The power series for the sine in Kerala (India) ca. 1400-1550.
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Text 1:

nihatya capavargena capam tattatphalani ca

haret samtulayugvargais trijyavargahataih kramat
capam phalani cadho ’dho nyasyopary upari tyayet
jivante sangraho ’syaiva vidvan ityadina krtah

Translation of Text 1: Having multiplied the arc and the results of each
(multiplication) by the square of the arc, one ought to divide by the squares
of the even (numbers) together with the (square) roots, multiplied by the
square of the Radius, in order. Having put down the arc and the results,
one below the other, one ought to subtract going upwards. At the end is
the Sine. A summary is made by (the verse) beginning “vidvan’

Text 2:

vidvams tunnabalah kavidanicayah sarvarthasilasthiro
nirviddhanganarendrarun nigaditesv esu kramat pancasu
adhastyad gunitad abhistadhanusah krtya vihrtyantimasy-
aptam soddhyam upary upary atha ghanenaivam dhanusy antatah

Translation of Text 2: The wise ruler whose army has been struck down
gathers the best of advisers and remains firm in his conduct in all matters,
then he shatters the king whose army has not been destroyed. When these
five (numbers)! have been spoken in order, (starting) from the one which
is at the bottom multiplied by the square of the given arc, when one has
divided (by the square of the arc of 90 degrees), the quotient (of each) is to be
subtracted, proceeding upwards, (but the quotient) of the last (is multiplied
and divided) by the cube, (the quotient is to be subtracted) from the end
of the arc.

Source: the verses are found in several works, including a work written
between 1529 and 1556 by Shankara.

The numbers are 2220 39'40”;273 57'47";16 05'41”;33'06"” and 44", written in
the katapayadi system: 44 = vv, 3306 = lbnt, 160541=ycnsvk, 2735747=r(th)l$(th)vs,
22203940=rrrng(dh)vn. Two consonsnts between parentheses, such as (th), (dh), corre-
spond to a single letter in Sanskrit. Vowels and some consonants do not have a numerical
meaning here. The notation is in the sexagesimal system: 1’ is 1 minute, that is ~, 1" is

607
i1
1 second, that is 5.55-




What is the meaning in modern notation?
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Text 1 means: Sin o« = Rsin F=a—« Rg_(22+2)+a RZ(2279) T (25 0)

. with R = @ ~ 3438, a measured in minutes of arc, and Sin « the
Indian sine, which is Rsin & where sin is the modern sine, % in radians.
N.B. the minute of arc was a unit of length in India, hence 2R = 60 - 360.

Text 2 means: Sin o = a — (5£55)%(2220 39'40” — (5555)%(273 57/47" —

(s25)2(16 05'41" — (:25)? (33’06” (525)%44”)))). The numbers 2220 39'40”

5400 (712 5400 (7110
until 44” are rounded values of 237 (%)%, ... 5 (5).
How were the power series for the sine discovered by Madhava

(ca. 1400)7

We will simplify the explanation (avoiding constant factors) by using
instead of the Indian Sine and Cosine
(Cos(z)=Sin(5400" — x) = Rcos(xz/R) ) the modern sine and cosine.

1. Geometrically one can see that for any arc p with 0 < p < 90° and for
a small arc h we have: sin(p+h)—sin(p) ~ h-cos(p), and cos(p)—cos(p+h) =~
h - sin(p).

2. We now divide an arc a with 0 < a < 90 into a large number N of
equal small arcs h, thus a = Nh. Then we see:

N
sin(a) = sin(a) — sin(0) = Z(sin(ih) —sin((i — 1)h Zh cos(ih) (1)
i=1
N
1—cos(a) = cos(0)—cos(a) = Z(Cos((i—l)h) cos(ih) Z h-sin(ih) (2)
i=1

3. We begin with the approximation sin(x) ~ x.
By substituting this in (2) we obtain 1 — cos(a) = Y.V, h - sin(ih) =

YN i~ hQéVZ = %, therefore cos(a) ~ 1 — ﬁ Substituting this in

(1) invullen we get sin(a) ~ YN, h - cos(ih) = YN, (h — h3i 2) = Nh —

h3 SN 2~ Nh— h3 NTg =a— % We substitute thls in (2), then we get
2

1 —cos(a) & %G — ﬁ, and so on.

Source: Anonymous (16th-century?) commentary on the two verses, see
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