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1. The Works of Ibrahim ibn Sinan.

This is a short tract in which ibn Sinan names his works. He starts by
justifying why he has written them. He states that everybody should
acquire as much knowledge as he can, and then impart it to others, first to
teach the men around him, and secondly to make for himself a good name.

He says that he has a great craving for knowledge. But he has been
hindered by having to hide and not to stay in one place.

He says why he names the works he has written: a, so that he who is
interested may know of them and search for them, b. because one natu-
rally wishes to point out what one has achieved,and c. to prevent others
who might claim his works for them.

The works he mentions are the following:

1. Shadow-making instruments, a work in three chapters.
a. Sundials erected on plane surfaces, including that in which the
shadow has a constant length; their uses in finding astronomical data.
b. Current mistakes in the sundials in use, and how these can he made
right, and used to find out anything that the astrolabe can yield.
¢. How to draw time lines on concave and convex surfaces.

2. A book on Methods used by Ptolemy, suggesting easier ones.

3. Movements of the sun.
These two works are in one chapter each.

4. Tangential circles, eleven chapters.
5. Analysis and Synthesis, being ch.12 of the above.
6. 41 Selected Problems, being ch.13 of the above.
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7. The Area of the Parabola, one chapter.
8. How to Draw all three Conic Sections, one chapter.

The Astrolabe is a short tract that has reached us, but is not mentioned
by him.

The Muslim chronologists attribute to him a commentary on the first
book of Apollonius’s Conics.

They attribute to him also works on philosophy.We have nothingto
substantiate this claim.

He himself states that he looks forward to go back to Baghdad and
make observations to test his astronomical views.We are told that he went
back to Baghdad.We do not know whether he made any observations. We
also know that he died at an early age.

Ibrahim ibn Sinan was born in 908 and died in 946A.D. sufferring
from swolen lever.
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2. On Drawing Conics

This work is intact in both the printed collection and the compendium.
Its aim is to give methods for drawing the conics by plotting several points
on each. From rules quoted from Apollonius, he derives the following
methods, all using circles:

A. To draw a parabola. take any line segment ABU where AB
is constant, and U a variable point.

by
Vv = (%9
]
|
- X
A 8 u
(V) S5

On AU as diameter, draw a circle, which intersects BV, a perpendicu-
lar to AB, at V. Thus BV? = AB.BU.Taking BU as x, BV asy, and AB as
1.t follows that y? = /x Thus (x,y) lies on a parabola. By changing BU,
other points lying on the same parabola can be plotted.

B. To draw an ellipse, draw a circle, and a diameter, AB, of it. On AB,

draw ordinates, and divide each ordinate in a constant ratio, m:n. The
points of division lie on an ellipse, with AB as one of its axes. The author
derives this method from a rule given by Apollonius, amounting to

x2

(b-y)(+y)

a
b

C. To draw a hyperbola

Let AB be a diameter of a circle , and CD a tangent to it that meets the
diameter at D. In any direction you choose , draw a se_ment DE equal in
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length to the tangent CD. E lies on a
determined in the same way,
The author derives this meth
leads to the relation

hyperbola and so does every point
provided all segments like DE are parallel.
od from a rule given by Apolionius, which

x2 a

(E
Y-b(y+b b

V) s

> B A
D. To draw a hyperhola, using asymptotes.

Taking any two segments, AB, AC, draw
isosceles triangles like ABC. Divide eac
in a given ratio m:n. Then all these po

A

h base, BC, at two points, p1, p2
ints lie on a hyperbola.

Ay Jso

S,

Ple given by Apollonius is utilised to suggest other
ellipses and hyperbolas. The principle is that every
e hyperbola has AC ~BC constant, and every point, C, on
AC + BC constant, where A,B are fixed points connected

E. Another princi
methods for drawing
point, C, on th
an ellipse has
with each.

if the two circles touch externally, AC — BC is constant, and C lies on a
hyperbola. If they touch inte

rnally, AC + BCis constant, and C lies on an
ellipse.
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In proving the 4/3 rule, the author draws an n-gon in the segment, and
inan Archimedijan way,shows that by increasing n, the difference between
the area of the p- gon and that of the segment can he made smaller than any
assumed small Quantity. He makes use of a rule given by Apollonius,

namely, that the Squares of any two parallel order lines are in the ratio of
their intercepts from their diameter.
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4. On Analysis and Synthesis
MS 21v-39r.

This comes complete in both the Compendium and the printed form.

The author starts by pointing out that the subject he is dealing with has
not been widely treated; therefore others: may find chance to correct, or to
add, to his work.

He goes on to classify problems into three categories. One, which
does not concern him here is problems that call for a proof. The other two
are construction problems and those that require finding out some ele-
ments related to given constructions.

A more elaborate classification, into eight categories, comes in dea-
ling with problems with respect, to their solution sets. These are the empty
set, a definite set, i.e. having one solution or more, and the indeterminate.
But these are further differentiated as having just the necessary and
sufficient conditions and data, or having either an excess or deficiency of
these conditions.

Analysis is the search for solution. It starts with assuming the problem
solved, and goes on to derive relations which lead to a solution. Synthesis is
exploiting the findings of analysis to give the solution. This is followed bya
proof which shows that the solution satisfies the stated conditions.

The work is, generally speaking, wordy, and repetitive. Occasionally
it sounds modern and reminiscent of some books of today, like . Polya’s
How to Solve It. A query that seems to bother the author much is ‘*‘Why
should synthesis be different from analysis’., He justifies that by saying that
in analysis you find out the solution for yourself, and thus leave things
implied, whereas in synthesis, you explain your steps to others. But he
blames geometers for making their analysis too concise.
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Hence CG / EF and therefore GG? / EF? can be found.

But EF? = CF.FD. Thus CG?/ 4 CF.FD can be found,

and thus (CG? + 4 CF.FD)/ CG? = CD?/ CG? can be found.

But CD.CG is known. und

Hence CD, and thus CG can be found. . .

Thus all the other elements of the triangle, including CE,ED can be found.

The solution requires the following geometrical constructions:
Construct a square, area a, and let /be its sn(.ie. Y =|f:/5'_]_
Construct a square, area b, and let m be its side. [m = _b]

Let n be third proportional between /and m. [n= lz)/ vV a]
Let p be third proportional between /and n [P =b?/ aV al 1
Let q= 4p,s = I +q, and r be mean proportional betwen s and

r2 = (a® + 4b?) /a]

Then P: CD? = [r, giving CD: [CD? = a? + 4b?]

The other elements follow. . ’ -

The proof shows that CE and ED satisfy the given conditions.

L ol e

-~ Yo_

But the work has a great historical value for it uncovers a develop-
ment of Euclidean geometry that makes it much algebraic, apparently
before algebra, trigonometry and analytical geometry were developed.
This idea will appear better in the coming work , but here are given some

examples worked out in this tract, with the detailed solutions of one of
them.

1. AB and CD are two lines intersecting at E.Fis a given point in their

plane. Required to construct a line FDB such that FD.FB is equaltoagiven
area.

2. Required to find two line segments so that the difference between

their lengths is equal to a given length /, and the rectangle of which they
are the sides has a given area a.

3. Construct a triangle on a given base and having a given height with

respect to that base, provided the product of the other two sides is equal to
a given area.

4. How to find two line segments the difference of their squares being
a, and their product being b.

5. ABis the diameter of a given circle, and Cis a point outside it, along
AB. CDE and CFG are two lines that intersect the circleat D, E, andF, G,
on the same side of AB, so that angles BCD, DCF are equal. H is the

mid-point of ED. Prove that the distance of H from AB cannot be equal to
half the radius of the circle.

Let us consides no.4 above: E
Required CE,ED, given CE2 — ED? = a,
CE.ED = b.
Algebraically, this is x? — y2
= a, Xy = b, giving y
X2='/2(m+a), D F é
y2 = Y2 (Va? + 4b% — a),

(Y0) JS.:'
The analysis of the author runs as follows:

Let CE and ED be the two lines, placed at right angles, forming a
right triangle, hypotenuse CD, and altitude EF. Take FG = FD.
a = CE?-ED?= CF?- FD?*= CD.GC
b = CE. ED = CD.EF
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5. Selected Problems

The first page or so of this work, bearing probably its title and
introduction, is lost to us. Only a few lines of the introduction remain,
giving the impression that the author is here, in the trend of other geome-
ters, giving the analysis of his problems, and leaving synthesis for the
interested reader to perform to himself.

In the Bankipore Compendium, the ms sheets of this work are badly
scattered. Their serial numbers are the following in order:
324,328, 317-319, 306-308, 2-20 inclusive.

In the Haiderabad printed work, nos 2-20 above make the main bulk
of the tract given the name On Geometry and Astronomy, pages 5-99. The
other partsare scattered within al-Biruni’s Extraction of Circular Chords.

Ibn Sindn’s selected problems are generally intriguing problems of
algebraic geometry, or geometrical algebra, Euclidean,but owing much to
Apollonius, and with a trend to prefer calculation to using Euclidean tools.
The gencral procedure is: a, b,... are known, hence ¢ is known, and
therefore d,... . In a rhetorical way, using relations established by Euclid,
Apollonius , and sometimes Ptolemy , without well-developed algebraic or
trigonometrical tools, they solve difficult problems . Some solutions run
into several stages. In some cases the problem is transformed into another
onc whose solution leads to that of the former. All in all, the solution is a
set of relations brought together to establish further «<knowns», until the
required element is «<known». This «<known» may involve a much compli-
cated work to find out actually, but that is synthesis, and what we are doing
here is only analysis. It is how the geometer thinks of the solution,starting
with the assumption that the problem is solved.

The solutions show dexterity in transforming given figures into others
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2. Required to draw a circle that touches one side of a given triangle.
and intersects the other two sides, thus forming two circular scgments
similar to two given segments.

(Two circular segments are similar if they subtend equal angles at
their centers.)
3. ABC s a triangle right-angled at B.BD is perpendicular on AC. E

divides BC in a given ration. Given that AE.AB is equal to AC times a
given length, show that the sides of the triangle can be found out.

Two solutions are given, one by Abu’ / *Ala’ ibn Abi’ ] Hussein.

4. Given a circle ABCD. where AB is a diameter. Two cborcjs are
drawn from C and D at right angles with the diameter. intersecting it at E
and F. The intercepts AE and BF and the length of CD arc known;
required to find the length of the diameter.

Four solutions are given. two by the author . and two by other
geometricians, namely: Aba Yahya. and Abu’l 'Ala’. All we know gb'nut
these is that they were teachers of the great Muslim mathematician:
Abi’ / Wafa’ al-Buzjani.

In some of his works, Al-Birani gives his solution to somc pmblcm.s
and adds solutions given by others in appreciation of their efforts. This
does not seem to be the case with ibn Sinan. He poses his solution. and
adds some solutions by others; these solutions arc. morce or less. lengthy orf
and rather faulty, or premature; assuming as known some clement before
it is fully defined.

5. ABC s a circle in which AC is a chord of which «the arrow». BD.is
known in length. [This means that arc AB=arc BC.and BD | AC.]JTwo
chords, AE and CE are also known in length. What is the length of the
diameter?

Besides his solution, he gives one attributed to the same Abu’ ["Ala’

6. AB is a given line segment. Find the point C on AB such that the
areas AB? + BC2; AB. BC; AC? are proportional.
Two solutions are given. one by Abu’ [ Ala’.

7. This problem is attributed to Apollonius: —

=Yooy _

more uscful, and in handling algebraic tricks without algebra.

But one wonders how, without our uscful symbolism and order. the
geometer could grasp all the cstablished relations and use them to serve his
aim. We shall find cases however where he makes the mistake of assuming
«known’ some element which is still unknown, or loses sight of a known
element which might otherwise shorten his steps. The author is aware of
such mistakes, and therefore warns geometers against them. and requests
his readers not to be strict in blaming him. A more perplexing trend is that,
in the solution, there come jumps over scveral steps. done mentally.
leaving the reader in a mess. This is what ibn Sinan objects to and describes
as a trend of being concise. To the modern scholar. who is suffering from
many copying mistakes, and cautious against misrcading. such jumps
make an added headache that may lend to misjudgment.

The following are however the 41 problems worked out by ibn Sinan.
with short notes on each. But it should be pointed out that the wording is
mine. An ordinary translation of the wording of these problems will be. as
often as not, lengthy or not appropriate. Sometimes what is required is not
clearly stated, and one has to read the solution in order to find it out.
Sometimes the data are inserted around the figure and not included in the
statement of the problem. I therefore give the problems here in my own
words, and rather in the manner and terminology of today.

1.In AABC, the altitude AD, and the products AB.CD and AC.BD
arc given. Find the sides of the triangle.

The analysis cleverly transforms AABC to two triangles on the
diameter of a semicircle,one withAC and BD ,and the other with AB and
CD. as sides. The problem is shown to be solvable using ordinary proper-
ties of circular chords and right triangles. See figure 50 below
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time, who went into the process of finding the difference between two lines
which happened to be equal. The problem under question isno. 9a below.

9a. ABis a given line segment outside a given circle. Find a point Con
the circle such that AC + BC is equal to a given length.

The author gives a method which  he attributes 10 Abu Yahya. It
comes to the conclusion that BC. (x + a)=(AC + BC). a, and AC.(y +b)
= (AC + BC).b,where x and y are unkwnown lengths and a and b are
known. all forming distinct parts of a defined configuration.

Here Abiu Yahya considers the problem equivalent to finding AC and
BC where AC. (x + a) = aknown area, BC. (y + b) = another known area
and xy = a third known area.

Ibn Sinan adds that even if all the working is correct, the problem has
been altered. But, he goes on to state, the geometer is only following the
steps of others who are satisfied with concise analysis, not minding the

danger involved. Thus, he hopes, if he, ibn Sinan, makes a mistake
somewhere. it is this hasty analysis which is to blame.

10. AB. FE. EG are three lines (in a plane), known in position. C,D,
K are three given coplanar points, (not on the three given lines). Construct
two lines. CTL and DYL, so that L lies on AB, Ten EF, Y on EG,and T,
Y. K are coplanar.

The analysis is short and simple, referring to the Almagest.

i 1. AB and EC are two lines known in position, meeting at A, A and
E being given points. D is another given point (in their plane). Constructa
line DFG such that EF.AG is a given area.

11a. AFB and AEC are two given lines. Points E,F,D are given.
Construct a line DGH such that GF.EH is given.

12. AB. BC. BD are three given lines. E is a given point. Construct a
line EFGH, cutting the three given lines at F,G,H, such that FG/GH s
equal to a given ratio.

12a. Let the three lines be AEB, CED, ACF, and the given point G.
Construct a line GIJH, cutting the given lines at 1,J,H, such that 1J /Hlisa

Voo

AB i i i
1S a given line segment. Construct a circle such that if E is any

point on it, then EA? — _M_ Epg2 - ) ; i :
AB.AD is a given area. " AS-AD; ni/n IS a given ratlo, and

takes’l:l;;axthor gives the solution of Apollonius, and adds that Apollonius
e D less than AB2, and moves to consider the case EA2-ILER?
= AB? His analysis assumes that E Ij i y
points, ki ' a: lies on acircle, but seems to apply to all
ts, use of any circle property. He ends his analysi i
. . sis by noti
that it does not show that the circle meets AB at its terminal): thaty he h:c%

read a proof of that by A i
pallonius, but doe . .
own proof will come later. s not remember it, and that his

He moves on to stat
. € a problem that ari .
analysis, viz: rises from the preceding

AB is a given line se .
gment. Construct a circle such that if E i

i i at

point on it then EA / EB is a given ratio. if E s any

He gives one solution b -
y Apollonius, one by hi .
grand father: Thabit ibn Qurra ne by himself and one by his

. He en.d.s his.own solution, showing that EA / EB = CA / CB, where
thls a sp}(lec1f1c pf)mt on AB. Here he adds that the circle passes thréugh C;
us when C lies on A, the circle passes through A! ’

8. AB is a line segment divided by C, D into the three portions AC

CD, DB. Find the i i
o $€ portions given AB? ~AC?, AB? — AD?, and CB? —

A iz. ,?OIZC 152 given circle. AB, ACand AY are three given chords in it
A pre uce to D. Construct A line segment CHTN intersectin ABi .
» the circle in T and AD in N, such that CT.TH = TN? ¢ !

un]e;: tl;:gégy s.otlu.tlon is given, involving, towards the end, a mistake,

= Spiylsh 1slto blame. The author adds, however, that such a

gy En )lrl s shou d be followed by a synthesis to avoid any oversight.
€ gives a better and shorter analysis.

H ) . .

geome:eerr;ci‘s,llltoby sayltng that the preceding analysis is along the schemes of
resort to concise analysis, thus falling i i

geomeer _ . n ;| alling into mistakes. An

Ple is a solution given by Aba Yahya, an excellent geometer in his
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Two cases are considered; one when the given line is parallel to'the
line of centres of the two given circles, and the other when these two. llnc?s
meet. The second case is reduced to a problem on triangles, which is

problem 23 below.

19. In triangle ABC: points A, B are given, and a line CE is drawn to
meet AB at E, forming with it a given angle. If DE: EB,DC + CB,and DC
+ CA are given, where D is some point on CE, find the points Cand D.

A detailed analysis is given, considering two cases: a. When DC+
CB and DC + CA are equal, and b. When they are unequal.

20. If the sum of line AB and a line having a given ratio to line AC s

given, and the sum of AB and a line having a given ratio to line BD is also
given, then the ratio between AC and BD can be found.

21.1f the sum of ABand aline having a given ratio toCDis given, then
the sum of CD and a line having a given ratio to AB can be found.

22. Given two circles, centres A and B, and line DE, construct a circle
that touches them all.

This is problem 18 above. But the author says that _here he_is
constructing the problem according to an analysis given by Abu’ /-*Abbas
ibn Yahya.

23. Given two rays, BA and BC, and two points C,D on BC, find A so
that CA + DA = DB.

24. This problem is ascribed to Abw’l- ‘Ala’. Itis to determine a p.oint
C on AB, such that AB? — AC? and AB? — BC? are equal to given

quantities. |

Abi’l-* Ala’ is satisfied with determining a triangle ABD; the projec-
tion of D on AB gives C.

Ibn Sinadn goes on to show how the angles of triangle ABD ca.n .be
determined by similarity with triangles of known forms, thus obtaining
BC.

25. AB, AC, AD are given chords in a circle; angles BAC and CAD
are equal. Find the diameter of the circle.

—\ov_

given ratio.

The latter part is transformed into another one which is easier to
solve.

13. ABis a given diameter, in a given circle, produced to a given point
H. Construct a ray HMY cutting the circle in M and Y, such that chords
BM and MY are equal.

The analysis leads to constructing a right triangle ABX , X being the
right angle, such that, if XY is drawn at right angles to AB, AX + AY : BX
is a given ration.

He suggests a solution to this latter problem, and adds a simpler one
by ‘Ali ibn’ /- Hassan ibn Ma'dan.

14. Construct a circle touching two given circles, so that its arc falling

between the two points of tangency is similar to a given arc; [i.e. subtends a
given angle at its center).

14a. Construct a circle touching two given circles, so that its chord
falling between the two points of tangency is given.

5. Aisagiven point; BC and BD are two rays given in position; E is a
given point on BC. Construct a line AFG to meet BC, BD at Fand G
respectively, such that EF: BG is a given ratio.

This problem is transformed to problem 20 below:

16.HEis a given line.Find F and K on theline such that HF.FE = FK

times a given length, and FE is greater than a given length by a given
multiple of KE.

17.BCand BD are two rays in a given position; points: G on BC, and

Hon BD ,are given;A is a given point outside the two lines.Construct a
line AEF such that: EG: FH is given.

18. Two circles and a straight line are given. Construct a circle that
touches each of them.

The problem is said to be treated by the author in his book on circles
that touch each other, but differently.

=\o_



: i i ratio.
circle, and B on the other, so that ED: DB is a given
33. ABCDis acircle, AEB is a diameter | to CED, a chord. I;raw a
line AFG, to cut CED in F, and the circle in G, so that GF = EF.

34.In AABC, given the base AC, altitude BD + side BC, and sides
AB + BC, find each of AB, BC, and BD.

35.In AABC, given the base AC, the sum of AB + BC, and eacél of
DA, DB and DC, where D is a point on AC, find each of AB and_ BC.

’36. D,E are two given points in a given angle ABC. Required to

construct two lines ADF and FEC so that AD.DF is equal to a given area,
and FE.EC is equal to another given area.

37. ABC is a given angle, in which D is a given pOil"ll. Requlred.(tj:
construct a triangle with D as vertex, and the other two V.Cl'theS f)n o!ne s1
of the angle each, so that the triangle is similar to a given triangie.

38. Construct a circle to touch a given circle and pass on two given
points.

39. Construct a circle to touch two given circles and a given point.
40. Construct a circle to touch three given circles.
41.No.40 above as analyzed by each of Abw’l-*Ala’ and Abu Yahya.

The analysis leads to the problem of finding a point D inside :«.\l‘lglver‘;nI
triangle ABC, such that the lines AD + BD are equal to agiven length, an
BD + CD to another given length.

The solution of Abu’l-* Ala’ is complicated, and mzfde more so bfy ‘tlhz
copyist, who produces an incomplete figure. I must admit that I have faile
to free the text here from every slip or ambiguity.

N0

Obviously, with two chords, say AB,AC, the diameter can be found,
by ruler and compasses. What the author does here is to show that the sides

of triangle ABD are known in length, and therefore their circumscribing
circle is known in diameter.

26. In plane ABCD, lines AC and BD are parallel, and E is a given
pointon AB. AEFG is known in form (i.e. its angles are given), with Fand
G on AC and BD respectively. Construct this triangle.

27. Find the sides of AABC, givenangle A, AD | to RC,and the
difference between AB and AC. '

Alengthy solution is followed by a simple one in the special case when
A is a right angle.

27a.In AABC, BC is the base and AD the altitude . Given AB, AC
and AD: BC, find BC.

The solution is said to be similar to one given by some one unknown to
he author.

28. A,B,Care given points on one line. Find a point D on this line such
that AD. DB has a given ratio to DC?

29. In AABC, the base AB, the altitude DC, and the difference
between AC and CB are given. Find the sides of the triangle.

A marginal note, by a different medjey
by one third.

30. Angle ABC, and a
BCandBA atK and H resp

al hand, reduces the solution

point D are given. Draw a line DKH, to meet
ectively, so that triangle BHK has a given area.

The analysis refers to Euclid’

s Data, affirming that if x (x +y)/ly?is
known, so is x/y.

31. ABCiis a circle in which AB, C

D, EF are given parallel chords,
and arc EC

= arc AC. Find the diameter of the circle.

The problem is reduced to that of the chords CB, CD, CE given, and
said to be the same as problem 25.

32. Given two circles and a point E, draw a line EDB, D being on one

-~ VoA
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6. The Book on Solar Movements

This work fills 17 pages in the Bankipore Compendium.The first 14
pages come together and fill papers 118 to 124 of the Compendium.They
cover the printed text under this name, up to page 34. The remainder of
that text has nothing to do with solar movements.

The paper323 of the Compendium should come immediately after
124 to continue the discussion on solar movements. Its counterpart in the
printed texts are pages 209 to 214 in al-Biruni’s work on chords, from
about the middle of 209 to about the middle of 214.

One more page of theCompendium completes the work in full. This
page is not given any clear Arabic serial number. It bears however the
strange ms no 2519. Itis preceded by a blank page with Bankipore’s stamp
on it. I have failed to find its counterpart in the printed text. Probably it was
not printed.

The author introduces this work saying that here he presents an
explanation regarding the motions of the sun, that he has wished to
postpone it until he has made some solar observations to substantiate or
refute his views.But such observations were not possible in the past, and
are not likely to be in the future, and so he presents here his views so that
some observer may take the trouble of testing them. He presents an
explanation of phenomena related to the apparent motion of the sun and
the planets, and reckons his explanation as entirely new and worthy of
testing by further observations.
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7. On the Astrolabe

This is the first tract in the Haiderabad printed collection. In the
Bankiprore Compendium it falls in 42r to 45v.
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