The Taylor formula for the sine was discovered in
India

Cultural explanation on the history of Taylor series.
Written in 1996, taught until 2018 to first-year mathematics
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Taylor formula for modern sine

Taylor formula for the modern sine (with x in radians):
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The Sine was invented in ancient India

Indian Sine (in red) is length of
the line segment in a circle
with circumference 360 x 60
arc minutes and with fixed
radius R, for Madhava

R= % ~ 3438 minutes.

You can show that Madhava's
Sine of x arc minutes is

Rsin % (where % is the arc in
radians)



Modern Taylor formula for Madhava's Sine

3 5} 7
= a— (2-)3<5’2 __(2-3-2-5R4 — (53756788 — (--))))
[expressed in minutes]



School of Madhava (Kerala, ca. 1400). Compute the sine
of a given number of minutes of arc

The student has to recite and memorize Sanskrit verses:

nihatya capavargena capam tattatphalani ca

haret samiilayugvargais trijyavargahataih kramat
capam phalani cadho 'dho nyasyopary upari tyayet
Jivante sangraho 'syaiva vidvan ityadina krtah



School of Madhava (Kerala, ca. 1400). Compute the sine
of a given number of minutes of arc

The student has to recite and memorize Sanskrit verses:

nihatya capavargena capam tattatphalani ca

haret samiilayugvargais trijyavargahataih kramat
capam phalani cadho 'dho nyasyopary upari tyayet
Jivante sangraho 'syaiva vidvan ityadina krtah

Having multiplied the arc and the results of each (multiplication)
by the square of the arc, one ought to divide by the squares of the
even (numbers) together with the (square) roots, multiplied by the
square of the Radius, in order. Having put down the arc and the
results, one below the other, one ought to subtract going upwards.
At the end is the Sine. A summary is made by (the verse)
beginning “vidvan"



School of Madhava (Kerala, ca. 1400). Compute the sine
of a given number of minutes of arc

Having multiplied the arc and the results of each (multiplication)
by the square of the arc, one ought to divide by the squares of the
even (numbers) together with the (square) roots, multiplied by the
square of the Radius, in order. Having put down the arc and the
results, one below the other, one ought to subtract going upwards.”
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this means: x — (x - m —(x- (22j2)R2 . (42j4)R2—
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School of Madhava (Kerala, ca. 1400). Compute the sine
of a given number of minutes of arc

vidvams tunnabalah kavisanicayah sarvarthasilasthiro
nirviddhanganarendrarun nigaditesv esu kramat pancasu
adhastyad gunitad abhistadhanusah krtya vihrtyantimasy-

aptam soddhyam upary upary atha ghanenaivam dhanusy antatah
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“The wise ruler whose army has been struck down gathers the best
of advisers and remains firm in his conduct in all matters, then he
shatters the king whose army has not been destroyed.



School of Madhava (Kerala, ca. 1400). Compute the sine
of a given number of minutes of arc

vidvams tunnabalah kavisanicayah sarvarthasilasthiro
nirviddhanganarendrarun nigaditesv esu kramat pancasu
adhastyad gunitad abhistadhanusah krtya vihrtyantimasy-

aptam soddhyam upary upary atha ghanenaivam dhanusy antatah

“The wise ruler whose army has been struck down gathers the best
of advisers and remains firm in his conduct in all matters, then he
shatters the king whose army has not been destroyed.

When these five (numbers) have been spoken in order, (starting)
from the one which is at the bottom multiplied by the square of
the given arc, ehwn one has divided (by the square of the arc of 90
degrees), the quotient (of each) is to be subtracted, proceeding
upwards, (but the quotient) of the last (is multiplied and divided)
by the cube, (the quotient is to be subtracted) from the end of the

”

arc.



What does this mean?

vidvams tunnabalah kavisanicayah sarvarthasilasthiro
nirviddhanganarendrarun

“The wise ruler whose army has been struck down gathers the best
of advisers and remains firm in his conduct in all matters, then he
shatters the king whose army has not been destroyed.

These are five (encoded) numbers (katapayadi system)

wW=44 tnbl=6033 kvéncy=145061 sv(th)dl(th)r= 7475372

nv(dh)gnrrr=04930222.
44

They mean p= — —§+E r_16+0£+i1
y P=602" 97 60 " 602" " T 60 ' 602’
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60 602’ 60 602



The five numbers

44 3,06 0005 41
P=602 9 60 T6020 "~ 60 " 602
57 47 39 40
—o3 4+ 2 A o 22
° 60 T 602 * 60 T 602

are rounded values of

5400 7 ™0 5400(7r) o 5400(7r)
T ) 9T T\ T T g

_ 5400 m _ 5400 m



The five numbers: wolframalpha.com

5400 (712 = 2220.660990. .. = 2220 + 33 + 39, 4 34 .
S100(2)4 = 273.963069 ... = 273 + 2L + A + 5 ..
5990 (716 = 16.094685... = 16 + & + 5o05 + oF ...
300(2)8 = 0.551556... = 3 + 225 + 25 . ..

5400 (w10 _ __ 44 32

400(2y12 _ g, =2



What should the student do, after these five numbers have
been introduced?

When these five (numbers) have been spoken in order, (starting)
from the one which is at the bottom multiplied by the square of
the given arc, when one has divided (by the square of the arc of 90
degrees, i.e. the square of 5400), the quotient (of each) is to be
subtracted, proceeding upwards, (but the quotient) of the last (is
multiplied and divided) by the cube, (the quotient is to be
subtracted) from the end of the arc.”

the student has to compute:

X

x~(5300)" {1t (5205) 15— (5a00) {r— (53000 {9 (55g9) " PHH-

5400 5400 5400 5400



A worked example

We use sin(30°) = 5 as worked example

30° is 1800 mmutes so o = 1800. Madhava’s Sine of 1800 minutes
is exactly R/2, with R = (360 - 60)/27 ~ 3437.746771 so

R/2 ~ 1718.87339 is the value that we should approximately find.

First approximation: o = 1800.

Second approximation

0~ (i)t

=1800 — (3)3- (2220 + 2 + 2) = 1717.7532922.. ..

Third approximation

(5400) {t (5400) 359} = . ;
1800 (1) ((2220 +8+2) - GPB+E+ ) =
1718. 8807122



Madhava's method is correct!

% X3 X5 X7 X9 Xll
Rsin g =a =31 T 5177 ~ 71R6 T o1R8 ~ TLIRD
x — (g255 )3 {t — (5255 )% {s — (&255){r — (5555)%{a — (5555)°P} 111}
where
R= 330 =50, t=3(3) s=23)" r=
202, 9=27%3)%, p=AR(5)"

(Madhava's numbers)



How did Madhava know - could he explain his reasons?

Yes! See the handout on the webpage of the calculus course on the
internet.

(see now www.jphogendijk.nl/mampad.html for English
translation)



We now have Yuktibhasa of Jyesthadeva (ca. 1530) in
Malayalam

Published: Ganita-Yukti-Bhasa:
Rationales in Mathematical
Astronomy,

Springer 2008,

by K.V. Sarma with
commentaries by other scholars
vol. 1 Mathematics,

vol. 2 Astronomy,

more than 1000 pp.




Yuktibhasa of Jyesthadeva (ca. 1530) is easier accessible

(K.V. Sarma p. 102)

“the following is the procedure to be adopted.
The required arc is the first result. When this
is squared, halved and divided by the radius,
the second result is got. Keep this second
result separately. Now multiply the second
result also by the arc and divide by 3 and also
by radius. Place the result got below the first
result. Then multiply this also by the arc and
divide by four and the radius. Keep the result
below the second result. In this manner, derive
successive results by multiplying the previous
result by the arc, and dividing by corresponding
successive numbers 1, 2, 3 etc. and by radius.”

First result x

2
X
Second result 55

Third result 23R2

Fourth result 5= 4R3

Xn
n-th result WRA—T



Yuktibhasa of Jyesthadeva (ca. 1530) is easier accessible

(K.V. Sarma p. 102)

“Now, place below the first result
the odd results, viz., the third,
the fifth etc., and place below
the second result the even
results, viz., the fourth, sixth etc.
Then subtract successively the
bottom result from the one
above it, the remainder from the
one still above it. Ultimately, in
the first column, the resultant
first result will be left and in the
second column the resultant
second result will be left. These
will be the required Rsine and
Rversine (=R-Rcosine)”

First result x

Third result
X3
2.3R2

. 5
Fifth result ﬁ

Second result
X2

R

N

Fourth result
Xt
2.3.4R3

6-th result 6?%



Yuktibhasa of Jyesthadeva, meaning of the quoted text

We get , ;
R sin % =X—= (2-§R2 - (2.3.2.5/?4 - ( : ))))

X X2 x* X6
R—Rcosg = 3z — (533 — ((z3756m5 — (--))))




Yuktibhasa of Jyesthadeva , Part of Malayalam text for
series for sine and cosine (K.V. Sarma p. 454)

426 VII. spmome

5. V. alOl®&JI0U8 DLIOD TV)HD £JINROIMDMo

MEBOM aDLIGBABLI00 WIVECWIOOMIH:AN MBI CHH MR
af)M1alsen) e s om) 21001 W O] B 0 9630 96 WO @D
oMU B00a0LIEBHSEI0 UM @UALLITHIB:M o0 2eMowalen)o.
a1 2loom 210 ALY &IBaNLlo MESHAD M ESE OB
TV HI0aNLIOTIEIN) SHBEWEMo, af)Imocilaso calene)” mails)pom
(H1WO(HBo. WatiSaldalo MESHOM EOWIWI)M®. @lOm AIdla]
@AW 2] (IRYOHME) a0Gl2®) 06MBO0 AOUWIWOBIIN®@. OEN2O0
0OWlO® CAUPO BAISOM) HAa)]. alloam DGICM®)o 2I10aloABI6NS)
memla] @yanleno (@IRIOHIMBJo a0dla)). @D aDLIOOD
(loaneIomO® &10¢ ouda]. allom D@IEM®)o 210aloOB06MS)



Yuktibhasa of Jyesthadeva , Part of Malayalam text for
series for sine and cosine (K.V. Sarma p. 454)

(HDI(BBo. @atiSaldnlo MESOOD OIWIWISHYMD. LAIOM Ada]
@RAAV1a] (WIRIOHEME) anBlaj®) N0 EIUWWIWIBIIN@). NS0
00uWlo® GO BEISTm) eAlaf). oo M@IEMW)o 2l0nloHHIME)
memls] oyamlenoe (@®IRYOMOMEJ0 a00le)}. @D aDLIOCD™
(UD@a0eITDOR 5109 HAUTq]. allomm M@IEM®)o 210alon®:06Ms)
nyemla] moeileno (@IWIGMITE)0 a0@la). anelo slolwaneiomleg
109 H0la)). MEBOM @RO®] ADLICHIEHAD) 2100 loH@IENE) 1I)eMla]
i30madavoe:»oemsle BN oiE ®)saBleaglcd aleom aleom
ADQOENIMBJo aNG12j008" BlOED B1OOD aDLIEBG)MBIBG)0. Mafles
@)NOAT) GRERIOAD) ag)aN) )SEEIWIBS BORANLIGBBU (nINAOOUTIW)HS
UBOMIVI@B 3109 5109 eala)). MILDT ERHOIRT ®)SEEIW)BH
@Ua0eiEises 3le1woowlwes alBe@lolcd 1o 1o salap. alloan
agg@lene levo @es)Om) 2leoOCIT G8W). Wlaiso GRS)Om)
2163, MEBOM §0) alBeMIVITB (A IOBE0UT] GUaHIB)0. BEQ
Bl Blo1weour] Guoatlen)o. @A AHSERLOUDEBRUD.



Thanks for your attention: it was great to work with you,
and we hope to see you again!

See the webpage
www.jphogendijk.nl/mampad.html
for all presentations and handouts.




