THE TENTH-CENTURY GEOMETER ABU ‘ABDALLAH AL-SHANNI
ON THE AREA RULE FOR A CYCLIC QUADRILATERAL

IN TERMS OF ITS SIDES

JAN P. HOGENDIJK*

1. Introduction

A cyclic quadrilateral is a quadrilateral whose four angular points
lie on a circle, as ABG D in Figure 1. The area of a cyclic quadrilateral
is in modern notation /(s —a)(s — b)(s — ¢)(s — d), where a,b, ¢, d
are the four sides and s = $(a + b+ ¢ + d) is half the perimeter.
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Figure 1

The area rule was unknown in ancient Greek geometry, and it first
appeared in India in the seventh century AD. The rule was proved by
Abu ‘Abdallah al-Shannt in the late tenth century AD in a treatise
which is now lost. Al-Shanni’s proof, which is one of the highlights
of the Arabic-Islamic geometric tradition, has reached us through the
Extraction of Chords by al-Birani (973-1048 AD). This work is avail-
able in two different versions. The purpose of this paper is to pub-
lish edited Arabic texts with English translations of al-Shanni’s proof
in the two versions. We have included the two versions of a related
proof by al-Shanni which was also cited by al-Birani, showing that the
area of a triangle with sides a,b,cis \/s(s — a)(s — b)(s — ¢) where

=La+b+o).
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2. The historic context

Cyclic quadrilaterals occur in ancient Greek mathematics in Eu-
clid’s Elements 111:22 [8, vol. 2, p. 51] and in Ptolemy’s Almagest 1:10
[19, p. 30], where they are used to prove trigonometric rules. The area
rule for the cyclic quadrilateral was stated in the Brahmasputasiddhanta
of Brahmagupta (628 AD) in Sanskrit verses without proof.! A proof
of the area rule is found in a sixteenth-century work in Malayalam by
Jyesthadeva (ca. 1530 AD) [25, vol. 1, pp. 109-133, 239-255]. The rule
was transmitted from India to the Islamic world before the tenth cen-
tury. The proof by Abu ‘Abdallah al-Shanni has been preserved in the
work by Abu Rayhan al-Birtini (973 - 1048 AD) entitled “Extraction of
Chords in a Circle by the Properties of the Broken Line Inscribed in it”
(istikhraj al-awtar fi'l-d@ira bi-khawass al-khatt al-munhani al-wagqi*
[ftha) [26, p. 381 no. 3]. We will abbreviate this title to Extraction of
Chords. The work exists in two substantially different versions, which
we will call the Patna version and the Leiden version. A German trans-
lation of the Leiden version appeared in 1911 in [30], and the Arabic
version of the Patna version was printed in 1948 in the unreliable edi-
tion [2]. Al-Shanni’s proof has recently been analyzed in modern nota-
tion by Eisso Atzema in an excellent historical survey [1] of proofs of
the area rule for the cyclic quadrilateral.

Cyclic quadrilaterals were studied in Western Europe from the fif-
teenth century onwards. The area rule was first stated in Europe without
proof by the Dutch mathematician Willibrord Snel in 1615 [5, p. 189-
190]. Atzema discovered the earliest Western proof in a work printed in
1706 by the Dutch mathematician Abraham de Graaf [1, p. 28]. Most
proofs in the Western tradition involve long algebraic computations in
terms of the sides a, b, ¢, d, and the preliminary determination of the
length of one of the diagonals. The famous mathematician Leonhard
Euler (1707-1783) wrote about the difficulty of finding a strictly geo-
metric proof of the area rule.> Thus al-ShannT’s straightforward geo-
metric proof of the area rule for a cyclic quadrilateral may also interest
a maodern student of elementary geometry.

Immediately before the proof for the cyclic quadrilateral, al-Birant
presents a related proof of the area rule for the triangle, often called

'See [15] for references and the possibility that Brahmagupta proved the rule.
%See for the quotation [1, p. 31].
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Heron’s rule, after Heron of Alexandria (ca. 70 AD).> Al-BirainT at-
tributes the rule to Archimedes (ca. 200 BC) and the proof is attributed
to al-ShannT in the Leiden version. The two versions of this proof are
also published in this paper, and I will argue below that the attribution
of the proof to al-Shanni is plausible. Heron’s area rule for the triangle
is not found in the extant Greek and Arabic works by Archimedes, and
therefore al-Shannt and al-Birtini must have had access to an Arabic
translation of a work by Archimedes which is now lost.

Nothing is known about the life of Abu ‘Abdallah Muhammad ibn
Ahmad al-Shanni, and only three of his works are extant. The longest
of these is the Book of the Disclosure of the Fallacy of Abu’l-Jid in the
Mauer of the Two Lemmas for His Alleged Construction of the Hep-
tagon.* The work deals with constructions of the regular heptagon
discovered around 970 AD, and thus al-Shanni must have been active
around that time. Thus he was at least one generation older than al-
Birtini,” who was born in 973 AD. Al-ShannT also authored two brief
texts on the rule for the area of a triangle in terms of its sides. His Book
on the Measurement of Every Triangle with Different Sides by Means
of its Sides (kitab misahat kull muthallath mukhialif al-adla‘ min ji-
hat adla‘ihi) has been summarized in [11]. It includes a proof of the
triangle rule which is different from al-Shanni’s proof in the present
paper although there are some similarities in method.® The other text is
the Book on the Measurement of Every Triangle by Means of its Sides
(kitab misahat kull muthallath min jihat adlaihi). In this unpublished
text, al-Shanni proves the area rule by first determining the length of
the altitude in a triangle in terms of the sides.” These two extant works
of al-ShannT do not contain the proofs which are attributed to him in
the Extraction of Chords.

The present paper continues with a brief analysis of al-Shanni’s ge-
ometric proofs of the two area rules. Then the two different versions of
the Extraction of Chords and their publication history will be discussed,

*For an English translation of Heron's proof see [12, pp. 499-500].

See [21. p. 832-863], [22. p. 671-688] and [10, p. 287-288].

SOn the life and work of Aba Rayhan al-Birtini see [13].

®In this text he proves ((a + ¢)* — b?) : 4[ABG] : 4{ABG] : (b* — (a — ¢)?)
for a triangle ABG with sides a, b and ¢ and area [ABG], using mean proportionals in
much the same way as in his proofs in the present paper.

"I have consulted the manuscript Cairo, Dar al-Kutub, Mustafa Fadil Riyada 41m,
ff. 148b-150a and ff. 152b-153b, see [16, p. 46].
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as well as the Arabic manuscripts and the editorial procedures that have
been used. The paper concludes with literal English translations of the
two proofs in the two versions and edited Arabic texts.

3. Summary of the geometric proofs

We begin with some general information on al-Biruni’s Extraction
of Chords. This work is about properties of a “broken line” (khatt
munhani) ABG, that is, a combination of two chords AB, BG of a cir-
cular arc which meet at one point B on the arc (Figure 2). Al-Birtini’s
“first property” and “fourth property” of a broken line will concern us
here.

GLHY——- B ,%;-A

Figure 2

Here is the first property (Figure 3). Suppose that AB > BG and let D
be the midpoint of arc AG. Drop a perpendicular DE onto AB. The
first property says that this perpendicular bisects the broken line, that is
tosay AE = EB + BG. ®

In both versions of the Extraction of Chords, the Patna version and
the Leiden version, al-Birini gives more than twenty proofs of the first
property, citing at least eight mathematicians, including Archimedes
[2, pp. 4-24], [30, pp. 12-26]. We now present the proof by the Ira-
nian geometer Abu’l-Hasan Adharkhuri [26, p. 342], whom al-Birani
knew personally and who provided him with information on Persian
chronology. This is the first proof in the Patna version [2, p. 6-7] and
the fifteenth proof in the Leiden version [30, p. 20]. (Figure 3) Drop
the perpendicular DP to the rectilinear extension of GB, and draw
DA, DB, DG.

$We use the notation AB also for the length of the segment AB; thus AB=BA.
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Figure 3

We first show that there are two pairs of congruent triangles: AE D,
GPD and DBE, DBP. In triangles AED, GPD, angles E and P
are right angles, and the hypotenuses AD and G D are equal because D
is the midpoint of arc AG. Angles EAD and PG D are equal because
they stand on the same arc BD of the circle, by Euclid’s Elements
II:21 [8, vol. 2 p. 49]. Thus the triangles AED, GPD are congruent,
hence DE = DP. Since DB = DB and angles E and P are right
angles, the triangles DBE, DBP are congruent as well. By means
of the congruent triangles we conclude AE = PG = PB + BG =
= EB + BG.

In order to introduce the “fourth property” of the broken line,’ we
call @ the intersection of DG and AB in Figure 3.

The fourth property says that the difference between the areas of
triangles ADG and ABG is equal to the area of the rectangle contained
by EB and ED, that is the product of the lengths of EB and ED,
which we will write as EB - ED from now on.

The fourth property can be proved in a simple way by extending the
proof of Abu’l-Hasan Adharkhura:'® The area of triangle ADG is the
sum of the areas of the three triangles ADFE, EDQ and AQG. The
areas of ADFE and G DP are equal because the triangles are congruent.
Thus the area of triangle ADG is the sum of the area of triangle ABG
plus the area of kite EBPD. The kite consists of the two congruent
triangles DBE and DBP with right angles at £ and P. The area of
each triangle is half the product of the base EB times the altitude ED,
and therefore the total area of the kite is £B - ED. Thus the fourth
property is proved.

“The fourth property is discussed in the Patna version with several proofs [2, p. 45-
49]: in the Leiden version it is mentioned only implicitly in the “third proof by Abu
‘Abdallah al-Shanni™ of the first property [30, p. 20].

1%The following proof is not found in the Extraction of Chords.
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We now turn to al-Shanni’s proof that the area of a triangle is in
modern notation +/s(s —a)(s — b)(s — ¢), where a, b, ¢ are the three
sides and s = %(a + b + ¢) is half the perimeter. In Figure 3, drop
perpendicular DZ onto AG. Then Z is the midpoint of AG, therefore
the area of triangle ADG is equal to the rectangle ZA - ZD. By the
fourth property of the broken line, the area of triangle ABG is the dif-
ference between the areas of the two rectangles ZA-ZD and EB-ED.
Because the angles DBA and DAG stand on equal arcs AD and G D,
(DBE = [DAZ,thus ZD : ZA = ED : EB, and the two rectan-
gles are similar. In the vein of Greek and Islamic geometry, we now
express the difference between the areas of the two similar rectangles
as the area of a third rectangle similar to the other two, as VWX in
Figure 4. Then rectangle VWX has the same area as triangle ABG.
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Figure 4

The sides of the third rectangle can be easily found, as suggested
by Figure 4: by multiplying the vertical sides of the rectangles by a
suitable factor (Z A/Z D), the three rectangles become squares and the
equality between the areas is maintained, thus Z A% = EB? + WV?2,
By a similar argument for the horizontal sides ZD? = ED? + W X2,

In Figure 3 put AB = ¢, BG = a,GA = band s = %(a +b+c)
half the perimeter; by assumption AB > BG, thus ¢ > a.

Then ZA = %b and by the first theorem on broken lines,

AE = %(c +a), hence EB = ¢ — %(c +a) = %(c —a).
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Thus WV2 = ZA2—EB? = (%b)2 —(%(c—a))2 = (s—a)(s—c).
By the theorem of Pythagoras, AD®> = ED? + EA®> = ZD? + Z A2,
Therefore WX? = ZD?> — ED?> = EA? - ZA% =
= (%(c + a))? - (%b)"7 = 8(s — b). Thus the area of triangle ABG
is equal to the area of a rectangle with sides /(s —a)(s —¢) and
Vs(s —b), thatis \/s(s —a)(s — b)(s — ¢).

Al-Shanni’s proof is a bit more complicated in the technical details.
No modern notation is used, and auxiliary points H on AF and K
on AZ are defined in Figure 7 below, in order to create line segments
EH = s—b,GK = s—a, AK = s—c. In order to subdivide the area of
the square of AD, the text also defines an auxiliary point 7" on AD such
that AT = AZ. Secondly, four-dimensional magnitudes are not used in
Euclid’s Elements, and this is why Al-Shanni (according to al-Birtini)
avoids multiplication of four line segments until the very end. Instead,
he expresses the area of triangle ABG (in my notation: [ABG]) as
the mean proportional of the rectangles s(s — b) and (s — a)(s — ¢) as
s(s —b) : [ABG] = [ABG] : (s — a)(s — ¢), in a way acceptable in
Greek geometry. To obtain the triangle area as a mean proportional, the
text concludes from ZD : ZA = ED : EB that
ZD:ZA=2D*.:ZD-ZA=ZD-ZA:ZA>=ED:EB=
= ED? . ED-EB = ED - EB : EB? and hence by repeated use of
a theorem'! on proportions:

ZD:ZA=(ZD?*-ED?) :(ZD-ZA—-ED-EB) =
=(ZD-ZA— ED - EB) : (ZA?> — EB?). where the area of triangle
ABGis (ZD - ZA — ED - EB) by the fourth property.

The proof in the Leiden version is similar to that in the Patna version
but the explanations in the Leiden version are sometimes unclear, as
will be outlined in the footnotes to the English translation of the Leiden
version. At the end, the Leiden version explains the easy case of the
area of the isosceles triangle, as triangle ADG in Figure 3.

The Leiden version attributes the proof to Abu “Abdallah al-Shannf,
but the Patna version does not contain such an attribution. Neverthe-
less, I think that the attribution to al-Shannf is plausible, for the follow-
ing reasons.First, the tenth-century geometer Abu’l-Wafa’ al-Buzjant
wrote a small treatise on the triangle rule by Archimedes with a proof

"The theorem is to the effect that if p, g, and s are four magnitudes of the same
kind in suchaway thatp > randp:g=r:s.thenp:g=(p—1): (g —s).
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which al-Buzjani introduced by “Archimedes said.” Inspection of the
manuscript shows '? that the Archimedean proof uses the inscribed cir-
cle of the triangle and the radius and centre of one of the excircles,
and thus it is different from the proof in the Extraction of Chords. The
Archimedean proof cannot be transferred to the cyclic quadrilateral, but
the proof of the triangle rule in the Extraction of Chords can be gener-
alized to the proof for a cyclic quadrilateral, which proof is attributed
to al-Shanni in both versions. Secondly, al-Shanni was interested in
the triangle rule as we can see from his extant works, which have been
mentioned above. Al-ShannT knew the “fourth property™ of the broken
line which plays a crucial role in the proof of the triangle rule in the Ex-
traction of Chords."® Finally, al-Shanni’s proof uses angles and similar
triangles as in Euclid’s Elements and thus it is different from geomet-
ric proofs of the rule which might have been developed in the Indian
tradition.'*

According to al-BirtnT in the Patna version, Al-ShannT’s proof of
the area rule for the cyclic quadrilateral was inspired by the previous
proof for the triangle. I now summarize the proof in the Patna version.

Figure 5

>The treatise is in the manuscript Oxford, Bodleian Library, Thurston 3, f. 55b-56a,
[26, p. 135 no. 8]. The proof by Archimedes is similar to the proof in proposition 7 of
the Book on the Measurement of the Plane and Spherical Figures by the Banu Musa
(ca. 860), see [6, pp. 278-289] and [29, pp. 264-265].

BOne of the proofs of the fourth property in the Extraction of Chords is by al-
Shanni; see [2, pp. 47-48]. This proof resembles proof q in [30, p. 20] which is also by
al-Shanni and which involves the fourth property without mentioning it by name.

See [15, p. 30] for characteristics of Indian geometric proofs.
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Figure 5 shows a cyclic quadrilateral ABGT. Again we write the
area of a figure using square brackets, thus: [ABGT] is the area of
quadrilateral ABGT'. Al-Shanni assumes AB > BG and AT > TG.
Points D and K are midpoints of arcs ABG and AT'G. He draws DK,
which is a diameter of the circle. It is easy to show that DK intersects
AG perpendicularly, call Z the point of intersection. Al-Shannt drops
perpendiculars DE and K H onto sides AB and AT

Now ABG is a broken line and D is the midpoint of arc ABG, thus
[ADG|—[ABG| = EB-ED. Similarly AT'G is a broken line and K is
the midpoint of arc AT'G and therefore [AKG] —[ATG| = HT - HK.
Adding the two equalities we obtain
[ADGK] - [ABGT|=EB -ED+ HT - HK.

According to the previous proof, triangle BE D is similar to triangle
AZD, and also triangle K HT is similar to triangle X' ZA. Al-Shanni
realized that the two triangles AZD and K Z A are similar to the big
triangle K AD. Thus the three triangles BED, KAD and KHT are
similar. Therefore the following three rectangles are similar: (1) the
rectangle contained by AK and AD; (2) the rectangle contained by
EB and ED; (3) the rectangle contained by HK and HT'. See Figure
6.15 The rectangle AK - AD is the area of the kite ADGK.
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Figure 6

We express the difference AK - AD — EB-ED — HK - HT as the
area of a fourth rectangle W'V - WX similar to these three rectangles,
as in Figure 6. By the same arguments as above,

In Figure S LDBE = LAKD, LHTK = LADK and EB : ED =
=AK : AD = HK : HT.
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AK?=EB?+ HK? + WV?,and AD? = ED?> + HT? + WX?
and the required area [ABGT] is the area of the rectangle WV - WX.

Returning to Figure 5, by the theorem of Pythagoras
AK? = AH? + HK? and AD®> = ED? + AE?, and thus we can
simplify to AH? = EB?> + WV?and AE? = HT? + W X?. Putting
¢c=AB,a = BG,b=GT,d =TAand s = %(a+b+c+d), we
have by assumption ¢ > a and d > b, and

AE = Y(c+a), EB = }(c — a), and similarly

AH = 1(d+b), HT = 1(d — b), whence

WV? = AH?-EB? = (3(d+b))®>—(3(c—a))? = (s—a)(s—¢),

WX? = AE*—HT? = (1(c+0))* - (1(d—b))? = (s—-b)(s—d),
and finally [ABGD] = WV -WX = /(s —a)(s — b)(s — ¢)(s — d).

As above, al-Shannt avoids four-dimensional magnitudes until the
very end. He uses a theorem on proportions as above to obtain
(s —b)(s —d) : [ABGT] = [ABGT] : (s — a)(s — ¢). He does not
use modern notation and he introduces auxiliary points L on AE and
M on AT such that HM = EB and FL = TH in order to get line
segments with lengths AM = s —cand AL = s —d.

According to al-Birani. al-Shanni assumed ¢ > a and d > b. Other
cases such as ¢ > a and d < b can be dealt with in similar ways.

The proof in the Leiden version is similar to that in the Patna ver-
sion but the exposition in the Leiden version is less clear, although
Suter was able to reconstruct the correct argument in his translation
and notes [30, pp. 40-42, 70]. The codex Or. 513, which contains
the proof, was bought in Istanbul by the German-born orientalist Lev-
inus Warner (1618-1665), bequeated by him to Leiden University, and
shipped to the Netherlands before 1674. The Extraction of Chords is
mentioned in the 1674 catalogue [28, p. 374] as “Birounii Sylloge de
Subtensis, cum demonstrationibus Archimedis et aliorum™ (al-Biruni’s
Discussion of Chords, with proofs by Archimedes and others). Thus
the manuscript was in the Netherlands before Abraham de Graaf pub-
lished the first Western proof of the area rule for a cyclic quadrilateral
in 1706. We have not found evidence that Abraham de Graaf or anyone
else in Western Europe was aware of Al-Shanni’s proof before Suter
started to work on the Leiden manuscript in the early twentieth century.
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4. The two versions of the Extraction of Chords by al-Birani

Al-ShannT’s proofs of the area rules for the triangle and cyclic quadri-
lateral constitute two chapters among the more than sixty chapters in
al-Birani’s Extraction of Chords. Al-Biruni begins the work with more
than twenty chapters on properties of the “broken line” (see above, Fig-
ure 2) and several proofs of each of these properties by different math-
ematicians, whose names are mentioned. Then he presents around fif-
teen chapters on various applications of these properties, including al-
Shanni’s proofs of the area rules for the triangle and the cyclic quadri-
lateral. The work ends with chapters on the application of the properties
of the broken lines to the computation of chords in the circle, which are
crucial to trigonometry.

The Extraction of Chords is available in four Arabic manuscripts
which will be indicated by the symbols P, L, M and C.

P = Patna, India, Khuda Bakhs Public Oriental Library no. 2468
(more recent numbering 2519), ff. 282a-298b + 326 a, see [18, p. 92].
The text is complete; the intermediate leaves 299a-325b contain parts
of other texts, unrelated to the Extraction of Chords. Manuscript P is
dated on f. 326a, where the anonymous scribe writes “I finished writing
it in Mosul at the end of Dhu’l-Qa‘da of the year 631 of the Hijra”
(August 1234 AD).The end of the text also contains in red the marginal
note “Abu’l-Rayhan, may God have mercy on him, finished writing it
in Rajab of the year 418" (August 7 - Sept. 8, 1027 AD). The text in
the manuscript is written in black (or dark brown) ink, and the titles of
the chapters are in red ink. The geometrical figures are in black ink, the
letters labelling the points are in red ink.

L = Leiden, University Library, Or. 513, ff.108b-129a, see [33,
pp. 225-226). The manuscript is undated but owner’s marks show that
it was written before 982 A.H / 1575 CE. The manuscript is written in
black ink with titles of the chapters in red. The lines in the geometrical
figures are drawn in red ink, letters labelling the points are in black ink.

M = [stanbul, Siileymaniye Library, Murat Molla 1396, ff. 52b-72b,
see [17, p. 480]. The manuscript is undated. Manuscript M is closely
related to manuscript L because in the two propositions that have been
edited in this paper, L. and M have in common two redundant passages
resulting from scribal error, as well as many common mathematical
errors. Manuscript M was available in a black and white copy.
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C= Cairo, Dar al-Kutub, Mustafa Fadil Riyada 41m, ff. 74b-82a,
see [16, pp. 48, 112], written in the eighteenth century by the Egyptian
mathematician Mustafa Sidqi. Manuscript C contains only a small part
of the Extraction of Chords, which does not include al-Shanni’s proofs
of the area rules for the triangle and the cyclic quadrilateral. Thus it has
not been used in the edition.

Inspection shows that the four manuscripts contain two essentially
different versions of the Extraction of Chords. One version is only
extant in P and will be called the Patna version. The second version is
extant in L, M and C; it will be called the Leiden version because L is
superior in quality to M, and C contains only part of the text.

It is not the purpose of this article to investigate the exact relation-
ship between the Patna and the Leiden versions. Some of the differ-
ences will be listed here. For the Patna version we refer to the unreli-
able Hyderabad edition [2], and for the Leiden version to the German
translation of the Leiden manuscript by Suter [30].

1. There are many structural and editorial differences between the
two versions. For the first property of the broken line (Figure 3 above),
the Patna and Leiden versions present the proofs in different order.
In the Patna version, the proofs are grouped and analyzed according
to structure of the argument; structurally different proofs by the same
mathematician may occur in different chapters. In the Leiden version,
most of the proofs are grouped according to the name of the mathe-
matician, and therefore proofs with similar structure and the same geo-
metrical figure may be repeated in different places. The Patna version
discusses four different properties of the broken line, all provided with
proofs. The Leiden version discusses only two properties, which corre-
spond to the first two properties of the broken line in the Patna version.
In the Leiden version, the third and fourth properties are not mentioned
explicitly although they implicitly occur in some of the proofs of the
first property. In a few geometrical figures, points are labelled in dif-
ferent ways in the two versions, as in Figures 8 and 10 below. The
preface to the Patna version is more elaborate, and the references to
Muhammad ibn Zakariyya’ al-Razi (865-925 CE) in the Patna version
[2, p. 3 lines 5, 10] are missing in the Leiden version [30, p. 11-12].

2. Two large parts of the Patna version are missing in the Leiden ver-
sion. The first of these parts includes the proofs of the first property of
the broken line by the tenth-century geometers Sulayman ibn ‘Ismat al-
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Samarqandi, Abu’l-Hasan ibn Bamshadh, Abu’l-Hasan al-Samarqandt
and Aba Ja‘ar al-Khazin [2, p. 36-45 line 3]. The second missing part
in the Leiden version consists of the two chapters at the end of the Patna
version on the computation of the chord of one degree and the trisection
of the angle, including geometrical figures [2, p. 107 line 1 - p. 108 line
14, followed by p. 224 line 2 - p. 226 line 4]. The Leiden version has
only one sentence on the subject [30, pp. 63-64]. The Leiden version
may ultimately be based on a manuscript of the Exiraction of Chords
from which some leaves were missing.

3. In the Leiden version, two proofs are attributed to Abu “‘Abdallah
al-Shanni where no such attribution is made in the Patna version. The
first case concerns the proof of the triangle rule by Archimedes which
is published in this paper. Above it has been argued that the attribu-
tion to al-Shanni is plausible. The second case concerns a geometrical
construction of two line segments beginning at two given points A and
B and meeting at a point G in such a way that ZAGB is given and
the product AG - BG is given, compare [30, p. 35] where al-Shannf is
mentioned, with [2, p. 53] where no attribution is made.

In the two proofs which are published in this paper, the following
differences between the Patna and Leiden versions can be noticed:

4. The Patna version is concise and clear, while the Leiden version
is more elaborate and sometimes confused. For details see the footnotes
to the translation of the Leiden version.

5. At the end of the proof of the area rule for the triangle, the Leiden
version discusses the case where the triangle is isosceles. This case is
not mentioned in the Patna version.

The two versions of the Extraction of Chords were compared by
Saidan [24, p. 771] and by Bulgakov and Rosenfeld [4, p. 9]. Saidan
calls the Leiden version a “much abbreviated copy” of the original,
which is the Patna version in his opinion. Bulgakov and Rosenfeld
add that the Leiden version may have been revised by an anonymous
editor, but since the Patna manuscript is imperfect, the Leiden version is
necessary for the reconstruction of al-Biriini’s original.!® The precise

'The Iranian historian of mathematics A.Q. Qurbani argued in [20] that the Leiden
version is a different work by Biruni entitled “Collection of current ways for the deter-
mination of chords in the circle” (Jam® al-turuqg al-s@’ira fi ma‘rifat awtar al-d@’ira).
On the last page f. 326a of the Patna manuscript, al-Birani says that the Jam* al-turug
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relationship between the two versions can only be established in the
context of a critical edition of the entire Extraction of Chords and a
comparison with relevant other works of al-Birtni.

The Extraction of Chords has a complicated publication history. The
first publication of the work in a Western language was Suter’s German
translation [30] on the basis of the Leiden manuscript only. The Arabic
text in the Patna manuscript was first published in 1948 in the Hyder-
abad edition [2], which is problematic for two reasons. The editors did
not check the mathematical meaning of the text, and therefore they did
not catch the scribal errors in the imperfect Patna manuscript. Secondly,
the editors believed that the whole manuscript text from 282a through
326a belonged to the Extraction of Chords. In 1960 A.S. Saidan dis-
covered that the text in the Hyderabad edition on [2, p. 108 line 14]
continues on [2, p. 224 line 2] and that the more than hundred pages
intermediate text in [2] (corresponding to the leaves 299a-325b in the
disorganized Patna manuscript) are fragments at least one other work
by al-Birtint and one work by the tenth-century geometer Ibrahim ibn
Sinan.'” In 1965 A. S. al-Demirdash published in [7] an edition of the
Arabic text of the Extraction of Chords on the basis of the Patna ver-
sion. The Arabic text on the area of the rules for the triangle and the
cyclic quadrilateral is in [7, p. 104-119], and al-Demirdash included
the proof of the triangle rule in the Leiden versicn on the basis of
manuscript M. The edition by al-Demirdash is not a critical edition
but his text is mathematically much superior to the Hyderabad edition
[2]. Unfortunately al-Demirdash mixed his own commentaries in Ara-
bic with the Arabic text of al-Birtini. Al-Demirdash was apparently
unaware of the article [23], and thus he did not realize that part of his
edited text [7, p. 172-286] did not belong to the Extraction of Chords
but to other works by al-BirtinT and by Ibrahim ibn Sinan.

An excellent Russian translation of the Extraction of Chords with
commentary was published in 1987 in [4, pp. 27-77, 259-278]. The

al-s@ira fi ma‘rifat awtar al-d@’ira contains additional material, not found in the Patna
manuscript, from his own commentary on the reasons of the Zij (astronomical hand-
book) of Habash, related to the approximate determination of the chord of one degree
[2. p. 226 lines 1-4]. No such material is found in the Leiden version, and therefore
neither the Patna version nor the Leiden version can be the Jamn* al-turuq al-s@’ira ft
ma‘rifat awtar al-da’ira. Qurbani did not have access to the Patna manuscript but based
himself on the unreliable Hyderabad edition [2].
17See [23] and for more details [9, pp. 148-159].
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translators Bulgakov and Rosenfeld did not know Saidan’s article [23]
but they reached the same conclusions and excised the text in the leaves
299a-325b of the Patna manuscript. The Russian translation of the text
on the area rules for the triangle and the cyclic quadrilateral is in [4,
pp. 53-56, 269-270]; the translation is based on the Patna version, to
which a few sentences from the Leiden version were added in italics.

Most of the secondary literature in Western languages on the Ex-
traction of Chords is based on Suter’s translation [30] of the Leiden
version. Although Suter reconstructed the correct argumentation in the
footnotes to his translation and in his notes [30, pp 39-42, 70], the ge-
ometric ideas are less than clear. In his influential Geschichte der Ele-
mentarmathematik, the German historian Johannes Tropfke called the
proof complicated and difficult, and too long to be summarized [32,
p. 156]. By means of the texts and translations in this paper, the reader
may convince himself of the essential simplicity of the proof.

5. Editorial procedures

The Arabic edition of the Patna version of the proofs of the two
area rules is based on manuscript P ff. 291a-292a. The manuscript P is
not perfect and I have done my best to reconstruct al-Birtini’s original
text by means of a few corrections which are paleographically possi-
ble. These corrections are indicated in the apparatus at the end of the
text, with the following exceptions. In references to the labels of points
in the geometrical figures, the text in manuscript P often reads ha’ (H)
where it should be jim (G) and vice versa, and initial ba’ (B) is of-
ten indistinguishable from initial lam (L). In such cases I have selected
the mathematically correct label, without burdening the apparatus with
these trivial corrections. I have indicated all instances where my recon-
structed text differs from the Hyderabad edition [2, pp. 61-67], which
I have abbreviated to H in the apparatus to the Arabic text, and to Hyd
in the translation. My corrections which are also found in the edition
of al-Demirdash [7, pp. 104-119] have been credited to him, using the
abbreviation D in the apparatus and Dem in the translation. Angular
brackets in the Arabic text and the translation < ...> include a few pas-
sages which I have restored to the text in P in order to reconstruct al-
Biruni’s original. These restorations are inspired by the Leiden version,
which is ultimately based on the same original. Such reconstructed
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text inside angular brackets is not found in the Hyderabad edition [2].
Page numbers are indicated in square brackets, using the abbreviations
P for the Patna manuscript and H for the Hyderabad edition [2]. T have
adapted the Arabic text to modern orthography and have added a few
full stops.

The Arabic edition of the Leiden version of the two proofs of the
area rules is based on the two manuscripts L ff. 119b-121a and M
ff. 63b-65a. Page numbers in these manuscripts appear in square brack-
ets in the text. I have attempted to construct an Arabic text which is
mathematically correct, and have put the variant readings in the manu-
scripts in the apparatus, but with the same exceptions H/G and B/L
as for the Patna version. It should be noted that the Leiden version
may be the product of an editor whose mathematical abilities may have
been less than perfect. Therefore the mathematically corrected text may
well reflect the original which this anonymous editor used rather than
his edited Leiden version. I have adapted the Arabic text to modern
orthography and have added a few full stops.

In the translations of the Patna and the Leiden versions and in Fig-
ures 7 to 10, the labels in the geometrical figures (which the Arabic-
Islamic authors considered as numbers in the abjad-system rather than
letters) have been transcribed according to the following key: alif=1=A,
ba’=2=B, jim=3=G, dal=4=D, ha’=5=E, z& =7=Z, ha’=8=H, ta’=9=T,
kaf=20=K, lam=30=L, mim=40=M. The labels waw=6 and ya’=10 were
not used in our text; these two labels were rarely used anyway.

In the translations, parentheses ( ) include explanatory additions
made by me. Footnotes to the translation of the Patna version contain
mathematical explanations and references to the Elements of Euclid
which was (in Arabic translation) the standard geometrical textbook in
the time of al-Biruni. Such mathematical explanations have not been
repeated in the Leiden version. In the translation of the Leiden version
I have added footnotes in all cases where the reconstructed text differs
from the two manuscripts L. and M at the same time, with due refer-
ences to Suter’s translation [30, p. 39-42]. In such cases, the incorrect
text in the two manuscripts may have been produced by the anonymous
editor of the Leiden version. In the translations of the two versions,
words written in red ink in the manuscript text are printed in izalics in
the translation.
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6. Translation of the Patna version.

Proof of the procedure of Archimedes in measuring the triangle by
means of the excess.

Archimedes said: half the sum of the three sides of the triangle is
multiplied by its excess over one of them, and the outcome by its excess
over the second, and the outcome by its excess over the third, and the
square root of the outcome is taken, and that is the area of the triangle.

D

B

A
o Z K

Figure 7

Proof of it: the triangle is ABG. We circumscribe around it a circle.
We drop from the midpoint D of arc ABG perpendicular DE onto
AB, < and perpendicular DZ onto AG. > We describe with centre A
and radius AZ arc ZHT.

Then since the square of DA is equal to the (sum of the) squares of
DZ.,ZA,'8 (thus) the square of DT and < twice >'? the product DT
by T A and the square of T'A are (together) equal to the (sum of the)
squares of DZ, ZA,*° which is equal to TA. Thus if we subtract the
squares of AT, AZ, which are equal, then the square of DT and twice
the product DT by T A are (together) equal to the square of DZ.

In a similar way, the square of AD is equal to the (sum of the)
squares of DE, EA. Therefore the (sum of the) squares of DT, TA
and twice the product DT by T A are (together) equal to the square
of DE and the (sum of the) squares of EH, HA and < twice >21 the

8DA2 = DZ? + ZA? and DA® = DE? + EA? by the theorem of Pythagoras,
Euclid Elements 1:47 [8, vol. 1 p. 349].

19 Added by Dem [7].

0pA%2 = DT? + 2DT - TA+TA%and EA® = EH? + HA®> + 2EH - HA by
Euclid, Elements 11:4 [8, vol. 1 p. 379.]

! Added by Dem [7].
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product EH by HA. But HA is equal to AT Thus if we subtract the
two equal squares of them, the square of DT and twice the product DT
by T A are (together) equal to the (sum of the) squares of DE, EH and
twice the product EH by HA, and that is also equal to the square of
DZ.

Triangle DZA is similar to triangle DEB because angle DGZ,
which is equal to angle DAZ, is (also) equal to angle DBE which is
(i.e., stands) together with it (DG Z) on the same arc.2? Therefore the
ratio of DE to EB is equal to the ratio of DZ to Z A% But the ratio
of DZ to ZA is equal to** the ratio of the square of DZ to the product
DZ by ZA and equal to the ratio of the product DZ by ZA to the
square of ZA. Just like this also, the ratio of the square of DE to the
product DE by EB is equal to the ratio of the product DE by EB to
the square of EB.

If one subtracts from mutually proportional magnitudes (other) mu-
tually proportional magnitudes in their (same) ratios, the ratios of the
remainders are the same as their (ratios).*’

Thus we subtract the square of DE from the square of DZ, then
the remainder is the square of £ H and twice the product EH by H A,
that is the product EH by the sum of EA? and one time HA.?” We
subtract the product DE by EB from the product DZ by Z A, then the
remainder is the area of triangle ABG, because it has been explained

2/ DBA = /DG A because they stand on arc AD, by Euclid’s Elements 111:21
[8. vol. 2 p. 49]. The triangles DBE and DAZ are similar because L DBE =
= (LDGZ = LDAZ and LF and LZ are right angles.

21n the similar triangles DBE and DAZ we have DE : BE = DZ : ZA by
Euclid, Elements VI:4 [8, vol. 2 p. 200].

YWehave DZ : ZA=DZ?:DZ-ZA=DZ -ZA:ZA* = DE: EB =
— DE?: DE . EB = DE - EB : EB? by Euclid, Elements VI:1 [8, vol. 2 p. 191].

5The text means the following in modern notation. Suppose a; ...aq and by ... b4
are “mutually proportional magnitudes” of the same kind, that is to say that a, : a2 =
— a3 :as and by : by = by : by. If they are in the same ratio, that is to say if
a1 : az = by : by and if one assumes a; > by, a2 > by etc., then
(al —-bl) . (az—bg) — (ag——bg) . (a.;—b.,) =Q):.:Q2=Qa3:Q4 = b] v bz = b:; . b,g
by Euclid, Elements V:19 [8, vol. 2 p. 174]. In the text the theorem is used for
a1=DZ% a2 =a3=DZ-ZA, a4 = ZA*,by = DE*, by = b3 = DE - EB,
by = EB? to obtain (DZ*? — DE?): (DZ-ZA—- DE - EB) =
=(DZ-ZA - DE-EB):(ZA* - EB®).

2p and Hyd [2] have EH.

27 Above it has Been proved that DZ* = DE* + EH? + 2EH - HA, and we have
EH? +2EH -HA=EH(EH + HA+ HA) = EH(EA + HA).
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that triangle AG D is equal to the sum of triangles ABG, BDM *® Let
ZK be equal to EB. We subtract the square of ZK, that is EB, from
the square of Z A, then the remainder is equal to the product GK by
K A2 These remainders are proportional, that is to say that the ratio
of the product EH by the sum of EA, AZ to the area of triangle ABG
< is equal to the ratio of the area of triangle ABG > to the product
GK by KA.

AE is half the (sum of the) sides AB, BG and AZ is half of side
AG, thus the sum of EA, AZ is half the sum of the sides of the tri-
angle.®® Therefore EH is the excess of (the sum of) EA, AZ, half
the sum of the sides, over the sum of HA, AZ, that is to say AG, and
this is one of the excesses. Since ZK and E B are equal, the sum of
AE., Z K is equal to side AB. Therefore AK is the excess of the sum
of EA,AZ over EA, ZK, that is to say AB, and this is the second
excess. And since (the sum of) EB, BG is equal to AE, therefore (the
sum of) EB, BG, AZ is equal to half the sum of the sides, thus the
excess of it over BG is (the sum of) EB, AZ. But K Z is equal to EB
and ZG is equal to AZ, thus K G is the excess of half the sum of the
sides over BG, and this is the third excess.>’ And when we multiply
area FH by (the sum of) EA, AZ, which is one of the extreme terms
in the ratio, by the area GK by K A, the other extreme term, the out-
come is the square of the mean (term), which (term) is the area of the
triangle.

*The fourth property of the broken line is to the effect that the area of triangle AGD
is equal to the area of the triangles ABG plus the rectangle DE - EB. Here the text
represents DE - EB as the area of a triangle BD M, and we can therefore assume with
[4, p. 269 n. 235] that point M is located on the line segment AE in such a way that
EM = EB. Point M and line DM are not found in the figure in the manuscript. and
therefore line DM is displayed as a broken line in Figure 7.

We have GZ = ZA and therefore ZA> — ZK* = (GZ + ZK)-(ZA—ZK) =
= GK - K A by Euclid, Elements I1:5 [8, vol. 1 p. 382].

301 we write the sides in modern notation as a = BG,b = AG,c = AB and the
half perimeter s = (a + b + ¢) as in the introduction, we have EA = 3 L(c+a) by
the first property of the broken line. Since GZ = ZA, also ZA = %b and therefore
FEA+ZA=s.

31Using the same notation it is easy to check the computatnons Because AH =
= AZ = 1b, therefore EH = AE — AH = l(a +¢) — b = s — b. Further
ZK = EB = 1(c — a) by the definition of point K, therefore AI\ = AZ ZK =
=1b— ;(c—a) =s—c Finally KG=KZ +ZG = i(c—a) + 3b=s—a.

%The text proves EH - (EA + AZ) : [ABG]) = [ABG] : GK - AK, or in
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It is the same if we multiply E'H, the first excess, by (the sum of)
E A, AZ, half the sum of the sides, and (then) multiply AK, the second
excess by GK, the third excess, and then multiply the two products, or
if we multiply (the sum of) £ A, AZ, half the sum of the sides, by K A,
and then the outcome by E'H, and then the outcome by G K, for the
two (final) outcomes are the same, and that is the square of the area of
the triangle. Thus, if we take the square root of it, we obtain what was
desired.

Proof of the procedure of India for the measurement of the trapezium’®
in the circle, by Abit ‘Abdallah al-Shanni.

Abii ‘Abdallah al-Shanni built on this** in the proof of the method
of India for the area of the quadrilateral in the circle. It is as follows:
they multiply the (four) excesses of half the sum of its sides over each
side by one another and they take the root of the outcome, then it is the
area of the trapezium, and let it be ABGT.

modern notation s(s — b) : [ABG] = [ABG] : (s — a)(s — ¢). We write the area of
triangle ABG as [ABG]. The multiplication of two areas or four line segments shows
[ABG]? = s(s—a)(s—b)(s—c).thatisto say [ABG] = \/s(s — a)(s — b)(s — o).
but note that a multiplication of four line segments is not possible in Greek geometry
and this is probably the reason why the multiplication is delayed until the very end.

33 Although the Arabic word is munharif. meaning trapezium, the first line of the
text shows that an arbitrary “quadrilateral in the circle” is meant.

*In Figure 8, the letters A, B, G, D, E, Z are labels of the same points as in Figure
7, and for these points the same assumptions hold. We can show that DZ is perpendic-
ular to AG: since DK is a diameter of the circle and arc AD = arc DG, therefore arc
AK =arc GK, thus L ZAG = .ZDG and therefore triangles ZAD and ZGD are
congruent because also AD = GD and ZD = ZD by Elements 1:4 [8, vol. 1 p. 247].
We conclude AZ = ZG and LAZ D = .GZ D which must therefore be right angles.
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B D

K Figure 8

We draw AG and we draw from the midpoint D of arc ABG the di-
ameter DZK , and we drop two perpendiculars DE, K H onto AB, AT
Then, because of the similarity of triangles DEB, DZG and DB be-
ing shorter than DG, therefore Z G, that is to say AZ, is greater than
EB.3¢ But AZ, half of side AG, is less than AH , half of the sum of the
sides AT,37 TG .38 Therefore AH is much greater than E B. Similar to
this it is shown that AF is greater than HT'. Thus we cut off E'L equal
to HT and HM equal to EB.>

It is known that the excess of area ADGK over area ABGT is equal
to the product DE by EB together with the product K'H 0 py HTH

3Hyd [2] reads AG, restored to GZ by Dem [7].

*Triangles DEB and DZG are similar and DB : EB = DG : ZG as in the
previous proposition. Because arc BD is less than arc DG, DB < DG, and therefore
EB < ZG by Euclid, Elements V:14 [8, vol. 2 p 162].

Hyd [2] reads AG, restored in [4, p. 55]. Here al-Shanni uses the fact that ATG
is also a “broken line™ in the circular arc AK G with midpoint .

33The argument is based on Elements 1:20, Heath vol. 1. p 286.

¥since EL = HT < AE and HM = EB < AH, point L is located between E
and A and point M is located between H and A.

“Manuscript P and Hyd [2] have K G, restored to ' H by Dem [7].

41gince ABG is a broken line in arc ADG with midpoint D, the area of triangle
ADG is the sum of the area of triangle ABG plus the rectangle EB- ED. Since ATG
is a broken line in arc AK G with midpoint &, the area of triangle AK G is the sum of
the area of triangle AT'G plus the rectangle HT' - H K. By addition we obtain the area
of kite ADGK as the sum of the area of the quadrilateral ABGT plus the sum of the
two rectangles.
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Triangle DAK is similar to each of the two triangles DEB, KHT*
Therefore the ratio of DA to AK is equal to the ratio of DE to EB and
(also) equal to the ratio of 7H to HK. But the ratio of DA to AK is
equal to the ratio of the square of DA to the product DA by AK <and
equal to the ratio of the product DA by AK to the square of AK.>
The product of DA and AK is equal to twice triangle DAK and that
is area ADGK . Thus it (area ADGK) is a mean proportional between
the product AD by DG and the product AK by KG.*

The sum of proportional magnitudes together with other propor-
tional magnitudes in the same ratio or the differences between them
- each (magnitude) combined with the corresponding (magnitude), are
proportional in the same way.** Therefore the ratio of (1) the sum of
the squares of DE, TH to (2) the sum of the product DE by EB and
the product of 7H and K H is the same as the ratio of the sum of these
two areas to (3) the sum of the squares of EB, K H.

And if (1) the sum of the squares DE, TH* that is to say FL, is
subtracted from the square of AD, and (2) the sum of the product DE
by EB and the product of TH and K H (is subtracted) from the area
ADGK and (3) the sum of the squares of EB, KH (is subtracted)
from the square of AK, the remainders are proportional *® As for the
first remainder, it is the product AL by the sum of LB, BG*Y because
if the square of DE is subtracted from the square of AD, the square
of AF remains, therefore if from it one subtracts the square of HT,
which is equal to EL, the remainder is the square of AL and twice the
product AL by LE, and that is equal to the product AL by the sum of
AE, EL, that is to say the product AL by the sum of GB, BE, which

“27This follows from .DBA = LDKA, LKDA = LKTAand LBED =
— /DAK = /THEK which are right angles, using Euclid, Elements 111: 27,31, VI:4
[8. vol. 2 pp. 58. 61, 200].

$The text means AD - DG : [ADGK] = [ADGK] : AK - KG, which follows
from AD? = AD- AK = AD - AK = AK*.

*This is a generalisation of the theorem in the previous proposition: if a; : az =
az:ag =by : by = b3 : by then (01 ib]) $ (az i‘bz) = (03 :i:b';) : (a4 :i:b.l) =
—a, :as = as : ag = by : by = b : by. The addition case can be proved by repeated
applications of Euclid, Elements, V:16, 18, [8, vol. 2 pp. 164, 169].

*Hyd [2] reads T'G, restored to TH by Dem [7].

46The text means (AD? — DE* —TH?) : (ADGK|—-DE-EB-TH-KH) =
= ((ADGK| - DE-EB—-TH - KH): (AK? — EB? — KH?).

“"Hyd [2] reads LG, restored to GB by Dem [7].
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(sum) is equal to AE, (added) to LE. As for the second remainder, it
is trapezium ABGT'. As for the third (remainder), it is in a way similar
to what has been explained for the first (remainder), the product AM
by the sum of MT, TG.*®

It is known that AF is half < the sum of AB, BG, and that AH is
half > the sum of AT, TG, Therefore the sum of EA, AH is half the
sum of the sides of the trapezium ABGT. Because of the equality of
EB and HM, the excess of the sum of FA, AH over side AB, that
is to say, (over the sum of ) AE, HM, is AM, (which is therefore)
the first excess, and (the excess of the sum of FA, AH) over AT is
in the same way AL,* the second excess. Again, the sum of lines
EB,BG,GT,TH is also half the sum of the sides of the trapezium,
therefore the excess of it over side BG is the sum of GT', T H together
with H M which is equal to £B, and it (the sum of GT,TH, HM) is
the third excess, and the excess of it over side G7 is in a way similar to
this, (the sum of) LB, BG, the fourth (excess).”!

As has been explained before,’® the trapezium ABGT is a mean
proportional between the product AL, the second (excess), by the sum
of LB, BG, the fourth (excess), and the product of AM, the first ex-
cess, by the sum of M T, TG, the third excess.”>

It is the same if we multiply one of these two products by the other,
or multiply the first excess by the second, the outcome by the third, and
the outcome (of this) by the fourth, for by both of these (methods) one
obtains the square of the mean, that is the trapezium. Therefore if we
take the root of it, it is the desired (area).

By the theorem of Pythagoras AD?> — DE? = AE? and AK* — KH? = AH”.
Then the previously defined points L and M are used: AE* —~TH? = AE* ~EL* =
=(AE - EL)(AE+ EL) = (AE - FEL)(GB+ BE+FEL)= AL-(GB + BL)
and AH? — EB? = AH?> — HM? = (AH — HM)(AH + HM) =
=(AH — HM)(GT +TH + HM) = AM - (GT + TM).

4P and Dem [7] have AL, Hyd [2] reads incorrectly i@, “towards”.

®Hyd [2] has LG, restored in [4, p. 56].

11n modern notation we can verify these results as follows. Put ¢ = AB,
a=BG,b=GT,d=TAand s = }(a+ b+ c+ d). Then we have
AE = Y(c+a),HM = EB = }(c—a),AH = }(d+b),EL = HT = }(d - b),
whence s = AE + AH = EB + BT + TG + GH and therefore
AM =AH-HM =s—c,AL=AFE—-FEL=s—-d,
MT+TG=AH+HM =s—a, LB+ BG = AF + EL =s—b.

52Hyd [2] has errors in the following sentence, see the apparatus to the Arabic text.

*The text means AL - (LB + BG) : [ABGT| = [ABGT) : AM - (MT + TG).
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7. Translation of the Leiden version.

Proof of the rule of Archimedes for measuring triangles by means of
the excess of their sides, by Abii ‘Abdallah al-Shanni.

Archimedes said: if we want the measurement (i.e., area) of any
triangle by means of its sides, we take the excess of half the sum of its
sides over each of its sides. We multiply one of these three excesses
by another of them and then the outcome by the third (excess) and then
the outcome by half the sum of the sides of the triangle, and we take
the root of the outcome, then the result is the measurement (i.e., area)
of that triangle.

B D

A
G 7 -

Figure 9

Abi ‘Abdallah said: Proof of this: we make the triangle (such that)
on it (are labels) ABG and we circumscribe on it circle ADBG, and
let point D be at the midpoint of arc ADBG. We drop from it onto line
AB perpendicular DFE, and onto line AG>* perpendicular DZ, and we
draw DA, DG, DB. We make point A the centre and we draw with
radius AZ arc ZHT of a circle, which intersects line AE at point H
and line AD at point 7.

Then the square of DA is equal to the (sum of the) squares of DE,
EA. The two lines AT, AZ> are equal. The square of DT and twice
the product DT by T A, and that is equal to the square of DZ since we
have made AT equal to AZ.%° The square of DZ is equal to the square

The manuscripts have A D, corrected to AG by Suter [30] and Dem [7].

33The manuscripts have AT, AD, Suter [30] and Dem [7] have correctly AT, AZ.

5%The sentence is grammatically defective. Mathematically, DT? + 2DT - T A =
= DZ? can be obtained by subtracting AT? = AZ” from DT* +2DT -TA+AT* =
=DA% = DZ* + AZ>
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of DE together with the square of £H and twice the product EH by
HAY

Since triangle DE B is similar to each of the triangles DZG, DZ A
because angles AGD,’* ABD, G AD are equal because each of them
is the chord of*? half of arc ADBG, thus the ratio of DE to EB is
equal to the ratio of DZ to ZA. But the ratio of DZ to Z A is equal to
the ratio of the square of DZ to the area DZ by Z A and equal to the
ratio of area DZ by Z A to the square of ZA. Therefore® also the ratio
of the square of DE to area DE by EB is equal to the ratio of area
DE by EB to the square of E'B.

If from proportional (magnitudes) one subtracts proportional (mag-
nitudes) in the ratio of them, the remainders are proportional.

Thus, if we subtract the square of DFE from the square of DZ, the
remainder is, by what we have explained, the square of £'H and twice
the product EH by H A, that is the product £H by the sum of E'A,
AZ %" And if we subtract the product DE by E B from the product DZ
by ZA, which is the area of triangle DAG, the remainder is the area
of triangle ABG, and that is by what we explain among the properties
of the broken line.%> And if we subtract the square of E B, that is the
square of K Z if we make ZK equal to EB, from the square of ZA,
the remainder is the product GK by K A. Thus, by subtraction, the
triangle ABG is a mean proportional between the area £ZH by the sum
of EA, AZ and the area GK by K A.%*

As for EH, it is the excess of the sum of FA, AZ, which is half
the sum of the sides of triangle ABG, over side AG, since we have

"Here the manuscripts repeat: “thus the square of DZ is equal to the square of DE
and the square of E'H and twice the product EH by HA”.

*The manuscripts have ADZ, corrected to AG D by Suter [30].

9The Arabic verb tuwartiru, from the root warar (chord), is terminologically incor-
rect because and angle can never be the chord of an arc.

“The manuscripts have “therefore”, li-dhalika, but the mathematical meaning re-
quires “just like this™, ka-dhalika, as reconstructed by Suter [3C] (“ebenso”) and Dem
[7, p. 109 line 13].

®'We have DZ*> — DE? = EH?> + 2EH - HA = EH(EH + 2HA) =
=FEH(EA+ HA) =FEH(EA+ AZ).

%>The property in question is the fourth property of the broken line in the Patna
version. In the Leiden version this property is mentioned in the third proof of the first
property of the broken line by al-Shanni [30, p. 20].

The manuscripts have DI, restored to GK by Suter [30] and Dem [7].

®The manuscripts have I B, restored to AK by Suter [30] and to K A by Dem [7].
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made AH equal to ZG, and since the perpendicular DE bisects the
sum of the two lines AB, BG at E, and AG is also bisected at Z.%
AK is also the excess of the sum of FA, AZ over AB because we
have made® K Z equal to EB, and EH, AK, KG are the excesses of
half the sum of the sides of triangle ABG over each of its sides.

It is the same to multiply the area AK by KG by the area EH by
the sum of EA, AH, and to multiply AKX by KG, that is, one of the
excesses by the other, and then the outcome by EH, the third excess,
and then the outcome by the sum of EA, AZ, half the sum of the sides.
The outcome in all of them is the area of triangle ABG multiplied by
itself. That is what we wanted to explain.

And if the triangle is isosceles, as triangle ADG,Y then the ratio of
the square of DZ to the area DZ by Z A is equal to the ratio of exactly
the same area to the square of ZA. As for the square of DZ, we have
explained that it is equal to the square of DT and twice the product
DT by T A, that is to say, equal to the product DT by the sum of DA,
AZ. As for the area DZ by Z A, it is the area of triangle ADG. As
for the square of AZ, it is equal to the area AZ by ZG. Therefore we
multiply AT by GZ.,% and that is one of the excesses by the other, then
the outcome by DT, the third excess, then the outcome by the sum of
DA, AZ, and that is the sum of half the sides, and the outcome is the
square of area DZ by Z A, and that is what we wanted to explain.”®

Proof of a rule attributed to India for the measurement of the trapez-
ium circumscribed in a circle, by Abii ‘Abdallah al-Shanni.

If we want the measurement of the trapezium’' which is circum-

The manuscripts have Z A, restored to Z by Dem [7].

®Here the manuscripts repeat: “AH equal to ZG Since the perpendicular DE
bisects the sum of the two lines AB, BG at E, and AG is also bisected at Z, and AK
is also the excess of the sum of EA, AZ over AB, because we have made.”

“The manuscripts have ABG, restored to ADG by Suter [30].

The manuscripts have DI, restored to DT by Suter [30] and Dem [7].

“The manuscripts have ' Z, restored to ZG by Dem [7].

"*The special case of the isosceles triangle is not discussed in the Patna version.
In the Patna version, the point 7" is used for dividing the square of AD into the two
squares of AT and 7'D and twice the rectangle AT - T'D.

""The Leiden and Patna versions use the same word munharif. trapezium, even
though an arbitrary cyclic quadrilateral is meant. This is one of the arguments why
the two versions are ultimately based on a single original.
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scribed by a circle in which it is contained, we take the excess of half
of the sum of its sides over each of its sides. Then one of these excesses
is multiplied by another excess, and then the outcome by the third ex-
cess, and then the outcome by the fourth excess, and then the root of
the amount is taken, and the result is the measurement (i.e., area) of
that trapezium.
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Figure 10

For the proof let us draw a quadrilateral ABGD in acircle ABGD.
We bisect each of the arcs BAD, BGD at points E, Z and we draw
lines BE, ED, DZ, ZB, EA, EZ. We drop perpendicular EH onto
AB and perpendicular ZT onto BG. We mark at the intersection of
lines BD, EZ the point K. Then triangles EH A, EK D are similar,
and ED is longer than EA, therefore K'D is longer than HA. But
BT is half of the sum of BG and DG as we have explained before,
therefore BT is longer than DK, and thus it is much longer than AH.
Similarly, we can also explain in the same way of this proof that BH is
longer than T'G. We cut off from BH line H L equal to TG, and from
BT line TM equal to AH.

Since’? the excess of area EBZ D over area ABGD is the product
EH by H A together with the product ZT by T'G, and triangle EH A
is similar to triangle EBZ, the ratio of EH to H A is equal to the ratio

"2Note that the word “'since” is out of place here because the statement on the excess
of areas is not used to prove the similarity of triangles EH A and EBZ.
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of EB to BZ®. Similarly also, triangle 7ZG"™ is similar to triangle
EBZ, thus the ratio of ZT7 to TG is equal to the ratio of ZB to
BE. The ratio of EB to BZ is equal to the ratio of the square of EB
to the area B by BZ and equal to the radio of area EB by BZ to
the square of BZ.”” But the square of BE is equal to the product BE
by E D, and similarly the square of BZ is equal to the product BZ by
Z D, and the product EB by BZ is the area EBZD. Therefore area
EBZD is a mean proporticnal between the product BE by ED and
the product BZ by Z D.

If proportional (magnitudes) are in the same ratio, and if the corre-
sponding (magnitudes) are added, the sums are proportional. Therefore
the ratio of the sum of the squares of EH, GT to the sum of the areas
EH by HA and GT by T'Z is equal to the ratio of the sum of these
two areas to the sum of the squares of AH, ZT.

Again, if from proportional (magnitudes) proportional (magnitudes)
are subtracted, the remainders are proportional.”

Thus if we subtract (1) the (sum of the) two squares FH, GT, that
is to say, (the sum of) the two squares £’ H, H L because we have made
H L equal to TG, from (2) the square of BE, the remainder is area BL
by (the sum of ) LA, AD, and this is because if we subtract the square
of EH from the square of BE the remainder is the square of BH, and
if we subtract from the square of BH the square of H L, the remainder
is the square of BL and twice the product BL by LH, and that is equal
of the product of BL by the sum of BH, BL. As for BH, itis equal to
the sum of HA, AD. Therefore the remainder is equal to the product
BL times the sum of LA, AD. And if we subtract the sum of area £ H
by H A and (area) GT by T'Z from area EBZ D, the remainder is area
ABGD. And if we subtract the two squares of HA, ZT, that is to say,
the two squares of Z7T, T M, from the square of BZ, the remainder
is area BM by (the sum of) MG, GD in analogy with what we have

"3The Leiden Ms has M D, restored to BZ by Suter [30].

"*The manuscripts have T'Z D, restored to T'ZG by Suter [30].

">The manuscripts have Z K.

"®The manuscripts have K G.

""The manuscripts have BE, restored to BZ by Suter [30].

"5This statement is not generally true. Example: 9:12=12:16 and 4:6=6:9 are pro-
portional magnitudes but (9-4):(12-6) is not equal to (12-6):(16-9). One has to add the
condition that the two series of proportional magnitudes are in the same proportion.
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explained before. Therefore, by subtraction, area ABGD is a mean
proportional between the two areas BL by (the sum of) LA, AD and
(area) BM by (the sum of) MG and GD.

Since BH is half the sum of BA, AD, and similarly also BT is
half of the sum of BG, GD as we have explained before, the sum of
HB,” BT is half the sum of the sides of area ABG D. The excess of
the sum of HB, BT over AB is BM , since we have made 7'M equal
to AH. Again, the excess of it over BG is BL, since we have made
LH equal to GT. Again, thesumof HA, AD, DG, GT is half the sum
of the sides of area ABG D. Therefore the excess of it over AD is the
sum of DG, GM as we have explained, and the excess of it < over >
GD is the sum of DA, AL as we have also explained. Therefore the
lines BL, LAD, DG M and M B are the excesses of half the < sum of
the > sides of area ABG D over each of its sides.

We have explained that area ABG D is a mean proportional between
area BL by LAD and area BM by MGD.

It is the same if we multiply BL by LAD and then the outcome by
area BM by MGD or if we multiply BL by LAD and then the out-
come by DG M and then the outcome by BM, because the outcome in
both of these (procedures) is the area of trapezium ABG D multiplied
by itself. Therefore the root is taken, and it is what was desired. That
is what we wanted to explain.

8. Arabic text of the Patna version
el Sl Gl G el E ey, [P291a, HEL)
das 3 oW eddl @U’i § 3of ral O fa el
CIN e b 5 gk Ly U1 e b metal Loy ] g
) G 995wl e S

"*The manuscripts have H D, restored to BH by Suter [30].
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Abstract

This paper contains edited Arabic texts and English translations of a tenth-century
geometric proof by Abi ‘Abdallah al-Shanni, of the rule for the area of the cyclic
quadrilateral in terms of its sides. Al-Shanni’s simple geometric proof is of intrinsic
mathematical interest; even the famous mathematician Leonard Euler (who did not
know al-Shanni’s proof) stated in 1750 that it is difficult to find a geometric proof
of the area rule for a cyclic quadrilateral in terms of its sides. Al-Shanni’s proof has
come down to us only in the Extraction of Chords, a work by al-Birtini (973-1048
AD) which has survived in two different versions. This paper contains the texts of
al-Shanni’s proof in the two versicns. We have added edited Arabic texts and English
translations of the preceding proof by al-Shanni of the area rule (Heron’s rule) for the
triangle, because of the close relationship between the two proofs.



