berilhrende Lreise", Yvonne Dold-Samplonius,
Heinrich Hermelink, Matthiss Schraza ed, (Stuttgart, 1975)

IIT -

0f het anonieme traktaat zonder titel AS 4830,4 , dat over het verde=-
len van gegeven lijnen in gegeven verhoudingen gaat, werkelijk van
Abu Sahl Waijan ibn Rustam al-QuhI is, gelijk een latere kanttekening
beweert, is moeilljk vast te stellen, Een zekere overeenkomst van
Btijl met al-Quhi‘'s verhandeling over de zevenhoek zou er voor kunnen
pleiten,

Max Erause, "Stambuler Handachrifien islamischer Mathematiker®, in Quellen und
Studien zur Geschichte der ¥athematik, Astronemie und Fhysik. Abtellung B,
vol. 3 (Berlin, 1934) 522.

Yvonoe [Dold-]Samplonius, Die Eonatruktion des regelmifiigen Sisbenscks nach
Abd Sahl 81-QEhI Waifan ibn Rustam”, in Janus E (1963) 227 - 249,

Iv

De Banu Miusa schrijven in de "Verba Filiorum" : "This [= Archimedes']
method of finding the ratio of the diameter to the circumference, al-
though it does not reveal a true ratio that can be reckoned with,

81111 does yield a ratio of the ocne to the other which is an approxi-



mation to sny limit the investigator of this subject desires”,
Clagett's gevolgtreklking, dat de Banu Miis2 hiermee op de irrationali-
telt van n zouden wijzen, is niet steekhoudend,

Marshall Clagett, "Archimedes in the Middls Ages®, vol. I, The Arabo-Latin
Tradition (Madison, 1964) 265/266, 358,

¥

Het beeld dat Brecht van Galilel geeft is eenzijdig en strijdig met

de feiten,

Le Opare di GCalileo Galilei, Aantonio Pavaro ed,, Vols, X = XVIII, Lettere
(Pirenze, 1900 ~ 1906)

Bertolt Brecht, *"Leben des/Gnlllo:l.‘ {Prenicfurt, 1962)

VI

De perfekte of konische passer (al-birkar al-tEmm), een instrument om
mechanisch kegelsneden te tekenen, heeft, hoewel in enige traktaten
beschreven, nooit veel toepassing gevonden.

Branz Woepcke, *Trois traitds arabes sur le compas parfait®, in Notices et
extraits de la Bibliothkque natiomale, 22, part 1 (1874)

VII

De aantekening van Schipperges "?rofandaratellunéen waren im Islam
unnotig angesichts der Unfaplichkeit Allshs" 18 een omdraaling van de
historische, werkelijke ontwikkelingsgang,

Heinrich Schipperges, "Arabische Medizin im Mitielalter, in Sitzungsberichte
der Eeidelberger Akademie der Wissenschaften Math,-Naturw. Klasse (1976) 2.
Abbandlung, 39.

VIII

Het verdient aanbeveling het arabisch als fakultatief vak in het ho=
ger middelbaar onderwijs op te nemen,

Ix

Meer begrip bij zowel de wiskundige voor de geschiedenis els bij de
historicus van de exakte wetenschappen voor de wiskunde zou nutilg
zijn voor beiden,

Yvonne Dold-Samplonius Amsterdam, 16 februari 1977
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