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Taylor formula for modern sine

Taylor formula for the modern sine (with x in radians):

sin x = x − x3
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The Sine was invented in ancient India

Indian Sine (in red) is length of
the line segment in a circle
with circumference 360× 60
arc minutes and with fixed
radius R, for Madhava
R = 360×60

2π ≈ 3438 minutes.

You can show that Madhava’s
Sine of x arc minutes is
R sin x

R (where x
R is the arc in

radians)

R α



Modern Taylor formula for Madhava’s Sine

R sin x
R =

= R( xR − 1
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R )
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11 . . .)

= α− ( x3

2·3R2 − ( x5

2·3·4·5R4 − ( x7

2·3·4·5·6·7R6 − (. . .))))
[expressed in minutes]



School of Madhava (Kerala, ca. 1400). Compute the sine
of a given number of minutes of arc

The student has to recite and memorize Sanskrit verses:

nihatya cāpavargen. a cāpam tattatphalāni ca
haret samūlayugvargais trijyāvargahataih. kramāt
cāpam phalāni cādho ’dho nyasyopary upari tyayet
j̄ıvante san

¯
graho ’syaiva vidvān ityādinā kr.tah.

Having multiplied the arc and the results of each (multiplication)
by the square of the arc, one ought to divide by the squares of the
even (numbers) together with the (square) roots, multiplied by the
square of the Radius, in order. Having put down the arc and the
results, one below the other, one ought to subtract going upwards.
At the end is the Sine. A summary is made by (the verse)
beginning “vidvān”
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School of Madhava (Kerala, ca. 1400). Compute the sine
of a given number of minutes of arc

Having multiplied the arc and the results of each (multiplication)
by the square of the arc, one ought to divide by the squares of the
even (numbers) together with the (square) roots, multiplied by the
square of the Radius, in order. Having put down the arc and the
results, one below the other, one ought to subtract going upwards.”

this means: x − (x · x2

(22+2)R2 − (x · x2

(22+2)R2 · x2

(42+4)R2−
(x · x2

(22+2)R2 · x2

(42+4)R2 · x2

(62+6)R2 − (. . .))))

= x − x3

2·3R2 +
x5

2·3·4·5R4 − x7

2·3·4·5·6·7R6 . . .



School of Madhava (Kerala, ca. 1400). Compute the sine
of a given number of minutes of arc

vidvām. s tunnabalah. kav̄ı́sanicayah. sarvārthaś̄ılasthiro
nirviddhān. ganarendraruṅ nigadites.v es.u kramāt pañcasu
ādhastyād gun. itād abh̄ıs.t.adhanus.ah. kr.tyā vihr.tyantimasy-
āptam śoddhyam upary upary atha ghanenaivam dhanus.y antatah.

“The wise ruler whose army has been struck down gathers the best
of advisers and remains firm in his conduct in all matters, then he
shatters the king whose army has not been destroyed.
When these five (numbers) have been spoken in order, (starting)
from the one which is at the bottom multiplied by the square of
the given arc, ehwn one has divided (by the square of the arc of 90
degrees), the quotient (of each) is to be subtracted, proceeding
upwards, (but the quotient) of the last (is multiplied and divided)
by the cube, (the quotient is to be subtracted) from the end of the
arc.”
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What does this mean?

vidvām. s tunnabalah. kav̄ı́sanicayah. sarvārthaś̄ılasthiro
nirviddhān. ganarendraruṅ
“The wise ruler whose army has been struck down gathers the best
of advisers and remains firm in his conduct in all matters, then he
shatters the king whose army has not been destroyed.

These are five (encoded) numbers (katapayadi system)
vv=44 tnbl=6033 kvśncy=145061 sv(th)śl(th)r= 7475372
nv(dh)gnrrr=04930222.

They mean p =
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, t = 2220 +
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40
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.



The five numbers
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are rounded values of

p =
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The five numbers: wolframalpha.com

5400
3! (π2 )

2 = 2220.660990 . . . = 2220 + 39
60 + 39

3600 + 34
603

. . .
5400
5! (π2 )

4 = 273.963069 . . . = 273 + 57
60 + 47

3600 + 3
603

. . .
5400
7! (π2 )

6 = 16.094685 . . . = 16 + 5
60 + 40

3600 + 52
603

. . .
5400
9! (π2 )

8 = 0.551556 . . . = 33
60 + 5

3600 + 36
603

. . .
5400
11! (

π
2 )

10 = 0.012372 . . . = 44
3600 + 32

603
. . .

5400
13! (

π
2 )

12 = 0.000196 . . . = 42
603

. . .



What should the student do, after these five numbers have
been introduced?

When these five (numbers) have been spoken in order, (starting)
from the one which is at the bottom multiplied by the square of
the given arc, when one has divided (by the square of the arc of 90
degrees, i.e. the square of 5400), the quotient (of each) is to be
subtracted, proceeding upwards, (but the quotient) of the last (is
multiplied and divided) by the cube, (the quotient is to be
subtracted) from the end of the arc.”

the student has to compute:

x−(
x

5400
)3{t−(

x

5400
)2{s−(

x

5400
)2{r−(

x

5400
)2{q−(

x

5400
)2p}}}}.



A worked example

We use sin(30o) = 1
2 as worked example

30o is 1800 minutes so α = 1800. Madhava’s Sine of 1800 minutes
is exactly R/2, with R = (360 · 60)/2π ≈ 3437.746771 so
R/2 ≈ 1718.87339 is the value that we should approximately find.

First approximation: α = 1800.
Second approximation
α− ( α

5400)
3t

= 1800− (13)
3 · (2220 + 39

60 + 40
602

) = 1717.7532922 . . .
Third approximation
α− ( α

5400)
3{t − ( α

5400)
2s} =

1800− (13)
3 · ((2220 + 39

60 + 40
602

)− (13)
2(273 + 57

60 + 47
602

)) =
1718.8807122 . . . etc.



Madhava’s method is correct!

R sin
x

R
= α− x3

3!R2
+

x5

5!R4
− x7

7!R6
+

x9

9!R8
− x11

11!R10
=

x − ( x
5400)

3{t − ( x
5400)

2{s − ( x
5400)

2{r − ( x
5400)

2{q− ( x
5400)

2p}}}}}
where

R = 360×60
2π = 5400

π/2 , t =
5400
3! (π2 )

2, s = 5400
5! (π2 )

4, r =
5400
7! (π2 )

6, q = 5400
9! (π2 )

8, p = 5400
11! (

π
2 )

10.

(Madhava’s numbers)



How did Madhava know - could he explain his reasons?

Yes! See the handout on the webpage of the calculus course on the
internet.

(see now www.jphogendijk.nl/mampad.html for English
translation)



We now have Yuktibhasa of Jyes.t.hadeva (ca. 1530) in
Malayalam

Published: Gan. ita-Yukti-Bhās.ā:
Rationales in Mathematical
Astronomy,
Springer 2008,
by K.V. Sarma with
commentaries by other scholars
vol. 1 Mathematics,
vol. 2 Astronomy,
more than 1000 pp.



Yuktibhasa of Jyes.t.hadeva (ca. 1530) is easier accessible
(K.V. Sarma p. 102)

“the following is the procedure to be adopted.
The required arc is the first result. When this
is squared, halved and divided by the radius,
the second result is got. Keep this second
result separately. Now multiply the second
result also by the arc and divide by 3 and also
by radius. Place the result got below the first
result. Then multiply this also by the arc and
divide by four and the radius. Keep the result
below the second result. In this manner, derive
successive results by multiplying the previous
result by the arc, and dividing by corresponding
successive numbers 1, 2, 3 etc. and by radius.”

First result x

Second result x2

2R

Third result x3

2·3R2

Fourth result x4

2·3·4R3

n-th result xn

n!Rn−1



Yuktibhasa of Jyes.t.hadeva (ca. 1530) is easier accessible
(K.V. Sarma p. 102)

“Now, place below the first result
the odd results, viz., the third,
the fifth etc., and place below
the second result the even
results, viz., the fourth, sixth etc.
Then subtract successively the
bottom result from the one
above it, the remainder from the
one still above it. Ultimately, in
the first column, the resultant
first result will be left and in the
second column the resultant
second result will be left. These
will be the required Rsine and
Rversine (=R-Rcosine)”

First result x

Third result
x3

2·3R2

Fifth result x5

5!R4

. . .

Second result
x2

2R

Fourth result
x4

2·3·4R3

6-th result x6

6!R5

. . .



Yuktibhasa of Jyes.t.hadeva, meaning of the quoted text

We get
R sin x

R = x − ( x3

2·3R2 − ( x5

2·3·4·5R4 − (. . .))))

R − R cos x
R = x2

2R − ( x4

2·3·4R3 − (( x6

2·3·4·5·6R5 − (. . .))))



Yuktibhasa of Jyes.t.hadeva , Part of Malayalam text for
series for sine and cosine (K.V. Sarma p. 454)



Yuktibhasa of Jyes.t.hadeva , Part of Malayalam text for
series for sine and cosine (K.V. Sarma p. 454)



Thanks for your attention: it was great to work with you,
and we hope to see you again!

See the webpage
www.jphogendijk.nl/mampad.html
for all presentations and handouts.


