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A
lM

ag
h

n
h
i

describe
to

thc
R

evision
a
s

folio
“T

hen
w

e
finished

th
of

the
five

solids
in

on
detailed,

and
the

seco
c

diculars,
faces,

suifa
e

W
e

com
pleted

this
iii

proportional
to

their
A

l-M
aghrihl

does
to

t
x
v

T
h

riath
in

iii

Thc
purpose

of
B

o
)k

of
fi

c
grout

5
of

h
i

c
edge
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the

su
rIc

ii

betw
een

centre
ant

h
polyhedra
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large
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bet
f
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i
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re
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X
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th
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X
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f

a
c
e
rta
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u
a
n
ti
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o
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at
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n
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ith
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d
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ed
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’
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C
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o
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A
l-M

aghribiand
his

R
evision

of
the

E
lem

ents

Y
a
y

ã
ibn

M
uham

m
ad

ibn
A

bi
‘l-Shukr

M
u1yi

al-D
In

al-M
aghribi

al-A
ndalusi
1

w
as

born
in

S
pain,

but
spent

m
ost

of
his

scientific
career

in
the

N
ear

E
ast.

In
1257

he
com

posed
the

T
ãj

al-A
zyaj

(crow
n

of
the

Z
ijes,

i.e.
astronom

ical
handbooks

w
ith

tables)
in

D
am

ascus.
A

fter
D

am
ascus

w
as

invaded
by

the
M

ongols
around

1258,
he

jo
in

ed
the

new
ly

founded
astronom

ical
observatory

of
M

aragha,
w

hich
w

as
directed

by
N

a
ir

al-D
in

al-T
usi.

A
l-M

aghribi
m

ade
astronom

ical
observations

betw
een

1262
and

1274,
and

he
died

in
M

aragha
in

12832.
T

he
O

xford
m

anuscript
of

the
R

evision
of

the
E

lem
ents

w
as

w
ritten

in
659

11.71260-1,
at

M
aragha,

and
in

his
introduction

a
l

M
aghribi

refers
to

another
edition

of
the

E
lem

ents
by

“al-shaykh
al-ra’is”

(the
m

aster,
the

chief).
If

this
is

N
asir

al-D
in

al-T
üsi,

a
l

M
aghribi

m
ust

have
com

posed
his

R
evision

of
the

E
lem

ents
shortly

after
he

arrived
in

M
aragha.

E
uclid’s

E
lem

ents
consist

of
13

“B
ooks’.

In
late

antiquity
‘B

ook
X

IV
(w

ritten
by

H
ypsicles

around
150

B
.

C
.)

and
an

anonym
ous

‘B
ook

X
V

”
w

ere
added

to
the

G
reek

text,
and

all
15

B
ooks

w
ere

translated
into

A
rabic.

A
1-M

aghribi’s
R

evision
of

the
E

lem
ents

also
consists

of
15

books,
and

the
first

tw
elve

books
in

the
R

evision
have

approxim
ately

the
sam

e
content

as
the

first
tw

elve
books

of
the

E
lem

ents
3.

T
o

indicate
the

correspondences
betw

een
the

rem
aining

books,
I

use
a

notation
such

as
E

l.
X

III
for

B
ook

X
III

in
the

original
text

of
the

E
lem

ents
and

M
X

IV
(M

for
al-M

aghribi)
for

B
ook

X
IV

in
the

R
evision.

B
ook

M
X

III
includes

the
theorem

s
in

E
l.

X
III

on
plane

figures
and

som
e

related
m

aterial
not

found
in

the
E

lem
ents

T
h
e

text
of

tw
o

of
these

additional
propositions

is
to

be
found

in
the

appendix
to

this
paper.

B
ook

M
X

IV
consists

of
the

theorem
s

on
solids

in
E

l.
X

III
an

d
of

m
ost

of
the

trivial
B

ook
E

l
X

V
.

B
ook

M
X

V
can

be
considered

as
a

generalisation
to

all
five

regular
polyhedra

of
the

theory
of

B
ook

X
IV

of
the

E
lem

ents
(by

H
ypsicles),

w
hich

is
about

the
com

parison
of

the
icosahedron

and
the

dodecahedron
only.

See
Suter

art,
no.

376
(p.

155),
M

atvievskaya
and

R
osenfeld

vol.
2,

PP.
418-419,

K
rause,

S
phdik,

pp.
74-75,

S.
T

ekeli
in

D
SB

IX
,

555-557.
2

T
he

preceding
inform

ation
is

taken
from

Saliba,
A

n
observational

notebook,

pp.
391-392.

‘there
are

interesting
additions

in
the

R
erzcion,

such
as

a
“proof”

of
the

parallel
postulate,

w
hich

w
as

published
by

A
.

I.
Sabra

in
1969,

h
d

C0ml
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I
-

dealing
w

ith
polyhedra,

such
as

M
X

V
:1,

4,
7,

22,
28.

M
ost

of
the

proofs
are

very
elaborate,

and
the

m
anipulations

of
proportions

are
given

in
great

detail,
in

the
w

ay
of

B
ooks

V
and

V
I

of
the

E
lem

ents
T

he
ratios

are
determ

ined
correctly,

except
for

the
ratio

betw
een

th
e

volum
e

of
the

octahedron
and

the
icostthedron

in
M

X
V

:29.
T

he
proof

of
this

proposition
contains

an
error

w
hich

m
ust

have
escaped

al-M
aghribi.

B
y

m
ak

in
g

m
inim

al
changes

in
the

text
of

M
X

V
:29

one
obtains

a
correct

theorem
,

and
it

w
ill

be
show

n
in

the
notes

to
the

translation
that

the
proof

in
the

text
can

be
extended

to
form

a
correct

proof
in

the
style

of
ancient

and
m

edieval
geom

etry.
B

ecause
B

ook
M

X
V

is
a

revised
version

o
f

an
older

text,
w

hich
passed

through
a

com
plicated

process
o
f

transm
ission,

it
is

conceivable
that

the
erro

r
is

due
to

an
editor

w
ho

altered
a

proof
that

w
as

co
rrect.

T
he

text
of

M
X

V
contains

a
num

ber
of

inadequacies,
w

hich
sho’A

that
al-M

aghribi
w

orked
rather

carelessly
as

an
editor.

T
hus

he
inserted

num
erous

references
in

his
text

to
previous

propositions,
but

because
m

any
of

these
references

are
incorrect

it
seem

s
that

he
did

not
check

them
carefully.

A
l-M

aghribi
could

have
om

itted
theorem

s
M

X
V

:9,
10,

10
cor.

and
22

because
they

are
not

used
in

the
rest

o
f

the
text.

T
he

contents
of

the
37

propositions
of

B
ook

X
V

of
the

R
evision

w
ill

now
be

rendered
in

m
odernized

notation.
N

otes
on

the
proofs

can
be

found
in

footnotes
to

the
translation.

In
the

follow
ing

list
1

include
infurm

ation
on

the
logical

structure
of

B
ook

X
V

as
w

ell
as

references
to

B
ook

X
IV

in
the

G
reek

text
of

the
E

lem
ents.

A
statem

ent
like

5.
r1
2

=
r
(
E

l.
X

IV
,

§
3

=
prop.

2
H

eath)
m

eans
that

the
identity

r1
2

=
r

2
0

is
proved

in
M

X
V

:5
and

in
§

3
in

the
edition

of
the

G
reek

text
in

H
eiberg—

Stam
atis,L

uclides
V

,J,E
lem

enta
X

IV
-X

V
,Scholia

in
L

ibros
1-1/,

pp.
1-22,

w
hich

co
rresp

o
n
d
s

to
prop.

2
in

the
tran

slatio
n

by
H

eath,
Euclid’.s

E
lem

ents,
vol.

3,
pp.

5
12-519.

T
he

proofs
in

M
X

V
:5

and
E

l.
X

IV
,

§3
need

not
be

identical.
T

he
follow

ing
abbreviations

w
ill

be
used:

the
edge,

face,
surface,

perpendicular
(distance

betw
een

the
centre

of
the

circum
scribing

sphere
and

any
face)

and
volum

e
of

a
rrgular

polyhedron
w

ith
ifaces

inscribed
in

a
fixed

sphere.
R

radius
of

the
sphere

circum
scribing

the
polyhedra,

radius
of

the
circle

circum
scribing

the
face

f,
d,

h
side

and
altitude

of
a

fixed
equilateral

triangle,
a

is
an

arbitrary
line

segm
ent.

divided
in

extrem
e

and

7
ab

k
of contents

)fi/a
p
si

1.
h23

/
4

dt
I

scd
i

2
2.

e
is

equal
t

ic
nun

I
the

‘tr
e:c=

d
:h

l.
B

ased
on

I
6

sid
in

2
cot

2
cor.

f=
3/4

f4.
B

ased
on

2,
L

sd
in

17,
36.

3.
r=

r.
U

sed
in

3
cor

I,
c

n’.
2.

3
cor.

I
p5=

p
,.

B
ased

on
3

1
sr’d

i
2U

26.
3

3
cor.

2
e2—

3/2
c
r

2.
B

a
ii

ifl
Inn

8
4,

c
(
5
)

2+
c
(
2

5)
Sc

)
X

2
15r
2—

r
2(
)

(E
l.

X
IV

,
§

I
2).

basra

P
o=

p(”
B

ased
on

5
U

sed
in

30.
i3

e
:
e
,

0=
(
a
-
x
i

(a
4
’x

’(E
I,

11.
T

he
area

of
th

u
p

(—
2c.(6))

Is
qua!

it’

to
second

proof
iii

g
o
r

6
1

sed
in

16
12.

U
:s=

d:h.
B

ased
on

8,
1

s
tu

in
12

cot

nit
I

20
icr

ax
=

x
.x

c(n)
fa

r

m
ean

ratio
into

segm
ents

\
arid

s

c16)
rain

s
0

c(2.5)
cor.

h
r

)
r

1
3

1
)

1

hagonal
cit

corollars

a
’s+

x
and

ig
o
t

S
cd

i

IC
i
,

I
n

seI
110

pentagor
rscnbn-d

n.

tin
in

1
i.

a
sic

5.5
cur.

6.

in
I.

d
i

5

4
1

a
t

(11.1
1

11,

X
I\

a
B

acd

e,,f,
s,,p

v

(n
=

4,6,8,12,20)

on
5.

U
sed

in
13,

16
cot.

7
.

‘1he
line

jo
n

ing
th

n
U

the
ci

c
the

n
ii

or
a

I
01

the
inscribed

IC
I

ho
is

ci
(1

N
6

§
1

p
ro

p
1)11

4
6

8.
f:1

-
h/2

:2d
3

lb
s

4
or,

1
12,

0.
I.cc

‘y
, (i=

12,
20)

he
tc

p
rpendieuiar

rantn
In

Ia
rtr

of
a

face
of

the
dodecahedron

or
cosahedr

no
to

a
id

i
Itt’

I
c

1
hen

y1
2

.
e

=
s/3

0
(E

l.
X

IV
4

prop.
3c

I
acd

or
10

10.
y1
0

.
e

=
s/3

0
tE

l
>116

,
heginnina

-
prop.

4
“

it)
cor

10
cor

n’noY
rn

c1
‘

(1
5

I

N
ot

r
sed

)n
na

rI
1

i
‘r

)
O

tt(.
X

IS
,

-
in

y

ax
,,
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12
cur.

s
:s

is
equal

to
the

ratio
betw

een
the

area
of

the
square

of
any

line
d

and
tw

ice
the

equilateral
triangle

w
ith

side
d.

B
ased

on
12.

U
sed

in
14.

13.
s6:
s
,

0=
c
(
5
)

2:
3

1/3
T

,
w

here
T

is
the

equilateral
triangle

such
that

the
square

of
its

side
is

equal
to

3
c
(l0

)
2

B
ased

on
6,

U
sed

in
13

cor.
13

cor.
3/5
s2
0

:
s
5=

2
T

:c
(
5
)

2.
B

ased
on

13.
U

sed
in

14.
14,
s2:
s
8=

5
c
(1

0
):c

(5
)

2.
B

ased
on

12
cor,

13
cor.

U
sed

in
15

15.
s2
0

-
s
8.
s
—

x
2.
a
.

B
ased

on
4,

14.
U

sed
in

15
cor,

29.
15

cot.
s2
0

:
s
8=

a
+

x
2:
a
.

B
ased

on
15,

U
sed

in
35,

36.
16.

s
r
,
:
s

2
0

=
e
s
:
e

2
0

(E
l.

X
IV

.§
8

prop.
6,

second
proof).

B
ased

on
5,

11.
U

sed
in

16
cor,

r
‘e

16
cor.
s2:
s
=

(
a

+
x
‘
)

(
a

+
x
r
’
)

(com
pare

E
l. X

IV
,§

12
=

sum
m

ary
of

results
in

H
eath’s

translation,
p.

519).
B

ased
on

6,
16. U

sed
in

30,
35,

36.
17.

s=
3s4/2.

B
ased

on
2

cot.
U

sed
in

35,
36,

18.
2
f

42
R

=
9
v

4.
U

sed
in

18
cor.

18
cor.

2
f2

R
/9

=
v4.

B
ased

on
18.

U
sed

in
20.

19.
c
,

12
2
R

=
3
v

8.
U

sed
in

19
cor.

19
cor.
3
e

2’
2
R

/9
v

8.
B

ased
on

19.
U

sed
in

20.
20.
v4:
v
8=

d
:3

h
.

B
ased

on
2.

18
cor,

19
cor.

U
sed

in
20

cot,
37.

20
cor.
v4:
v
8=

c
4:
3
e

8.
B

ased
on

2,
20.

N
ot

used,
21.

A
regular

solid
is

divided
into

equal
and

sim
ilar

pyram
ids

h
o
se

bases
are

the
faces

of
the

solid
and

w
hose

vertices
are

at
the

centre
of

the
circum

scribing
sphere.

U
sed

in
23,

24,
25.

22,
O

ne
considers

a
pyram

id
w

ith
a

triangular
base

and
a

second
pyram

id
w

ith
a

pentagonal
base

and
the

sam
e

height
as

the
first

pyram
id.

T
heorem

:
the

pyram
ids

are
in

the
sam

e
ratio

as
the

bases.
N

ot
used.

23.
v6:
v
8=

d
:h

.
B

ased
on

3
cor.1,

8,
21.

U
sed

in
37.

24,
T

he
parallelepiped

w
ith

base
the

pentagon
of

the
icosahedron

(i.e.
a

regular
pentagon

form
ed

by
five

angular
points)

and
height

2/3
tim

es
the

diam
eter

of
the

sphere
is

equal
to

V
ar.

B
ased

on
21.

U
sed

25.
p2
1

:2
R

=
lc(l0

)+
c(6

)l/
2

:211,
w

here
H

indicates
the

altitude
of

an
equilateral

triangle
w

ith
side

c(S).
B

ased
on

7,
21,

24.
U

sed
in

27.
26.

R
:
p

8=
h
:d

/2
.

B
ased

on
1,3

cor.
1.

U
sed

in
27.

27.
p2
0

:
p
8=

c
(6

)+
c
(1

0
):c

(S
).

B
ased

on
25,

26.
U

sed
in

29,
33.

28.
T

he
ratio

betw
een

tw
o

rectangular
parallelepipeds

is
the

product
of

the
ratio

betw
een

the
bases

and
the

ratio
betw

een
the

heights
U

sed
in

29.

29
v2
0
.

v
=

( c(1
0

(5
} n

93
(1

it
tatem

i n
tis

m
atlirm

,
tk

.
I.

in
rri

(
I.

in
fact

var:vs=c(53,
(

fl3
,ee

note
29,7

laIr
‘a

I
3asid

n
,

7,
28.

U
sed

in
29

cot,

29cor.
v0:
v
=

(
a

+
x
’

2)
+

\
‘(r’

t.tlflfttrt5
:s

\
(
t

‘

x
.)

B
ased

on
29,

Nr.
u

30.
v1,:

v
,=

(
a

2
+

x
)

U
+

x
‘)(st

ted
in

U
l

k
I\

I:
ry

of
results

in
Fleath

S
translation,

ui
519)

U
nsi

1
o

or
to

U
sed

in
37

31,
C

onstruction
ol

irs
c

in
segm

r
nts

in
the

tho
e

e
‘

:e
bas

9
on

5
(T

he
construction

iitt
rs

from
Fl

X
iIl

IX
3.

1
tr

ir
or

31
cor.
e4>

e
9>

e
1,
>

c
1>

e
2.

B
ased

on
,

1.
32.
p4:
p
6=

h
/S

:d/2.
B

ased
on

I
i’sed

ia
33,

33
C

onstruction
of

O
s

e
m

i
e
m

u
n
s

ii
the

rant
p

.:u
lased

on
3

cur.
1,5

cor,
7,

27.
32.

34.
(onstruetion

of
a

sei
i

rt
so

h
b
at

a
+x,’

it
r

I
ci

in
36,

37.
35.

O
ne

w
ishes

to
to

sin
et

i
lit

s
g
n

u
it

in
the

r
n

‘O
ne

actually
constr

ie
t

I a
s

g
o

cots
r

ih
rat

o
ir

fo
mr

segm
ents

in
the

at
5

5
,

C
C

11)
3

0
ii

a
I

ii
12,

15
cor,

16
cur

17
36.

C
onstruction

o
ff

a
s

i
it

n
i.

at
‘I

‘I
is

I
on

2
eon

8,
15

cur,
If

r.
I

“
,

31.
37.

(‘o
rstru

ctio
a

f
f

e
me

‘e’
ii’

ts
1

C
0

a:
9

on
2t),

23.
29,

30,
34

T
he

fo
llo

w
in

g
tw

o
p
ro

p
o
s
itm

o
t

s
o
f

B
o
o
k

X
II!

o
ti

c
it

alM
ag

h
rib

i
have

been
‘d

ited
an

11
m

nslated
in

tlt
a
p

it
iii

p
ap

er
because

they
also

o
ccu

r
iii

he
H

eb
n

a
tran

slatio
n

:‘c
thr

section>
;

they
m

ust
therefore

h
rvr’

been
in

nIaM
aghtiN

’
a

ira

10
If

segm
ent

a
is

divider)
rm

c
x’

“nrc
‘uid

n
:eT

rain
‘air

x
,

n
sim

ilarly,
a

is
divided

in
x
ta

roe
and

ro
t

a
n

a
to

r
o

r
.1

i

then
a:a

=x
:x1

=
x.

x-
ci

,
X

IV
,

It
k”nnm

iii
I leati.

a
,r
.

.trrai
vol.

3,
p

518)
Ia

id
a

X
V

,6.
1

l4
If

a=c(6).
then

x
..c(

1
Ia

I
sir)

in
VI

X
V

:
it,

o

in
25.

n
it

tl
is

no
xl
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T
he

historical
background

to
the

text

B
ook

X
V

of
al-M

aghribi
includes

alm
ost

the
w

hole
m

athem
atical

content
of

‘B
ook

X
IV

”
of

the
E

lem
ents,

w
ritten

by
H

ypsicles
T

he
theorem

s
in

M
X

V
could

not
have

been
directly

copied
from

(the

A
rabic

translation
of)

E
l.

X
IV

,
because

the
points

in
the

geom
etrical

figures
are

labelled
in

a
different

w
ay

and
because

there
are

m
any

differences
in

the
details

of
the

m
athem

atical
proofs.

H
ow

ever,
there

are
striking

sim
ilarities

in
the

theorem
s

them
selves.

T
hus

the
area

of

a
pentagon

is
show

n
to

be
equal

to
the

product
of

three-fourths
of

the

diam
eter

of
the

circum
scribing

circle
and

five-sixths
of

the
diagonal

of
the

pentagon
in

E
l.

X
IV

§
7

and
in

M
X

V
:

11.
T

here
are

m
any

other
w

ays
of

expressing
the

area
of

the
pentagon,

and
therefore

w
e

can
assum

e
that

the
resem

blance
betw

een
H

ypsicles
and

al-M
aghribi

is
not

accidental.
T

he
proposition

E
l.

X
IV

§
6

(first
proof

of
prop.

6

in
H

eath,
vol.

3,p.
516)

is
m

issing
in

M
X

V
,

but
al-M

aghribi
gives

in

M
X

V
:9-10

the
prelim

inaries
to

this
proposition

w
hich

are
not

used

anyw
here

in
M

X
V

.
S

im
ilarly,

the
proof

of
E

l.
X

IV
§

10
(prop.

8
in

H
eath.

vol.
3,

p.
518)

does
not

occur
in

M
X

V
,

but
al-M

aghribi
gives

in
M

X
V

:22
a

prelim
inary

to
this

proof;
again,

this
prelim

inary
is

not

used.
T

hus
ft

seem
s

that
the

theorem
s

on
the

icosahedron
and

the
dodecahedrO

fl
in

B
ook

X
V

of
the

R
evision

are
based

on
a

source

w
hich

included
the

entire
B

ook
X

IV
of

the
E

lem
ents.

D
r.

L
angerm

anfl
has

recently
discovered

a
m

anuscript
w

hich
is

very
im

portant
in

this
connection.

T
his

is
a

H
ebrew

translation
by

K
alonym

O
s

b.
K

alonym
os

(born
1286)

of
a

lost
A

rabic
treatise,

w
hich

contains
alm

ost
all

theorem
s

of
B

ook
X

V
of

the
R

ecision
in

a
different

order,
hut

often
in

strikingly
sim

ilar
w

ording.
D

r.
L

angerm
arin

kindly
provided

m
e

w
ith

a
prelim

inary
E

nglish
translation,

on
w

hich
the

follow
ing

inform
ation

is
based.

T
he

H
ebrew

translation
can

be
divided

into
the

follow
ing

parts:

1. A
n

introduction,
containing

references
to

or.e
M

eseclunus
(perhaps

a
rendering

of
lnsiqlaw

us,
an

A
rahicized

form
of

H
ypsicles

that
w

as

often
used).

11.
T

heorem
s

on
the

tetrahedron
and

the
octahedron,

corresponding

to
M

X
V

:l,
2, 17-20.

111
T

heorem
s

on
the

octahedron
and

the
cube,

corresponding
to

N
I

X
V

:3.
8.

12,
23.

IV
.

T
heorem

s
on

th
octahedron

and
the

icosal
ed

‘on
and

ii
cessary

prelim
inaries

for
these

the
rem

s
orrespondin.

to
N1

X
III

10,
14

X
V

:4-6,
13-15,

2
4
,7

,
25-27,

29.
V

.
T

heorem
s

on
the

ico’c
hedron

‘m
d

the
d

decahe
in

rtv
ed

hx
H

ypsicles
(if

not
already

treated
in

Part
IV

),
c
o
n
e
p
o
n
d

n
It

M
X

V
:9-

‘
,

16,
16

cor,
30

(proof
m

issm
g).

‘lit
aster

sk
dt

notes
the

proof
of

E
l.

X
1V

§
6

(the
first

jiroot
of

p
ro

p
6

in
H

m
th

s
Era

isi
nion)

w
hich

w
as

m
issing

in
al-M

aghnbi
s

text
as

has
h

en
ri

aition
‘d

ibove
V

I.
C

oncluding
theorem

s
M

X
V

3
1

(a
page

in
the

iran
in

dpI
i

m
issing),

32,
33,

35,
37.

F
or

chronological
reasonc

the
Ixciisi

a
t

of
al-M

aghi
hi

(dw
I283’t

cannot
he

dependent
oi

El
Ic

rr. v
translath

n
ay

K
alons

ios
h

K
alo

n
y
m

o
s

5
(horn

12861.
T

he
H

eh
n
w

0
an.

late
.

a
r

v”.
have

depended
on

al
M

aghrih
.

i.
or

ther
is

no
hing

a
lie

R
t

ci
stu

n
w

hich
corresponds

to
the

inn
‘xluetion

and
to

th’
is

fetenne
in

lix
psk

las
in

the
H

ebrew
.

T
hus

tI
e

w
tixt

is
us

havc
a

c
a

non
k
rab

k
origin,

w
hich

I
w

ill
call

A
N

a
copies

of
this

Er
A

te
s
t

x
t

b
e
n

found.
It

is
likely

that
th

o
d

o
the

theorem
s

ii
A

xi
s.

u
ia1

I
that

of
the

H
ebrew

translath
n.

in
xiinch

logically
c

m
ica

ed
tin

n
m

s
are

gro
aped

together.
T

he
( rd

r
c

I’tie
tin

a
t

in.
in

the
N

1
ii

x
also

reflects
the

character
of

A
a

a
rew

orking
and

extei,sn
n

f
I{x

.k
le

treatise
T

here
are

striking
s

is
laritir

s
and

cliiN
II

d
ill

ci
i.

a
t

in
the

m
athem

atical
reasoning

in
the

H
ib

ri
w

and
the

I
c
i

i’
a
d

in
am

inE
be

certain
that

sll
thesc

d
iN

rences
are

thi
it,nul

t
tin’

n
,

totm
l

intervention
of

al—
M

aghrihi,
bin

ease
the

W
h
ir

xi
nay

h
in

’
is.

c
i.

a
.ed

on
an

edited
version

of
A

‘1 hi
re

onstruct
or

of
A

Ii
in

I
11

b
r

en
translaL

on
and

the
R

r
ti,

ion
is

E
hcftfore

a
a

m
ti

lvi_i
in

bin
ii.

h
it..

solution
of

w
hich

w
ill

ha
e

o
xi

•
it

the
put

Ilinuon
ol

in
Ik

hi
n

In
1984

L
angerm

aim
and

I
su.gested

that
A

s
en

A
r

ha
endar

on
of

a
H

ellenistic
treatise.

N
o

s
I

consider
that

i
ju

st
as

iic
s

that
A

w
as

w
ritten

b
an

A
rabic—

Islam
ic

n
atheniarit,

Li
i,

xiin
xi

inted
to

&
st

nd
H

ypsicles
treatm

ent
of

lb
k

n
th

t
Jis

a
nc

h
r

lo
Jieel

‘a
t’

B
in

1.
X

IV
of

the
E

lem
ents

to
all

legu
lam

pith
hedra,

tad
xN

.
r
i

is
o
tt

in
cm

have
bren

inspiied
in

r sore
steeL

is
urn’s

than
Ilyp

cL
Pool’.

E
aton

tailo
r’

o
n

ti’
m

in
c
it

‘
‘
‘

‘
a
t

t’
1

a
s

0)84.
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X
IV

.
A

l-K
indi

(9th
century

A
.

D
.)

is
know

n
to

have
w

ritten
a

tre
a
tis

e

on
the

correction
of B

ooks
X

IV
and

X
V

of the
E

lem
ents

of E
u
clid
6

1
do

not
w

ant
to

suggest
that

this
w

as
A

,
w

hich
is

not
concerned

w
ith

B
ook

X
V

,
but

the
title

of
A

l-K
indis

w
ork

show
s

that
there

w
as

som
e

interest
in

the
regular

polyhedra
in

the
9th

century
A

.D
.,

and
thus

A
could

very
w

ell
have

been
w

ritten
in

that
period.

A
n

argum
ent

for
dating

A
early

in
the

Islam
ic

tradition
is

the
inefficient

w
ay

in
w

hich
the

proportions
are

handled.
T

he
origin

of
A

w
ill

be
clarified

by
the

publication
by

D
r.

L
angerm

anfl
of

the
H

ebrew
translation

and
related

textual
m

aterial.
O

ne
could

try
to

find
out

m
ore

about
the

history
of

A
by

looking
for

possible
traces

in
other

A
rabic

treatises.
In

pp.
431-433

of
the

1594
R

om
e

edition
of

the
E

lem
ents,

attributed
to

N
asir

al-D
in

al-T
üsi.

the
follow

ing
theorem

s
are

proved
in

a
corollary

to
E

l.
X

III’
15

(construction
of

the
octahedron):

1.
r6=

r(c
f.

M
X

V
:3).

2.
s6:
s
8=

v
6:
v
d
:
h
,

w
here

d
and

h
are

tw
o

line
segm

ents
such

that
h2=

3
/4

d2
(cf.

M
X

V
:12,

23).
T

he
proofs

in
the

R
om

e
edition

differ
from

those
of

al-M
aghribL

T
hus

it
is

possible
hut

not
certain

that
the

author
of

the
R

om
e

edition
w

as
influenced

by
A

or
by

al-M
aghribi.

T
he

m
a
n
u
s
c
rip

ts

A
l-M

ag
h
rib

is
revision

of
the

E
lem

ents
is

extant
in

four
A

rabic
m

anuscripts,
w

hich
w

ill
be

called
D

,
T

,
F

and
H

.
T

he
m

anuscripts
w

ere
m

entioned
by

S
ezgin

in
G

A
S

V
,

114;
D

,
F

and
H

in
no.

50,
T

in
n
o
.

52.
D

is
M

S.
O

xford.
B

odleian
L

ibrary
448,

f.
l6

0
a
l7

5
b
.

T
his

nianuscript
w

as
identified

by
A

.
I.

S
abra

(p.
14).

A
ccording

to
the

colophon,
the

m
anuscript

w
as

com
pleted

in
M

aragha
in

659
H

/A
.

D
.

1260-1.
T

hus
D

w
as

w
ritten

during
the

life
of

aI-M
aghribi,

probably
soon

after
the

com
pletion

of
the

R
e
v
isio

n
.

T
here

is
no

evidence
that

D
is

an
autograph

by
al-M

aghribi.
T

he
m

anuscript
is

w
ritten

in
a

clear
naskhi,

and
there

are
19

lines
to

a
page.

T
here

are
a

num
ber

of
(usually

insignificant)
scribal

errors
in

the
text;

som
e

of
these

errors
are

also
in

the
other

m
anuscripts

and
they

m
ay

have
been

in
the

original
of

al—
M

aghrihi
Ihe

lam
liv

leaves
in

tin
a

a
is

ri
it

bear
the

num
bers

171,
172,

172
173

F
3.1

have
an

t
tuber

d
th

so
leaves

171
-175

fo
r

sake
of

clarity
T

is
M

S.
U

trech
,

U
n’

e
it%

E
hiblit1’

&
,

U1)
1fn

ii
I

(of
21),

f.
81a-90a

see
V

oorhoe
c

p
.392,

fiele
p.

34
.3

d
to

S
atu

(lay
9

D
hü’l-H

ijja
685

H
(Jam

an,
2S,

A
.

1)
1287

Th
si

.e
f

K
leaves

is
ca.

165
x

77
m

m
,

and
the

si
e

f
hi.

to
I

s
i.e

Ia
6

i
m

rica.
are

betw
een

37
and

41
line

t
a

page
lh

e
n
in

a
e

scribe
is

Ihrãhim
ibn

Y
aqub

ihn
M

avinfu
.A

few
c
i
v

ti
n

ri
fl

ci
Pt

are
m

issing,
including

th
f

it
t

1a
f

and
tK

a
ìinc

f
I

M
aplinhi

is
not

m
e
n
tio

n
e
d

anyw
here

in
h

a
anus

ri
I

‘In
Iixl

is
s

th
u

a
sm

all
but

legible
naskhi,

in
bI

u.k
ink

w
ith

alm
ost

no
d

actitical
in

irks,
and

th
e
re

are
very

few
scribal

errots
T

he
fp

.u
a

s
and

tac
r

pnsition
num

bers
in

the
m

argm
in

,
draw

n
n

red
ink.

(ira
leaf

of
R

ook
X

V
,

containing
the

text
from

the
end

of
12

i
a

ii..
es

nnm
g

of
prop.

15,
is

m
issing.

F
is

M
S

Istanbul,
S

ill
“
,nianlye

L
ibrary

A
a

S
ul’

a
‘

1’
(K

rause,
p.

506),
1.

178a-l95a
T

his
m

am
iscript

is
dated

l)hri
I

16
‘a

92’
‘A

D
.

151
8-9

(the
date

714
stated

b
K

iau
s

iS
iii

orna
,

i
i

11
havc

found
no

evidence
that

the
ins

a
a

w
ritten

by
A

hm
id

hn
al

K
U

)
A

lthough
K

rause
calls

this
m

an
isi

5
9

1
sel

r
gut”.

thor”
re

ir
in

se
il

ii
e
rro

rs
som

etim
es

of
the

in
n
t

r
u
t

“si.no
kind

a
id

in
a

a
.i’

sv
ndc

and
passages

have
been

repe
ito

U
rK

te
I

1”,
in

i
ak”.

1-Iis
M

S.
Istanbul

Stile
n

inive
L

ibrary
M

hi
sh

iii
33’

1
1

Sa
I86a

A
ccording

to
K

ra
u
se

(p
S

O
l)

m
ost

o
f

R
i

s
i

a
ci

t
it

s
ritten

in
the

8th
c
e
n
tu

ry
H

./l4
th

c
A

).
A

low
ea

e
a

s
ti

ci
in

1159
H

./A
.D

. 1746-7
by

M
i.

St
l’ti

S
id

6
a

a
nil

kit
s

S
h

century
m

athem
atician

of
(“air.

T
ii

a
a
n
n
sc

rii
t

p
_a

e
f

a
slightly

revised
version

f
ho

R
i
its

iii
,

s
h
u
h

ir
c
lia

n
e
s

acre
m

ade
in

the
a

ording
and

in
th

in
a
th

e
in

c
1

n.
s

n
in

io
n
ic

of
these

are
im

provem
ents,

n
it

o
th

e
rs

are
c
h
a
n
g
e
s

in
atso

In
a
d
d
itio

n
to

these
deliher

ite
ch

an
o
s

then
a

e
nun

ci
ii

s
6

al
err

irs
in

H
.

M
analysis

of
scrihal

errors
has

show
r

lb
U

m
a

tu
e
n
ip

i
s

related
to,

hut
not

dependent
or

I.
a

id
that

m
anuscript

N
o

a
I

i.
hut

not
dependent

on
D

.

A
l

K
indi’s

m
athem

atical
w

orks
are

listed
by

S
ezgin

in
G

A
S

V
, 256.
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JA

N
P.

H
O

G
E

N
D

U
K

TI
RE

A
145

E
ditorialprinciples

I
have

attem
pted

to
restore

the
original

text
of

B
ook

X
V

of
aF

M
aghribi’s

R
evision

on
the

basis
of

the
tw

o
m

anuscripts
D

and
T

,
w

hich
are

the
oldest

and
the

best.
I

have
m

odernized
the

orthography,
added

ham
zas

and
m

ade
trivial

corrections
involving

slashes
and

diacritical
m

arks
w

ithout
noticing

this.
A

ll
other

scribal
errors

and
variants

in
D

and
T

have
been

m
entioned

in
the

apparatus.
I

have
not

taken
account

of
the

fact
that

in
T

the
last

w
ord

on
a

leaf
is

usually
repeated

at
the

beginning
of

the
next

leaf.
I

have
indicated

the
beginning

of
new

pages
in

F
and

H
in

the
text,

but
I

have
used

these
m

anuscripts
only

to
a

very
lim

ited
extent.

M
anuscript

F
is

of
little

use
for

the
reconstruction

of
the

original
text

of
the

R
evision,

because
F

never
has

a
plausible

variant
in

the
cases

w
here

there
are

difficulties
in

the
text

in
D

and
T

.
F

and
H

contain
a

large
num

ber
of

errors,
nearly

all
of

w
hich

are
uninteresting.

T
here

are
only

a
few

cases
w

here
the

text
in

D
and

T
is

corrupt
and

H
is

(m
athem

atically)
correct,

or
w

here
the

context
indicates

that
a

passage
in

0
and

T
m

ust
be

m
issing,

and
the

m
issing

passage
is

supplied
by

11.
In

such
cases

I
have

em
ended

the
text

on
the

basis
of

H
,

as
indicated

in
the

apparatus
(this

concerns
nos.

3
3
3
6
,

38,
44,

46,
124,

132,
134).

In
these

cases
H

does
not

necessarily
represent

the
original

text
of

al-M
aghribi,

because
H

is
a

copy
of

a
slightly

revised
version

of
the

R
evision,

and
the

errors
or

om
issions

m
ay

have
been

corrected
by

the
person

w
ho

revised
the

text.
A

part
from

these
exceptional

cases
I

have
not

m
entioned

the
vaiants

and
errors

in
F

and
H

,
because

this
w

ould
have

tripled
the

size
of

the
apparatus,

and
very

little
w

ould
have

been
gained

for
the

reconstruction
of

the
original

o
f

al-M
aghrihi.

T
he

text
is

on
the

w
hole

very
sim

ple,
and

the
edition

does
notpose

any
m

ajor
philological

problem
s.

I
have

added
full

stops
and

com
m

as
in

the
A

rabic
text

for
sake

of
better

legibility.
S

quare
brackets

in
the

A
rabic

text
contain

the
page

num
bers

in
the

m
anuscripts.

In
the

A
rabic

text
and

the
apparatus

the
four

m
anuscripts

have
been

abbreviated
as

follow
s:

D
=
,

T
=

F
J
,

H
=
.

A
ngular

brackets
<

>
in

the
A

rabic
text

indicate
additions

m
ade

by
m

e
to

restore
the

original,
in

cases
w

here
the

text
in

D
and

T
is

incom
plete.

P
assages

restored
by

m
eans

of
H

are
also

in
angular

brackets.
In

B
ook

X
V

,
al-M

aghribi
often

refers
to

previous
propositions

in
his

revision
of

the
E

lem
ents,

using
ab

jad
n

u
m

b
ers

w
ith

slashes.
1

hese
alphabetical

num
bers

can
very

easily
be

confused

w
ith

Iie
letters

that
iri

figures
because

thes
k
t

confu
ion

I
have

pu
ii

in
paronthesec

T
he

sam
e

procedure
X

III:1O
and

14
of

th
eR

paper
T

hese
propositio

in
the

H
ebrew

translatic
m

ust
av

e
been

in
the

propo
itions

is
found

i

141a’8141b:3,
l43a

1
15D

b.
2
l9

,
F

l5
6
h

18

A
hbiciiat

h

D
(

M
s

O
xftrd

Bc
0

5
143i,l

5
T

(i
M

s
ticch

t,
S

i
1

8
7O

a’32i7,
P
(J

M
s.

lstnbul,
Scil

[I
M

s
F

t,nbA
C

149a’13
149o:l(

added
in

one
o

tl
r

Pt
(

om
itted

ii
t

I
illegible

passag

1
C

X
t

)

S
i

h
u

r
t

i
r

f
rer

I
h

i
i

1/i
H

‘
1
it

i
y

D
i

I
h

s
tr

sun
p

c

I
f

itt
c

I
oid

sit
or

s

S
I

M
l

Ii

C
if

tray
C

S
i

It
I)

)
10

ir
rry

L

+
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l

51
187

Jntroduett.m
to

the
rae

c
a
lio

3d

‘
i

&
-
‘

H
LA

,
•
,

i
i

U
l
l

j
i

J
i

,
_
4
_
,
)

L
I
L

L
1
,

In
the

translation
all

explan
ito

r
additions

m
ad

1)
a

a
i
p
arer.

theses.
A

ngular
brackets

n
c1

u
d

trin
slat

o
n
c

of
n
i
id

an
1

natrges
that

I
have

added
to

the
A

rabic
text

in
D

and
I

in
ordi

to
it

O
ft

the
original

of
al-M

aghribi.
in

the
F’nglish

translation
1

h
c

w
transcribed

al—
M

aghribis
relerencos

revious
p

o
p
o
s
itro

in
a

in
tin.

ti
low

ing
exam

ple:
V

I:22
for

proposition
22

of
B

ook
V

I
of

thi
R

tw
o

in
the

translation
the

num
ber

of
t

e
c.

x
i

sp
nding

pr
x

Id
u

ii
[

‘m
e

nh
appears

in
brackets,

if
the

n
m

her
dilfe

s
I

on
tI

e
I

‘o
i’

ih
u
s

V
:14

(=E
L

V
.15)

m
ean

th
t

tw
o

osition
I

of
&

k
ft

R
‘vine

n
is

the
sam

e
as

proposition
15

of
B

ook
V

f
he

I
/

tnent
in

the
editions

of
H

eiberg
and

H
ib

tig
-S

tan
atis

id
be

ta
si

to
o

H
xl

S
om

e
of

the
re

fe
re

n
c
e
s

in
the

text
to

earlier
proposittoris

tith
e

I
w

m
n

are
incorrect.

11
such

in
c
o
rie

c
t

re
fe

re
n
c
e
s

a
c
o
rn

s’
tr

in
to

.
thy

or
cannot

be
explained

as
se

tIn
1

1
have

assum
ed

dial
th

i
w

eti,.
in

the
original

of
al-M

aghtibi.
T

he
coned

iclerenci
s

e
Ii

h
found

in
a

n
o
te

m
the

translation
a’

ig
he

abbie
at

an
V

t
M

thi
hi

R
evision

and
E

l,
for

E
uclids

L
ie

,ierrs.
T

he
figures

are
printed

I
vi

n
ii

1c
A

r
h

e
d

ng
ish

translation.
S

om
e

of
the

three-d
m

cnsione
I

t’gu
en.

in
I

ol
oil

I
te

m
odeni

eyes
b
e
c
a
u
s
e

they
Ii’

e
w

in
d

aw
ii

ii
w

ay
a

h
h

hey
occur

in
the

m
anuscripts.

*

W
e

can
suppose

that
m

ist
m

edieval
s
t

d
ir

is
d

Ia
k

V
i’

of
the.

R
evision

had
read

the
first

fourteen
B

ooks.
1

o
understand

the
tianslation

in
all

historical
details

one
needs

to
have

a
do

ailed
L

uau
edge

o
f

B
ooks

1—
VI,

X
I

and
X

III
I

tl
e

I
len

en
c.

I
Ii

a
t

xliin
rca

Icr
w

ho
is

not
fam

iliar
w

ith
the

E
lem

ent.
cart

fo
llo

w
practicahis

is
a

is
thu

g
ii

he
h
a
s

v
o

3
o
f

H
eath

trans
ito

1
tie

Ide
te

a
I

in
I

‘i
he

can
look

u
p

the
E

uclidean
c
o
a
s
t

tic
io

n
s

o
f

tic’
e
g

tia
p

lv
in

i
4
6
7
5
O

3
)

and
the

other
the

ii
us

ii
i.

X
II

if
e

‘s
A

s
long

as
the

H
ebrew

te
x
t

has
not

been
publo.I

ed
a

s
a

tj
ssib

k
to

give
an

adequate
h
isto

n
i

‘ai
an

i
u
n

‘n
ta

ry
it

m
d

s1b
a

p1
p

silt
in

in
al—

M
aghribis

text.
T

liu
t
t
t

ic*
o
cn

o
tes

to
toe

ti
d
it0

t1
C

)ii
01

‘
(oily

concerned
w

ith
te

rm
in

o
lo

g
y

in
e
th

e
m

a
tic

.s
and

tefcreio.c
-

o
othet

p
ro

p
o
s

‘tio
n
s

in
the

R
ecur

n
a

I
th

P
en

in
i

di
I

tiles
B

ook
X

IV
.
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T
ran

slatio
n

o
f B

ook
X

V
o
f the

R
evision

of
the

E
lem

ents.

T
he

fifteenth
book,

en
the

relation
betw

een
the

five
solids.

1.
T

he
square

of
the

altitude
of

every
equilateral

triangle
is

three-

fourths
of

the
square

of
its

side.
T

hus
let

triangle
A

B
G

be
equilateral,

and
(let)

its
altitude

(be)
A

D
.

I
say

that the
square

of
A

D
is

three-fourths

of
the

square
of

A
B

.
P

roof:
A

ngles
A

B
G

and
A

G
B

are
equal,

the
tw

o
angles

D
are

right

(angles),
and

line
A

D
is

com
m

on
to

triangles
A

D
B

,
A

D
G

.
T

hus
lines

B
D

and
D

G
are

equal.
H

ence
the

square
of

B
D

is
one-fourth

of
the

square
of

B
G

,
that

is
A

B
, 11:4. T

he
(sum

of
the)

squares
of

A
D

,
D

B
is

equal
to

the
square

of
A

B
,

1:47.
B

ut
the

square
of

D
B

is
one-fourth

of

the
square

of
A

B
.

H
ence,

by
subtraction,

the
square

of
A

D
is

three-

fourths
of

the
square

of
A

B
.

T
hat

is
w

hat
w

e
w

anted
to

prove.

A

prop.
I

2.
T

he
side

of
the

octahedron
is

equal
to

the
altitude

of
the

triangle

of
the

pyram
id

inscribed
in

the
sam

e
sphere.

P
roof:

T
he

square
of

the
diam

eter
of

the
sphere

is
one

and
a

half

tim
es

the
square

of
the

side
of

the
pyram

id,
X

IV
:l

(=
E

l.
X

III:13).

T
he

square
of

the
diam

eter
of

the
sphere

is
also

tw
ice

the
square

of

the
side

of
the

octahedron,
X

IV
:5

(=
E

l.
X

I1l:14).
T

hus
one

and
a

half

tim
es

the
square

of
the

side
of

the
pyram

id
is

equal
to

tw
ice

the

square
of

the
side

of
the

octahedron,
so

three-fourths
of

the
square

of

the
side

of
the

pyram
id

is
equal

to
the

square
of

the
side

of
the

octahedron.
B

ut
three-fourths

of
the

square
of

the
side

of
the

pyram
id

to
prose.

It
is

clear
from

this
that

the
tr

angle
of

t
c

m
tahi

on
c

i.-fourths
of

the
triangle

of
the

pyram
id,

since
the

ratio
of

the
m

angle
of

the
octahedron

to
the

triangle
of

the
pyram

id
is

equal
to

the
ratio

of
the

squares
of

the
sides,

‘n
i

the
s

r
ire

of
th

side
hi

oct
tedron

‘s
three-fourths

of
the

sqi
i

of
a

ie
f

pyr

3
b
e

square
of

the
Ic

of
h

cube
a

i
the

t
gle

o
side

ii
the

octahedron
constructed

in
the

sam
e

sphere
are

circum
scribed

by
the

sam
e

circle.
T

hus
let

the
square

of
the

srde
of

the
cube

be
A

B
.

(let)
the

radius
of

its
circum

scribed
ciix

e
(be,

G
B

len
ii

triangle
of

the
octahedron

(he
FiZ

a
let)

ci
Iru’

s
ci

scrihed
d
ic

k
(be)

lID
.

L
et

th
a

e
r

f
h

e
hen

the
squa’e

of
T

is
three

t
z

iii
rare

A
ll

X
IV

II
15)

but
the

square
A

B
is

t\viee
the

square
of

G
B

147
s

the
sqim

a
c

of
T

is
six

tim
es

the
square

of
G

B
T

he
sq

u
are

of
T

is
iiiice

the
sq

u
are

of
D

E
,

X
IV

:5
(E

l.X
lIl:

14).
and

the
square

of
D

L
I’

three
tim

es
the

square
of

H
D

X
III:

1
o

the
1

rare
of

is
six

Ic.
ii

iuare
Cf

H
D

T
hus

the
s
q
u
a

B
.g

ii
ft

I
a.

1
G

B
s

equal
to

H
D

T
hus

the
circle

w
hich

eu
cu

m
serih

es
t

ir
square

of
tI

e
Ic

o
f

the
cube

is
equal

to
the

circle
w

hich
circum

scribes
the

iiiangle
of

the
octahedron.

T
hat

is
w

hat
w

e
w

an
ted

to
prove

It
has

becom
e

clear
Ii

rm
this

t
at

the
p

pcndic.
centre

of
the

sphere
on

si
f

h
the

perpendicular
fallin

or
ntir

ir

dron,
because

the
peipe

circular
falling

om
th

on
equal

circles
draw

n
on

the
surface

of
the

sphere
alt

equr
l.

Ithas
also

becom
e

clear
that

the
square

of
the

side
of

the
ci

‘rahedron
is

one
and

a
half

tim
es

the
squ

rc’
of

th
ale

of
hi

cubi
inc

e
the

square
of

the
si

Ic
of

t
rein

ci
is

‘
ti

s
e

2.
.P

roved
in

the
precet

p
ih

‘s
m

A
X

’s
I

3
‘,T

tre
re

fe
re

n
se

th
o
u
Ii1

e
r\i

\I
1

:1
—

1
,i.

\1
i1

:i
1

.

is
equal

to
the

square
of

the
altitude

of
its

triangle
of

the
side

of
the

octahedron
is

equal
to

the
square

the
triangle

of
the

pyra
nid

T
i

the
sid

of
the

to
the

altitude
of

th
’

Ic
1

p’
I

I’Iius
the

square
of’

the
Ititude

of
tahed

is
equal

I
a
n
id

B

Ii
I

dlii
ii

1.’
C

ltre
I

torn
the

qual
t)

ictalre
.pher

of
tl

3.2.
I’his

is
proved

in
lenirc

i
i’d

c
51

X
III

T
he

d
sius,

Sphc
‘it

.I
(
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radius
of

the
circum

scribing
circle,

that
is

(the
circle)

w
hich

circu
m

scribes
the

square
of

the
side

of
the

cube,
and

(since)
the

square
of

the
side

of
the

cube
is

tw
ice

the
square

of
the

radius
of

this
circle.

T
hus

the
square

of
the

side
of

the
octahedron

is
one

and
a

half
tim

es
the

square
of

the
side

of
the

cube.

D

zprop.
3

Dprop.
4

4.
In

every
circle,

the
sum

of
the

squares
of

the
side

of
its

pentagon

and
the

chord
of

the
angle

of
the

pentagon
is

five
tim

es
the

square
of

the
radius

of
the

circle
circum

scribing
the

pentago&
.

T
hus

let
there

be
a

circle
w

ith
diam

eter
A

B
,

(let)
the

side
o
f

its

pentagon
(be)

G
D

,
(let)

the
chord

of
the

angle
of

the
pentagon

(be)

4
.].

T
his

is
E

l.
X

IV
§

2
(the

lem
m

a
in

prop.
2

in
H

eath’s
translation,

v
o

l.3
.

pp.

5
t’-5

l4
).

A
G

.
and

(let)
the

centre
ol

the
circle

(he
P.

1
s

is
that

the
çsum

of
the)

squares
of

A
G

.
G

D
is

llve
tim

es
the

square
of

PB
.

P
roof:

W
e

join
G

B
,

T
hen

G
B

is
the

.hord
of

the
decagon.

thu
the

Is
m

i
of

the)
squares

of
A

G
.

G
B

e
i.

tie
sc

ua
c

\i
7

c
to

say
four

tim
es

the
square

o
f

B
W

c
a

Id
th

q
.rc

B
I

he
(sum

of
the)

three
squares

of
A

U
,

G
B

and
PB

s
five

ru
es

thc
square

of
E

B
B

ut
the

(sum
of

the)
squares

of
G

B
,

PB
i

equal
to

the
square

of
G

D
,

X
III: l3,

so
the

(sum
of

the)
squares

of
A

C
.

C
D

is
Ii

tim
es

the
square

of
L

B
T

hat
i

w
ha

w
’r

e
I.to

e

5.
T

he
triangle

of
the

shedic.i
and

pet
n

ii
d
o
d
cca

hedron
circum

scribed
by

the
sam

e
sphere

tail
in

thr
sam

e
ru

d
e
.

E
xam

ple:
W

e
m

ake
the

pentagon
of

U
e

dodec’ahedtoc
p
en

tag
o
n

A
B

G
D

E
,

the
centre

or
its

circum
scribed

d
c

i
Is

ra
t

s
Z

D
,

the
trian

g
le

o
f

the
i

o
cc

iian
g

le
11

he
e

e
circle

w
hich

circi
Inscribe

it
I

its
i

I
us

a
1

1
eqi

I
to

Z
DP

roof:
W

e
join

B
E

;
it

is
the

side
o
f

the
cube

I
W

e
m

ake
the

diam
eter

of
the

sphere
M

N
,

air
the

a
t

in
s

of
the

circle
of

w
hich

it
I

s
b

slios
that

h
sid

it.
tagon

is
equal

to
the

side
Ihe

r
1e

o
lie

ie
C

(
c

divide
M

N
in

extrem
e

and
m

eat
a
tio

atQ,
let

tie
g
rea

p
a
t

Q
N

.
W

e
also

divide
C

O
in

extrem
e

an
d

m
e
a
n

ratio
at

S.
let

the
greater

p
a
rt

he
SO

T
hen

SO
is

the
side

o
f

the
decagon,

X
IV

,14’
W

e
also

livide
B

E
in

extrem
e

and
m

ean
rath

poin
F

sod
I

‘ii
11

i.at.
in

is
FE

’
th

e
n

itise
q

u
a
ltA

F
X

l

4.2.
A

ll
m

anuscripts
has

e
tI’u

s
ja

.although
Sd

G
I3

‘S
I

.
.

nsequence
of

the
fact

that
B

O
is

the
chord

of
the

dc
a
s
o

n

4
a

T
he

referent
e

so
u
1
d

has
been

to
\I

X
II]

1’
F

\
I

o
p
ae

notes
6.5

3
3
.

S.
.

T
he

sam
e

theo
i

s
(.p

r
2

in
H

eath’s
translation

5,2.
A

s
show

n
in

the
E

u
ctijean

construction
ot

the
d
o

d
e
ra

,e
j

S
‘dIV

)
=

E
t.

X
III

17).

5
3

T
his

circle
thrm

h
Its

is
i

f
I

is
O

S
ii

N
is

1
11

IH
’i6

-‘Is]
X

IV
7)

5
.

T
he

referrnc’e
s

lb
M

\
4

s
i ‘vi

an
I

rraos
alien)

c oru
pare

n
los

0
t

1
hr

e
.ie

o
,

ii
ii

ade
is

T

i
c

sc’
i

d
.p

4
-9

.
X

\
§

I

C
o.5
.

T
he

reference
should

i’
a

SI
‘dIll

‘
‘

.]
‘viii

s
(‘
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T
hen

the
ratio

of
M

N
to

C
O

is
equal

to
the

ratio
of

Q
N

to
S

O
,

X
IV

:
106.

T
hus

the
ratio

of
the

square
of

M
N

to
the

square
of

C
O

is
equal

to
the

ratio
of

the
square

of
Q

N
to

the
square

of
SO

,
V

I:22.
B

ut
it

has
been

show
n

that
the

square
of

M
N

is
five

tim
es

the
square

of
O

C
,

X
V

:4
.

T
hus

the
square

of
Q

N
is

five
tim

es
the

square
of

SO
.

T
hus

the
(sum

of
the)

squares
of

M
N

,
N

Q
is

five
tim

es
the

sum
of

the
squares

of
C

O
,

O
S,

that
is

to
say

the
<

square
of

the>
side

of
the

pentagon
of

the
circle

of
w

hich
the

radius
is

C
O

,
that

is
the

square
of

H
T

,
X

III:15
(=E1.

X
II1:10),

that
is

to
say

three
tim

es
the

square
of

L
K

,
X

III:1
1

8.
T

hus
the

(sum
of

the)
squares

of
M

N
.

N
Q

is
fifteen

tim
es

the
square

of
L

K
.

A
gain,

the
ratio

of
the

square
of

M
N

to
the

square
of

B
E

,
that

is
the

side
of

the
cube,

is
equal

to
the

ratio
of

the
square

of
Q

N
to

the
square

of
F

E
9.

B
ut

the
square

of
M

N
is

three
tim

es
the

square
of

B
E

,
X

IV
:3

(=E
l,

X
III:9).

T
hus

the
square

of
Q

N
is

three
tim

es
the

square
of

FE
.

T
hus

the
(sum

of
the)

squares
of

M
N

,
N

Q
is

three
tim

es
the

(sum
of

the)
squares

of
B

E
,

E
F.

B
ut

the
(sum

of
the)

squares
of

B
E

,
E

F
is

five
tim

es
the

square
of

D
Z

,
X

V
:4.

T
hus

the
(sum

of
the)

squares
of

M
N

,
N

Q
is

fifteen
tim

es
the

square
of

D
Z

.
T

hus
the

squares
of

L
K

and
D

Z
are

equal,
so

lines
L

K
and

Z
D

are
equal.

T
hus

the
circles

A
B

G
D

E
and

H
T

K
are

equal.
T

hat
is

w
hat

w
e

w
anted

to
prove.

It
has

becom
e

clear
from

this
that

the
perpendicular

falling
from

the
centre

of
the

sphere
on

the
face

of
the

dodecahedron
is

equal
to

the
perpendicular

falling
from

the
centre

of
the

sphere
on

the
face

of
the

icosahedron,
because

the
perpendiculars

falling
from

the
centre

of
the

sphere
on

equal
circles

draw
n

on
its

surface
are

equah°.
T

hat
is

w
hat

w
e

w
anted.

5.6.
T

he
reference

should
be

to
M

X
IIl:lO

(see
the

appendix
for

the
text

and

translation).

5,7.
T

his
is

a
very

interesting
reference.

W
e

locate
the

diam
eter

M
N

of
the

sphere

in
such

a
w

ay
that

M
and

N
are

opposite
points

on
the

icosahedron,
L

et
M

P
be

one

of
the

sides
of

the
icosahedron

that
ends

at
M

,
and

draw
PN

.
B

ecause
P

is
on

a
circle

w
ith

diam
eter

M
N

,
angle

M
PN

is
a

right
angle,

so
M

N
’=

P
N

’+
P

M
2,

Segm
ent

PN
is

a

diagonal
in

a
regular

pentagon
form

ed
by

sides
of

the
icosahedron,

and
the

radius
of

the
circum

scribing
circle

is
equal

to
(‘0.

T
hus

by
M

X
V

:4,
P

N
2+

P
M

2=
5
C

0
2

E
uclid

proses
M

N
2=

5
C

O
t

in
d

different
w

ay
in

El.
X

lll:l6
,

cor.

5
..

T
he

reference
should

he
to

M
X

lll:12
l=E

l.
X

lll:12).

5.9.
B

M
X

III:
10

(see
the

appendix).

“5

6.
F

or)
every

line
dis

I
t

x
lte

ll
(d

li
h

ratio
of

the
line,

the
square

of
sshi

s
q

u
ai

to
t

jU
il

of
N

hole
line

plus
the

square
of

its
greater

part
to

the
line,

the
squarc

o
f

w
hich

is
equal

to
the

square
of

the
w

hole
line

plus
the

square
o

f
in

lesser
part

is
e
q
u

to
the

ratio
of

the
side

of
the

cube
to

the
side

of
the

ioo.ahedron
inscribed

in
the

sam
e

sp
h

ere
E

xam
ple:

L
et

A
B

he
the

titus
of

tin
Jo

a
u

)ing
the

pentegon
of

die
uodeeajit

s
id

the
t

n
1

‘1
th

e
iro

n
2

and
h

t
A

G
he

the
side

o
,an

IA
i

td
n
t

g
,n,

and
IdE

the
chord

o
t

i
,

it.
T

I
i

euoe
that

s
circu

rn
sciib

ed
1

sphere
I

o
tto

es
the

dodecahedron
an

d
the

k’os
ii

d
io

n
.

W
e

d
s

ide
A

R
in

inc
and

m
ean

ratio
at

Z
,

let
its

greater
part

he
B

Z
.

T
hen

B
Z

ts
the

side
ot

the
decagon,

X
IV

:l4
.

T
hus

the
square

of
A

D
is

equal
to

Ilk
square

of
A

B
p
lu

s
the

square
of

B
Z

,
X

liii
T

.
L

et
El

he
the

line,
tli

sq
ttaie

of
w

hici
is

equal
to

the
squtne

of
SB

plus
the

quare
of

‘57

6
.1

.
t’his

theotem
is

pioved
h1

lanon,
ol.3,

p. 51
8).T

h
chn

o
g

o
u

stth
e
G

eek
term

I
iii

6
2

lle
re

X
V

5
isa

s,si
ed,

6.3
S

how
n

in
the

n
stru

ru
n

o
d
e
,ih

d
it

I
1

1
1

6
4.

3
he

reference
should

he
to

51
\1I1

14
see

the
,i’

e
d
x

6.5,
T

he
reference

should
to

51
X

III
15

.F
1

\1
ll

“
:
‘

r
i
,
’

\l)
aqu’d

ala
.SB

B
!.

“A
D

i
C

ctu,,i
9

to
o
c
r

to
SB

14/
S

I
sit

ii!”,
com

parr
note

6.1.

C
S

O
M

—
—

—
-
.
.

—

D
k

6

I

5
m

Id
o

H
‘I

1
tsar

5.10.
P

roved
in

a
lem

m
a

at
tttc

end
of

M
X

III,
cf.

note
3.2.
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U
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T
he
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M

uhyr
at

D
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195

I
say

that
the

ratio
of

A
D

to
H

is
equal

to
the

ratio
of

the
side

of
the

cube
to

the
side

of
the

icosahedron.
P

roof:
T

he
square

of
H

,
w

hich
is

equal
to

the
square

of
A

B
plus

the
square

of
A

Z
,

is
also

equal
to

three
tim

es
the

square
of

B
Z

,
X

III:8
(E

l.
X

III:4).
B

ut
the

square
of

A
G

is
equal

to
three

tim
es

the
square

of
A

B
.

T
hus

the
ratio

of
the

square
of

A
G

to
the

square
of

A
B

is
equal

to
the

ratio
of

the
square

of
H

to
the

square
of

B
Z

,
X

III:
146.

T
hus

the
ratio

of
A

G
to

A
B

is
equal

to
the

ratio
of

H
to

B
Z

,
V

l:22.
T

hus,
altern

ately
7,

the
ratio

of
A

G
to

H
is

equal
to

the
ratio

of
A

B
to

B
Z

.
W

e
divide

D
E

in
extrem

e
and

m
ean

ratio
at

T,
let

the
greater

part
be

D
T

,
T

hen
it

is
equal

to
A

D
,

X
III: 142.

T
hus

the
ratio

of
E

D
to

D
T

,
that

is
to

say:
to

A
D

,
is

equal
to

the
ratio

of
A

B
to

B
Z

9,
that

is
to

say:
equal

to
the

ratio
of

A
G

to
H

.
T

hus,
alternately,

the
ratio

of
D

E
,

the
side

of
the

cube,
to

A
G

,
the

side
of

the
icosahedron,

is
equal

to
the

ratio
of

A
D

,
the

square
of

w
hich

is
equal

to
the

square
of

the
w

hole
line

plus
the

square
of

its
greater

part,
to

H
,

the
square

of
w

hich
is

equal
to

the
square

of
the

w
hole

line
plus

the
square

of
its

lesser
part.

T
hat

is
w

hat
w

e
w

anted
to

prove.

7.
In

every
circle,

the
perpendicular

draw
n

Iiurn
n,

entre
to

the
side

of
its

pentagon
is

equal
to

the
sum

of
half

of
the

de
of

its
decagon

and
half

of
the

side
o
f

its
hexagon’

T
hus

let
there

be
a

circle
u

ith
centre

A
,

let
the

Side
of

its
pentagon

he
B

G
,

let
the

side
of

ifs
decagon

be
B

I),
and

let
the

perpendicular
falling

from
its

centre
on

B
G

the
side

o
the

pentagon
lx

line
A

E
.

I
say

that
it

is
equal

to
the

sum
of

half
of

A
D

and
hail

of
B

D
Proof:

W
e

extend
perpendicular

A
E

on
both

sides
t

n
1)

and
Z.

W
e

join
A

B
.

W
e

cut
off

PH
q

m
l

to
E

D
W

e
ioin

1113
T

hen,
since

arc
Z

B
is

I
angle

B
A

D
.

B
ut

it
is

tw
is

tw
ice

angle
B

A
D

m
lines

E
H

,
E

D
are

equ
11

a
equal

to
angle

B
H

F
I

4
1

(angk
B

H
P

)
is

equal
1

(
(the

sum
of)

angles
A

B
1

and
H

A
B

are
equal

11
A

H
is

equal
to

line
B

D
B

ut
H

E
is

equai
to

E
l)

W
e

add
A

E
,

then
tw

ice
A

L
i

the
perpendicular

A
E

is
equal

to
half

of
A

D
and

1)8
(0

ceth
i
.

T
hus

hail
of

it
(i.e.

half
of

2A
E

).
that

is
A

E
.

is
equal

to
half

o
t
AT)

and
h

alf
of

D
B

to
g
eth

er
2.

that
is

to
sar,

half
of

the
sides

of
the

d
e

aeon
and

the
hexagon.

T
hat

is
w

hat
sse

a
n
tc

d
to

prove.

6.6. The
reference

should
be

to
M

V
:14

(=131.
V

I
5).

6.7.
‘A

lternately
refers

to
the

transform
ation

of
a:h=

c:d
into

a,c=
b:d

(based
on

El
V

:16)

6
8.

1 he
reference

should
he

to
M

X
lii

16
(=11.

X
III

:$
.

7.1.
he

proof
is

in
the

si
(1 rop.

tin
H

eath
’s

tran
slalio

r
I
)

I
arc

B
D

,
angle

/
t

131
A

1
:5

an
d
l

3
i

13
B

D
B

E
ll

B
E

i.
cm

vi
i

B
H

I
1

st

ang
es

A
l

IA
A

C
t

angle
A

H
and

JIB
are

A
L

ts
equal

to
E

l)
,m

c
equal

to
A

l)
and

1)13
it

H

r
tunes

eB
D

A
and

ID
E

is
B

it
t

h
u
s

A
B

H
is

line

tether).
i

).
T

hus

B

prop.
6

6
Q

H
y

M
X

liii
1)(see

the
appendix).

7,2.The
text

is
repctiiiw

.
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K
en

hi
)

8.
T

he
ratio

of
the

triangle
of

the
octahedron

to
the

square
o
f

the
side

of
the

cube
is

equal
to

the
ratio

of
half

the
altitude

of
the

triangle
to

tw
o-thirds

of
its

side.
P

roof:
W

e
m

ake
the

triangle
of

the
octahedron

A
B

G
.

W
e

construct
on

side
A

B
square

D
B

,
and

w
e

draw
from

G
a

line
parallel

to
A

B
,

w
hich

m
eets

D
A

at
E.

W
e

bisect
A

E
at

Z
.

T
hen

A
Z

is
half

of
the

altitude
of

triangle
A

G
B

.
W

e
m

ak
e

A
H

tw
o-thirds

of
A

B
.

T
hen

the
ratio

of
A

Z
to

A
D

is
equal

to
the

ratio
of

half
of

rectangle
E

B
.

that
is

triangle
A

G
B

.
1:41,

to
the

square
D

B
,

is
equal

to
the

ratio
of

A
Z

to
A

D
’,

V
I:1.

B
ut

the
ratio

of
A

D
to

A
H

is
eq

u
al

to
the

ratio
of

the
square

D
B

to
the

square
of

the
side

of
the

cube,
because

the
square

of
the

side
of

the
octahedron

is
one

and
a

half
tim

es
the

square
of

the
side

of
the

cube,
X

V
:3,

and
(because)

A
D

is
one

and
a

half
tunes

A
R

.
T

hus,
cx

aequalh,
the

ratio
of

A
Z

,
that

is
half

the
altitude

of
triangle

A
B

G
,

to
A

R
,

tw
o-thirds

of
its

side,
is

equal
to

the
ratio

of
triangle

A
B

C
I,

that
is

the
triangle

of
the

octahedron,
to

the
square

of
the

side
of

the
cube.

T
hat

is
w

hat
w

e
w

anted
to

prov&
,

8.1.
T

he
last

passage
“is

equal
to

the
ratio

of
A

Z
to

A
D

”
occurs

in
all

m
anuscripts.

A
l

M
aghribi

m
ay

have
forgotten

that
he

had
already

m
entioned

the
ratio

o
f

A
Z

to
A

D
before.

8
2.

“E
x

aequali
indicates

an
inference

of
the

follow
ing

kind:
if

a:h-d’e
and

b:c=
e:f

then
a:c=

d:f
(based

on
E

l.
V

:22).

6.3.
In

all
m

anuscripts
the

figure
to

prop.
8

includes
a

point
T

and
a

line
(IT

,
sshich

are
not

m
entioned

in
the

text.

9.
T

he
product

of
the

perpendicular
drassit

from
the

centre
of

the
pentagon

of
the

dodecahedron
and

the
side

of
the

dodecanedron
is

one—
thirtieth

of
the

surface
the

do
lecahe

n’.
Prc

of
o

this
L

!
d

d
n

the
A

B
csD

E
w

ith
c’entrc

an
11

tht.
pe

d
or

d
i

ftc
side

of
the

pentagon
be

Z
H

I
say

that
the

product
of

Z
H

one-thirtieth
of

the
surface

of
the

dodecanedi’ort,
P

roof:
W

e
join

the
angles

of
the

pentagri
to

p
ii

/
sitaight

lines
T

hen
the

penta
n

ide
I

t
c
u

tr
each

of
the

fa
es

f
t
i

1
cal

cci
m

vtd
triangles

that
are

eqi
a
im

tr
angle

A
Z

B
TI us

the
shuh

s
divided

into
sixty

triangles.
B

ut
the

product
of

711
and

A
B

is
tw

ice
triangle

A
Z

B
,

1:4
1.

T
hus

it
(the

product)
is

o
n
e

th
irtieth

o
f

th
s
u
rfa

c
of

the
dodecahedron

T
hat

hat
s

w
ant

pr

z

G
Q

D

D

H

//
z

B
T

prop.
7

prop.
8

A

nt rgon
Z

to
tic

id
A

B
is

Is
55

iy

equal
rface

is

E

-
-

/7
/
/
:

A
H

A
B

prop.
9

P
’o

f

10.
he

product
ci

th
p

tic
i

a
dr

n
f

ti
triangi

of
the

ico
sah

ed
ot

a
hi

of
ti,

in’
irttctI

of
the

surface
of

the
icosahedron

E
xam

ple:
L

et
the

triangle
of’

the
icosahedron

he
trio

igh.
\f

G
w

ith
centre

D
,

and
let

the
pi ipend

far
hr

n
fin

he
c

1)
\B

h

9.1.
9’

e
saint

pros
ed

y
1m

a
I

f
1

sal.
3,a

5151.

10.1
fh

e
sam

.
,s

prosed
O

\
to

‘.k’Ie
131

1315
o
’.

-
,

Ileath
s

transiat
o
’

vol.
a

S
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R
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n
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tht
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m
e
n

ts
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M
uh\

al
I

‘
\Iaghn

o
199

D
E

.
W

e
join

D
to

the
angles

of
the

triangle.
T

hen
the

triangle
is

divided
into

three
equal

triangles.
In

this
w

ay
each

of
the

triangles
o

f

the
icosahedron

is
divided

into
three

equal
triangles.

T
hus

the
surface

of
the

icosahedron
is

divided
into

sixty
equal

triangles.
E

ach
of

them

is
equal

to
triangle

A
D

B
,

and
the

product
of

D
E

and
A

B
is

tw
ice

triangle
A

B
D

,
1:41.

T
hus

it
(the

product)
is

one-thirtieth
of

the
surface

of
the

icosahedron,
T

hat
is

w
hat

w
e

w
anted

to
prove.

It
has

becom
e

clear
from

these
tw

o
propositions

that
the

ratio
of

the

surface
of

the
dodecahedron

to
the

surface
of

the
icosahedron

is

equal
to

the
ratio

of
the

product
of

the
perpendicular

draw
n

from
the

centre
of

the
pentagon

of
the

dodecahedron
to

the
side

of
the

pentagon

tim
es

the
side

of
the

pentagon
to

the
product

of
the

perpendicular

draw
n

from
the

centre
of

the
triangle

of
the

icosahedron
to

the
side

of

the
triangle

tim
es

the
side

of
the

trian
g

le
2,

because
the

ratio
o
f

parts
is

equal
to

the
ratio

of
equim

ultiples
of

them
,

V
:14

(E
1

V
:15).

T
hat

is

w
hat

w
e

w
anted

to
prove.

11.
T

he
area

of
every

pentagon
circum

scribed
by

a
circle

is
equal

to

the
product

of
three-fourths

of
the

diam
eter

of
the

circle
and

five-sixths

of
the

chord
of

the
angle

of
the

pentagon.

T
hus

let
pentagon

A
B

G
D

E
be

(inscribed)
in

a
circle

w
ith

diam
eter

A
Z

H
and

centre
Z

,
and

let
B

E
be

the
chord

of
the

angle
of

the

pentagon,
and

let
five-sixths

of
it

be
B

T
.

W
e

bisect
Z

R
at

K
.

T
hen

A
K

is
three-fourths

of
the

diam
eter.

I
say

that
the

product
of

A
K

and

B
T

is
equal

to
pentagon

A
B

G
D

E
’.

P
roof:

W
e

jo
in

Z
B

.
T

hen
triangle

A
Z

B
is

one-fifth
of

pentagon

A
B

G
D

E
,

as
w

e
proved

m
ore

than
o
n
c
e

2.
B

ut
B

L
,

that
is

to
say,

half

of
B

E
,

is
three

tim
es

T
E

,
and

A
K

is
three

tim
es

half
of

A
Z

.
T

hus
the

ratio
of

B
L

to
T

E
is

equal
to

the
ratio

of
A

K
to

half
of

A
Z

.
T

hus
the

product
of

B
L

and
half

of
A

Z
,

that
is

triangle
A

Z
B

,
1:41,

is
equal

to

1(1,2.
T

he
sam

e
corollary

is
stated

by
H

ypsicles
in

E
l

X
IV

§
5,

end
(prop.

5
in

H
eath’s

translation).
H

ypsicles
uses

this
corollary

in
El.

X
IV

§
6

(this
is

the
first

proof
of

prop.
6

in
heath’s

translation,
vol.

3,
pp.

515-516).
A

l-M
aghribi

does
not

u
se

the
corollary

anyw
here,

so
theorem

s
9

and
10

are
superfluous

in
the

present
text.

See
§

4
of

this
paper.

11.1.
T

he
sam

e
theorem

is
proved

in
essentially

the
sam

e
w

ay
by

H
ypsicles

in
E

l.

X
IV

§
7

(the
prelim

inary
to

the
second

proof
in

prop.
6

in
H

eath’s
translation,

vol.
3,

pp.
516-517).

11.2.
It

is
not

clear
to

m
e

to
w

hat
“proofs”

A
l-M

aghnhi
refers

here
T

he
s’im

e

thing
is

used
(hut

not
proved)

in
M

X
V

:9,

the
product

of
A

K
nd

IT
/1

16
is

the
iduci

three-fourths
of

the
it

r
f

th
.

-ç

ol
the

angle
of

tht
e

tag
i

qual
ne

T
hus

the
product

of
A

K
and

fiv
e

tu
tes

T
E

al
is

F
pentagon

A
B

G
D

E
.

T
hat

is
hat

w
e

anted
to

prove

H
7

l
_

-r—
-

—
—

.
I

/

H
prop.

I

12.
T

he
ratio

of
th

c
I

ni
s

x
t

octahedron

is
equal

to
the

ratio
Ithe

of
a

i
e

ilab
i

au
g

its
altitude.

P
roof:

T
he

ratio
of

the
square

of
the

side
of

he
cube

i
the

triangle

of
the

octahedron
is

equal
to

the
ra

tio
of

tw
o—

thirds
of

the
side

o
f

the

equilateral
triangle

to
h
alf

of
its

altitu
d
e,

X
V

H
a
s

t
e

ra
tio

of
six

tim
es

the
square

the
Si

if
th

e
the

,
ii

c
tIn

lace
)f

the

c
ibe,

to
six

tim
es

it
i

(
f

h
h

Ii
c
i

ourths

of
the

surface
of

tl
cu

r
n,

i
e

Ic
‘

tin
o-thirds

of

the
side

of
the

equilateral
t

cm
gle

ii
halt

of
t

utile
\‘

14
H

E
I.

V
:15).

T
hus

the
ratio

o
f

the
surface

of
the

cube
to

e
ih

t
tim

e
s

th
e

<
triangle

o
f

the>
octahedron

that
is

‘he
su

rfa
5

e
ol

the
n

tahedron.
is

equal
to

the
ratio

of
tie

o
tl

ds
of

ii
siT

uI
i.

qui
‘rat

triangle

to
tw

o—
thirds

of
us

tu
is

.
s

e
of

“
ic

S
i

Ic

o
‘the

equilateral
if

u
gh

altit

It
has

becom
e

lear
H

this
th

he
ta

of
he

trfae
of

the

cube
to

the
surface

ol
the

octahcdi on
is

eq
u
al

i’
iii

ratio
of

the

square
o
f

a
line

to
tw

ice
the

equilateral
io

u
nile

oristiucted
on

it.

h
e
a
u

se
the

ratio
ol

‘e
ii

to
the

iititH
e

01
ii

Ic
ia

I’
i

equal
to

tie
ratio

o
the

i
ii

i
‘
i
i

Ji
the

liii
ide

A
K

,
that

is
the

chord
i

A
B

G
D

E
is

equal
to

A
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T
he

R
ev

b
io

n
/

the
E

letn
en

ts
b

M
uhvi

D
ci

at
\1

iC
h

:
201

o
f

its
triangle

according
to

the
lem

m
a’,

and
(because)

the
product

of
the

altitude
and

the
base

is
tw

ice
that

triangle,
B

y
the

“triangle
of

any
line”

w
e

alw
ays

m
ean

the
equilateral

triangle
constructed

on
it.

S
im

ilarly
the

square
of

it,
and

the
pentagon

of
it,

and
so

on.
T

hat
is

w
hat

w
e

w
anted.

13.
T

he
ratio

of
the

surface
of

the
cube

to
the

surface
ofthe

icosahedron
is

equal
to

the
ratio

of
the

square
of

the
side

of
the

pentagon
of

the
circle

of
the

icosahedro&
to

three
and

one-third
tim

es
the

triangle
of

the
line,

the
square

of
w

hich
is

equal
to

three
tim

es
the

square
of

the
side

of
its

(i.e.
the

circles)
decagon.

T
hus

let
the

radius
of

the
circle

of
w

hich
the

side
of

its
pentagon

is
the

side
of

the
icosahedron

be
A

B
.

W
e

divide
it

in
extrem

e
and

m
ean

ratio
at

(‘1,
let

its
greater

part
be

A
G

.
T

hen
A

G
is

the
side

o
f

the
decagon,

X
IV

:1
4

2.
L

et
B

D
be

the
side

of
the

pentagon.
T

hen
the

square
of

it
(B

D
)

is
equal

to
the

square
of

A
B

plus
the

square
of

A
G

,
X

III:1
3

3.
L

et
line

E
be

(the
line),

the
square

of
w

hich
is

equal
to

the
square

of
A

B
plus

the
square

of
B

G
.

T
hen

the
square

of
it

(E
)

is
equal

to
three

tim
es

the
square

of
A

G
,

that
is

the
side

of
the

decagon
of

the
circle,

X
1II:8

(=
E

l.
X

TTI:4).
L

et
Z

be
the

side
of

the
cube.

I
say

that
the

ratio
of

the
surface

of
the

cube
to

the
surface

of
the

icosahedron
is

equal
to

the
ratio

of
the

square
of

B
D

to
three

and
one-third

tim
es

the
triangle

of
line

E
P

roof:
T

he
ratio

of
Z

,
that

is
the

side
of

the
cube,

to
B

D
,

the
side

of
the

icosahedron,
is

equal
to

the
ratio

of
B

D
to

E
,

X
V

:6.
T

hus
the

ratio
of

the
square

of
Z

to
the

square
of

B
D

is
equal

to
the

ratio
of

the
square

of
B

D
to

the
square

of
E

,
V

l:22.
F

or
every

pair
of

lines,
the

ratio
of

tile
square

of
one

of
them

to
the

square
of

the
other

is
equal

to
the

ratio
of

the
triangle

of
the

first
(line)

to
the

triangle
of

the
other.

T
hus,

alternando,
the

ratio
of

the
square

of
one

of
the

lines
to

its
triangle

is
equal

to
the

square
of

the
other

to
its

triangle.
T

hus
the

ratio
of

the
square

of
B

D
to

its
triangle

is
equal

to
the

ratio
of

the

12.1
1

do
not

know
w

hich
lcrnm

a
is

m
eant

here.
T

he
lem

m
a

m
ust

have
been

a
special

case
of

N
.

V
I:!.

I3.1.
T

he
theorem

is
valid

for
a

pentagon
and

decagon
inscribed

in
any

circle.
In

the
proof

the
circle

is
assum

ed
to

he
a

“circle
of

the
icosahedron”,

that
is

a
n

circle
w

hich
circum

scribes
a

regular
pentagon

form
ed

by
five

sides
of

an
icosahedron.

132.
T

he
reference

should
he

to
M

X
III:

14
(see

the
appendix).

ir
c
o
lti

the
flies

tie

T
h
is,

ex
aequah

the
of

th
sq

u
ir

of
in

c
f

B
I)

is
equal

to
the

ratk
f

squart
f

13D
o

tht
i

‘
)f

I
hi

he
ratio

of
six

tim
es

the
quare

of
7,

tI
at

is
the

surf
if

(Ii’
cube,

to
six

tim
es

the
triangle

of
B

D
,

that
is

thretotenths
01

the
suxias.e

of
the

icosahedron,
is

equal
to

the
ratio

of
the

square
of

13D
to

the
triangle

of
E

.
V

:14
(=

E
l.

V
:15)

T
hus

the
ratio

of
the

surf
tee

of’
the

cube
to

the
surface

of
the

icosahedron
is

equal
to

the
IIn

e

B
D

to
three

and
one

I
tim

es
the

“in’le
of

w
anted

to
prove.

It
has

becom
e

cle’u
surtace

of
the

icos’m
e

(

ratio
‘h

tw
ice

the
tn’il

of
the

I
te

I
ii

squar
three

tim
es

the
squaae

of
the

side
o

the
decagot

the
side

of
the

pentagon.
aB

et
m

version
w

f
the

at
0

KA
p

square
of

B
to

its
tn

le.
B

ut
th

ratio
f

the
squaxe

of
B

D
w

as
(sh

is
to

be
q
l

o
the

B
D

to
th

esq
u
are

11

th
t

a
tie

it

to
tO

i
B

e
o
f

i

E3

0

11
tlis

square
of

hat
i

w
h

t
ise

f
tn

t

i
t

he
o

f
is

q
ii

to
>

ta
te

o
f>

itt
thr

C,
1

1
i

if

t
pc

n
ta

’
in

I bus
ad

line
Ii

ths
side

14.
T

he
ratio

of
the

e
of

nedi
octahedron

is
equal

I
ra

tio
f

In
‘

tim
e
s

O
i

the
decagon

of
a

circle
to

the
squate

of
the

side
if

let
line

A
he

the
side

o
f

the
pentagon

of
the

circle

13,4.
T

o
invert

a
ratio

a
’

to
S

‘ec

E
uclid

s
d’fm

ition
5

ü
I

1’)
(5

‘.1.
e,

conse
IC

C
C

of
(hat

dcf
t

13.3.
T

he
reference

should
he

IC)
M

X
III:

15
(=F1.

X
III:

10),
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EN
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ih
e

R
evision

h
th

y
at

O
n

3

of
its

decagon.
I

say
that

the
ratio

of
the

surface
of

the
icosahedron

to
the

surface
of

the
octahedron

is
equal

to
the

ratio
of

five
tim

es
the

square
of

B
to

the
square

of
A

.
P

roof:
W

e
m

ake
line

G
such

that
the

square
of

it
is

equal
to

three
tim

es
the

square
of

B
,

X
III:1

8
1.

T
hen

the
ratio

of
three-fifths

of
the

surface
of

the
icosahedron

to
the

surface
of

the
cube

is
equal

to
the

ratio
of

the
surface

of
tw

ice
the

triangle
of

G
to

the
square

of
A

,
X

V
:13.

B
ut

the
ratio

of
the

surface
of

the
cube

to
the

surface
of

the
octahedron

is
equal

to
the

ratio
of

the
square

of
A

to
tw

ice
its

triangle.
X

V
:

12.
T

hus,
cx

aequali,
the

ratio
of

three-fifths
of

the
surface

of
the

icosahedron
to

the
surface

of
the

octahedron
is

equal
to

the
ratio

of
tw

ice
the

triangle
of

G
to

tw
ice

the
triangle

of
A

,
that

is
to

say,
equal

to
the

ratio
of

the
triangle

of
G

to
the

triangle
of

A
,

V
:14

(=
E

l
V

:15),
that

is
to

say,
equal

to
the

ratio
of

the
square

of
<

G
>

to
the

square
of

A
.

B
ut

the
square

of
G

is
three

tim
es

the
square

of
B

.
T

hus
the

ratio
of

three-fifths
of

the
surface

of
the

icosahedron
to

the
surface

of
the

octahedron
is

equal
to

the
ratio

of
th

ree
tim

es
the

square
of

B
to

the
square

of
A

.
T

hus
the

ratio
of

the
surface

of
the

icosahedron
to

the
surface

of
the

octahedron
is

equal
to

the
ratio

of
five

tim
es

the
square

of
B

,
the

side
of

the
decagon,

to
the

square
of

A
,

the
side

of
the

pentagon,
V

:14
(=E

l.
V

:15),
T

hat
is

w
hat

w
e

w
anted

to
prove.

GBA

prop.
14

15.
T

he
ratio

of
the

excess
of

the
surface

of
the

icosahedron
over

the
surface

of
the

octahedron
to

the
surface

of
the

octahedron
is

equal
to

the
ratio

of
the

lesser
part

of
any

line
divided

in
extrem

e
and

m
ean

ratio
to

the
w

hole
line.

T
hus

let
there

be
a

circle
w

ith
centre

A
,

such
that

the
side

of
its

pentagon
is

B
G

,
the

side
of

its
decagon

is
B

D
,

and
th

e
tw

o
chords

o
f

14.1.
The

reference
should

he
to

M
X

IH
:20,

w
here

this
(easy)

constru
‘(ion

explained.

the
tw

o
angles

of
its

p
e
n

t
ire

B
F

and
E

G
.

W
e

c
B

E
in

extrem
e

and
m

ean
ratio,

let
its

greater
pan

he
137

1
s’n

that
ii

ratio
of

the
excess

of
the

surface
of

the
icosthedron

O
s

et
the

su
a

e
of

the
octahedron

to
the

surface
o
f

the
octahedron

is
equal

to
the

ran
o

of
Z

E
to

E
B

.
P

roof:
W

e
draw

lines
A

B
,

A
G

,
A

D
.

T
hen

the
tw

o
angles

\
are

equal,
111:26

(=
E

l.
111:27),

T
hus

angle
B

A
G

is
tw

ice
angle

B
\D

,
hut

it
is

also
equal

to
tw

ice
angle

B
E

G
,

111:19
(-E

L
lil:2

th
‘B

angle
B

A
D

is
equal

to
angle

B
E

G
,

T
hus,

by
su

b
tractio

n
,

th
tw

equal
angles

E
B

G
,

E
G

B
,

1:5,
are

eqi.
I

t
rite

tw
o

equal
angi

s
\

\I)13,
1:5.

T
hus

triangles
A

B
E

),
II

m
ilar

V
I

4
T

hus
t

t
D

II
to

B
A

is
equal

to
the

rati
r

BE’
T

itus
the

ri
o

fD
B

tth
e
<

sq
u

a
re

>
o

3
i

I
the

rario
r

f(
B

to
the

s
u

are
of

B
E

V
I

S
t

1
10

ra
ii

e
square

f
D

B
to

fiv
im

s
c.

a
f

I
ti

al
ic

the
ratio

o
f

the
square

o
f

3
e

r
F

B
‘I

the
ratio

of
five

tim
es

the
i

B
to

the
sq

1.
to

the
ratio

o
f

five
tirn

s
tl

t
)

A
3

to
the

sqr
a

B
ut

five
tim

es
the

sqr
hat

is
to

say
t

squares
of

E
B

,
B

Z
,

X
V

:4,
D

are
of

E
lI,

and
th

five
tim

es
the

square
of

D
B

to
tilL

square
of

B
G

s
equ

ii
to

th
it

I
the

surface
of

the
icosahedron

to
the

surface
01

the
octahedro

I
\V

:
14.

T
hus

the
ratio

of
the

surface
o

,he
icosahedron

to
thy

cn
B

i
‘

o
f

the
octahedron

is
equal

to
the

ratio
of

the
(sum

of
the)

squares
of

Fl-I.
B

Z
to

the
square

o
f

B
E

.
T

hus,
sepa

an
d
o

,
the

ratio
of

the
escess

of
the

surface
of

the
icosahedron

over
tile

surface
of

the
o
ctah

ed
ern

to
the

surface
of

the
octahedron

is
equal

to
the

ratio
of

the
square

of
B

Z
to

the
square

of
B

E
.

T
hus,

b\
ins

ersio
n

,
the

ratio
of

the
su.

fic
I

the
octahedron

to
the

excess
of’

the
surface

ot’
tie

teosahedi
it

Is

equal
to

the
ratio

of
the

sq
i

I
F

B
to

the
squaie

I
the

pioduct
of

B
E

and
E

Z
,

tha
i

B’
ratio

of
B

E
o

inversioi
,

the
ratio

of
th

surt
ic

c
(1

rc
a

over
the

s
u

rta
c
e

of
the

o
c
ts

B
s

ifa
c

e
n

is
equal

o
the

ratio
o
f

Z
F

t
i

ad
v.e

15
1.

The
sentence

is
untri

s
w

hole
pas.age

is
confused.

15.2,
Se1

atando
m

eans’
bs

Sn
Fl.

V
I

0
‘usc

0

itti
a.’t’

I
a

15
3

T
h.

double
insersion

(com
s

a
s

U
i’C

’
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n
is

1)
M

,iii
)u

i
ii

N

It
has

becom
e

clear
from

this
that,

co
m

p
o
n
en

d
o

4,
the

ratio
of

the

surface
of

the
icosahedron

to
the

surface
of

the
octahedron

is
equal

to

the
ratio

of
a
n
y

line
divided

in
extrem

e
and

m
ean

ratio
plus

its
lesser

p
a
rt

to
the

w
hole

line.

prop.
15

prop.
16

16.
T

he
ratio

of
the

surface
of

the
dodecahedrofl

to
the

surface
of

the
icosahedron

is
equal

to
the

ratio
of

the
side

of
the

cube
to

the
side

of
the

icosahedron,
T

hus
let

the
pentagon

of
the

dodecahedron
be

pentagon
A

B
G

D
E

,

and
let

the
triangle

of
the

icosaheciron
be

triangle
A

Z
H

,
and

let
one

circle
w

ith
diam

eter
A

T
and

centre
K

circum
scribe

them
,

X
V

:5,
and

let
it

(A
T

)
intersect

Z
H

at
1.

T
hen

K
I

is
one-fourth

of
the

d
iam

eter
2.

W
e

join
B

E
it

is
the

side
of

the
cube,

X
IV

:9
(=

E
l.

X
III: 17).

I
say

that
the

ratio
of

the
surface

of
the

dodecahedrofl
to

the
surtace

of
the

icosahedron
is

equal
to

the
ratio

of
B

E
to

Z
H

.

15.4.
C

om
ponendo

m
eans:

by
changing

a:h=
c:d

to
a+

h
:h

c+
d
.d

(based
on

E
l.

N
’:18)

16,1.
F

lypsicles
proves

this
theorem

in
essentially

the
sam

e
w

ay
in

E
l.

X
IV

§
8

(w
h
ich

corresponds
to

the
alternative

proof
of

prop.
6

in
H

eaths
translation.

o
1
.

3.

p.
517).

T
he

dodecahedrO
fl

and
icosahedron

are
supposed

to
he

inscribed
in

the
sam

e

sphere.

16.2.
A

l-M
aghrihi

proves
th

is
trivial

fact
in

a
separate

proposition
N

I
X

lIt:
IS

(n
o

t

in
the

G
reek).

Proof:
W

e
m

ake
E

L
Irs

c
sixth.,

of
E

L
.

hen
th’

prod
itt

of
l

m
d

E
L

is
equal

to
pentagon

A
B

G
D

E
’,

and
the

product
of

‘J
an

1
71

is
equal

to
triangle

A
Z

H
.

T
b

s
tre

air
p

rti
,o

n
A

l
C”

)1.
o

iangle
A

Z
H

is
equal

to
the

ratio
ef

Bk.
to

71.
V

1:1.
B

ut
pentagon

A
B

C
1D

,
i

o
a

e
fila

of
is

su
ar

ii
)dc

ca
hedron,

and
triangle

A
Z

H
s

s
re

w
e

nh
‘th

it
the

tar
i

of
th

icosa
hedron,

1
hits

the
ratia

o
ii

rf
cc

of
th

d
ds

a
d

ii
o

the
surface

of
the

icosahedron
is

equ
ii

to
the

i
rO

e
of

1w
Ii

iii
to

E
l

ta.
tw

enty
tim

es
Z

I
that

i
te

sa
- u

il
to

ti
ritu

of
tsr

tt
e

B
F

te
ten

tim
es

Z
R

,
that

is
to

sas
•

cqu
ii

to
the

ratio
of

BE’
ti

711
hat

is
w

hat
y
e

w
anted

to
prove.

It
has

becom
e

clear
from

h
is

intl
11cm

X
V

6’
tha

(ii
tic

o
f

the
surface

of
the

dodecahedron
to

the
surface

of
the

n
‘‘a

h
e
ro

t
is

equal
tn

the
ratio

if
the

\1
0

,B
a

u
.e

nf
Iii

,r
the

square
of

r
line

divider,
in

rxtrem
e

aid
ire

in
rair

us
as’

o
f

its
re

a
te

r
part

t
the

it
tf

p
it

if
il

ci
i

“q
of

square
of

the
w

hole
(divided)

lii
e

plus
fir

ia
ua

e
I

I
as

T
he

re
son’

is
that

this
ra

o
s

u
a
l

ti
sO

o
II

Ic
pentagon

of
the

(i.e.
any)

circle
to

the
line,

the
sqt

an
of

a
equal

to
three

lim
es

the
square

of
the

siB
”

of
n

B
e

a
so

17.
T

he
surface

of
the

octahedron
is

one
antI

i
iiill

tttu
c
s

tho
surf

ice
o
f

the
tetrahedron

inscriber
it

he
c
i

re
sphere

P
root.

E
very

tw
o

triangles
of

the
octahedron

a
c

no
fr,unl

of
its

surface
and

every
th

an
k

t
c

_u
he

Ii
a

e
e

st
0

of
its

16
3.B

yM
X

V
II,

16.4.
T

he
O

xford,
U

trectit
and

1ya
so

ti
a

n
arru

s
riO

t’
h:

c
here:

by
6

and
15”.

O
nly

die
M

’O
i,

haP
in

.
h

s
‘‘hs

‘i
w

onders
N

hat
w

as
in

the
on

,in
t

A
M

,h
r

Ii
show

n
that

al.M
aghniht

deny
d

1
c

sot
m

y
n

a
ver

si
p

16.5
Tue

corollary
is

an
or

n
ed

e
ii

q
u

ic
e

a
N

X
a

is
unnecessary.

E

A

2u
:..

to

qua.rc
o

he
p
irt.

if
h
e

dcl
is

i’
I.

.
i

1
0
0

I
y

ii
O

ne
1

‘
,

is

he
iii

C
(5

0

C
1<

Ii,
knees

-‘.c
n

Ito

S
U

It

ii
P

ii

5
5

‘
551151

I
Is

Ii’
I’

16.6.
A

M
aghniti

pros
‘S

tI
is

i
a

se
al

101
‘sit

0
1

X
11

w
ishes

to
deduce

the
coroltary

oh
N

X
X

16
from

NI
X

III
2

a
that

the
diagonal

of
the

pentagon
and

ii
side

1.am
c

lila
‘is

ii
sam

e
ratu

as
the

side
of

he
aci

a
a

se
se

)ti
three

tim
es

the
square

oh
the

side
o

i
liii’

d
e
c
a
g

o
n

al
Ii

‘ill,
t”s’

iii
sam

e
circle).

A
iM

aghrihi
does

nc’S
pr

o
ihi

an
y

cc
(O

C
P

.
1

I
Ill

B
F:B

A
=f

G
.13D

n
NI

X
1.

u
o
p

e
‘

4
it

.1
ide

o
f

the
eq

u
ilateral

tria
igls

is
a

‘e
Pr

sic
s
s

P
NI

X
II1:I.

=E1
X

III:
“I.
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207

surface.
T

hus
the

ratio
of

every
tw

o
triangles

of
the

octahedron
to

a
triangle

of
the

tetrahedron
is

equal
to

the
ratio

of
the

surface
of

the
octahedron

to
the

surfac&
of

the
tetrahedron,

V
:14

(=E
l.

V
:15).

B
ut

every
tw

o
triangles

of
the

octahedron
are

one
and

a
half

tim
es

every
triangle

of
the

tetrahedron,
by

p
ro

p
.

2
X

V
:2.

T
hus

the
surface

of
the

octahedron
is

one
and

a
half

tim
es

the
surface

of
the

tetrahedron
inscribed

in
the

sam
e

sphere.
T

hat
is

w
hat

w
e

w
anted

to
prove.

18.
E

very
parallelepipedal

solid
w

ith
base’

equal
to

tw
ice

the
face’

of
a

pyram
id

and
height

equal
to

the
diam

eter
of

the
sphere

circu
m

scribing
the

pyram
id

is
nine

tim
es

the
pyram

id.
Proof:

T
he

parallelepipedal
solid

w
ith

base
equal

to
the

face
of

the
pyram

id
and

height
equal

to
its

height
is

three
tim

es
it

(the
pyram

id),
X

1t6
(=

E
l.

X
II:7).

T
hus

the
parallelepipedal

solid
w

ith
base

tw
ice

the
face

of
the

pyram
id

and
height

equal
to

its
height

is
six

tim
es

it

(the
pyram

id).
T

hus
the

parallelepipedal
solid

w
ith

base
tw

ice
the

face
of

the
pyram

id
and

height
one

and
a

half
tim

es
its

height
is

nine
tim

es
it

(the
pyram

id).
B

ut
one

and
a

half
tim

es
the

height
of

the
pyram

id
is

one
tim

e
the

diam
eter

of
the

circum
scribing

sphere,
because

the
height

of
the

pyram
id

is
tw

o
thirds

of
the

diam
eter

of
the

sphere,
prop.

X
IV

:1
(=E

l.
X

ffl:13).
T

hus
the

parallelepipedal
solid

w
ith

base
tw

ice
the

face
of

the
pyram

id
and

height
equal

to
the

diam
eter

of
the

circum
scribing

sphere
is

nine
tim

es
the

pyram
id.

It
follow

s
from

this
that

the
(parallelepipedal)

solid
w

ith
base

tw
ice

the
face

of
the

pyram
id

and
height

one-ninth
of

the
diam

eter
of

the
(circum

scribing)
sphere

is
equal

to
the

pyram
idal

solid?.

19.
E

very
parallelepipedal

solid
w

ith
base

equal
to

the
square

of
the

side
of

the
octahedron

and
height

equal
to

the
diam

eter
of

the
(circum

scribing)
sphere

is
three

tim
es

the
octahedron.

17.1.
T

he
U

trecht
and

O
xford

m
anuscripts

have
one

of
the

triangles
instead

of

“the
su

rface.
T

he
text

in
the

M
,hrishah

m
s.

is
correct

(T
he

w
hole

passage
is

m
issing

in
the

A
yasofya

m
s)

17.2.
T

he
abbreviation

“prop”
serves

as
a

translation
of

the
abbreviation

sh
in

the

m
anuscripts

(for
chakl,

m
eaning

proposition).

18.1.
T

he
text

uses
the

sam
e

w
ord

(qaida)
for

“base
“

(of
a

parallelepiped)
and

“face”
(of

a
regular

polyhedron).

18.2.
T

he
text

som
etim

es
uses

the
term

s
‘pyram

idal
solid,

octahedral
solid”

etc.,

m
ainly

mn
cases

w
here

w
e

w
ould

use
the

term
s

“volum
e

of
a

pyram
idS

volum
e

of
an

octahedron”
etc.

Proof:
T

he
parallelepipedal

solid
w

ith
base

the
square

of
iie

side
of

the
octahedron

and
height

qua1
t

the
radh

s
f

B
s

B
r

ircum
scribing

the
octahedron

is
ti

re
t

m
es

the
pviarnid:

iith
base

the
square

of
the

side
of

the
oc

ahedron
aid

heignt
equa

t
e

adius
of

the
sphere,

that
is

to
say.

hail
of

the
octahedral

solid
‘1bus

the
parallel

epipedal
solid

w
ith

base
the

square
of

the
side

of
tht.

ectahedion
and

height
equal

to
the

diam
eter

of
the

sphere
s

i>
t’

n
s

lr
If

of
the

octahedral
solid.

T
hus

it
(the

p
arillelep

ip
ed

)
is

three
ti

w
s

it
(the

octahedron).
It

follow
s

fron
this

that
the

(patallele
ii

e
ii

s
I

I
s

ith
base

the
square

of
the

side
ol

the
octahedron

and
height

c.nm.-third
of

the
diam

eter
of

the
(circum

scrib
nb)

sphese
B

e
u

i
he

o
tthedral

solid.
It

has
becom

e
clear

from
this

that
the

patallelepipedal
solid

w
ith

base
three

tim
es

the
square

0f
e

cid
f

th
o

‘t’
fr

n
a
t

I
1egl

t
equal

to
one—

ninth
of

the
diam

etr
of

the
sphere

is
qual

to
tie

o
tahedral

solid

20.
T

he
ratio

of
the

tetrahed
al

solid
tc

the
((I

ihcdta
c

lid
i

c
a
n
a
l

to
the

ratio
of

the
side

of
the

(i
e.

any)
equilat

r’il
n’

n
B’

o
ree

tim
es

its
altitude.

P
roof:

W
e

m
ake

A
B

the
si

Ic
of

the
te

ía
nedr

1
ii

d
d

is
from

point
B

perpendicular
B

C
.

m
d

sse
‘U

t
it

oft
equ

ii
o

hc
altitude

of
the

triangle
of

the
pyri

in
d

[‘hen
it

(B
G

i.
e

1
‘

lie
si

a
>1

the
octahedron,

X
V

:2.
W

e
exItnd

A
B

in
a

su
lit

line,
m

cii
sac

c
u
t

o
ff

from
it

B
D

(equal
to)

three
tim

es
B

(?.
W

e
com

uplen
m.

m
A

G
,

G
D

.
T

hen
rectangle

A
G

is
t

ice
the

triangle
of

the
pyrani

d.
ace

h
i)

is
three

tim
es

the
side

of
tin

o
tahe

Ir
i

T
h
u

ii
e

a
ml

‘l
i

soliI
w

ith
base

A
G

and
heigh

o
me

ninth
(f

the
diarnetam

‘ii
th

e
eircuna

scrib
in

h
)

sp
h
ere

is
eq

u
al

t
tm

p.
r

m
i

dcl
o
rd

,
\‘

\
ii

I
tin

parallelepipedal
solid

w
ith

base
(iL)

and
h
e
i

1
lit

o
n
cn

m
th

o
f

the
diam

eter
of

the
sphere

is
equal

to
tin

octahedral
solid,

\V
I

‘lim
e

ratio
of

the
parallelepipedal

o
l

B)
w

ith
h
se

A
1

n
11

c’i
Ii

e
i

of
the

diam
eter

of
the

sphere
to

the
parallelepipedal

m
InI

w
iti

base
G

D
and

height
one-ninth

f
B

d
a

neter
of

th
p1

e
e

o
he

ratio
of

A
G

to
G

D
,

that
is

t
sa

y
,

A
R

n
R

D
.

B
ut

Ill)
B

three
tim

es

19.1
The

A
rabic

w
ord

s
ak

a
,

Ia
at

C
l

ii’
h

t
a

1
C

l
I

a
cone

as
A’ellas

for
a

(not
nec

s
C’,

ii._at
H

)
I’>

man
‘a

20.1
‘The

reference
sho

mid
be

A
II
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209
the

side
of

the
octahedron.

T
hus

the
ratio

of
the

pyram
idal

solid
to

the
octahedral

solid
is

equal
to

the
ratio

of
the

side
of

the
triangle

of
the

pyram
id

to
three

tim
es

its
altitude.

It
has

becom
e

clear
from

this
that

the
ratio

of
the

pyram
idal

solid
to

the
octahedral

solid
is

equal
to

the
ratio

of
the

side
of

the
pyram

id
to

three
tim

es
the

side
of

the
octahedron.

1
1
1

prop.
21

21.
(For)

every
equilateral

and
cquiangular

solid
circum

scribed
by

a
sphere,

if
its

solid
angles

and
the

centre
of

the
sphere

are
joined

by
straight

lines,
it

(the
solid)

is
divided

into
equal

and
sim

ilar
pyrarnidaP

figures,
the

num
ber

of
w

hich
is

equal
to

the
num

ber
of

faces
of

the

21.1.
In

propositions
21-23

the
pyram

idal
figures

and
pyram

ids
are

not
necessarily

regular,
even

though
the

text
uses

the
term

“nO
n”,

w
hich

usually
m

eans
‘regular

pyram
id’.

solid
T

he
perpendiculars

hilling
from

the
centre

of
titi’

sphete
onto

the
faces

of
these

planes
e

quai.
E

xam
ple:

L
et

there
he

a
cube

A
B

G
D

E
W

/H
aith

.e
n
tr

I
Vsejo

in
the

straight
lines

T
A

,
T

B
,

T
G

,
rD

,
IL

,
T

W
,

1L
,

I
H

,
‘1

they
are

equal
because

they
arr

tathi
of

t
c

spher
c

r
n

s
r

o
I

uhe
B

ut
they

are
sides

of
the

pviam
ids

w
hose

bt
ses

are
the

Ia
‘C

s
o
f

tl’ie
cube

and
w

hose
vertices

ate
the

u
n
tre

of
the

spher
I

an
the

cube
has

been
divided

into
six

y
ia

t
a

Is
ti

e
in

m
he

1’
1

ta
t(

the
num

ber
of

its
six

faces,
T

hese
pyram

ids
have

equal
h
ase,

u
id

the
lines

draw
n

from
T

,
that

is
to

s
y

ft
in

their
ertices

I
i

a
alec

of
their

bases
are

equal,
because

each
one

of
them

is
a

it
I

ii
r

id
u

of
the

sphere.
T

hus
the

p
ram

ids
are

all
equal

and
sim

tlai
lii

this
w

a
y
itc

a
n
b
e
sh

o
w

n
th

a
tta

i
f
it

em
ain

g
s

Ii
s

‘c
i

ibed
by

the
sphere

is
divided

into
equaL

and
sim

ilat
pyram

id’d
figut

T
he

perpendiculars
falling

horn
their

vertices
te

their
ases

an
qual.

because
the

circles
xhich

a
duce

1
i

i
1

‘

intersections
of

these
buses

ate
xiual.

T
hus

the
peipendis.

i]ai
‘

Iilluit’
onto

them
from

the
centre

.f
the

sphere
a

e
equal

b
s

a
a

show
n

previously.
T

hat
is

w
hat

a
a

anted

22,
(For)

every
tw

o
p
y
r

n
id

h
s

axe
ate

tq
u

rc
d

cular
to

their
bases,

such
that

the
base

of
one

of
thens

is
a

It
‘ii21

1
i

the
base

of
the

other
one

is
an

enuilateral
m

d
eq

tangulas
pi

nU
n

ic
.

thc
ratio

betw
een

them
is

equal
U.

the
‘s

c
beta

em’r
ii

it
‘
,

s
T

hus
let

there
be

a
pyram

id
w

ith
base

the
equtlatci

iJ
iitangi

\
FIG

and
axis

D
E

,
and

a
pyram

id
w

ith
base

tin.
equt

ateral
ci

‘put.
i

ular
pentagon

Z
H

T
IK

and
axis

I
M

I
n

D
F

,
L

M
be

“q
itI

d
p

i
Ii

ulir
to

their
bases.

I
say

that
ibs.

ratio
ol

pyram
id

A
B

(
1)

.o
ps

ram
td

Z
H

T
IK

M
is

equal
to

the
a

o
ti

am
gi’

A
B

C
U.

i
a

t
1

K
.

P
roof:

W
e

join
lines

L
Z

h
E

,
I

‘
,

I.,l
I

K
and

line
l7

\lli
N

il’
M

I,
M

K
2.

T
hen

the
ratio

ol
p
ran

itd
A

B
C

II)
to

p
siam

td
7111

Ni
is

21
2.

ii
ou]d

have
been

belt‘r
‘

c
d

h
ta

e
21.3,

In
the

lem
m

a
at

the
cud

of
St

N
II

‘f
note

22.1.
T

his
theorem

ts
to

fact
a

spec.aI
‘ ,cse

of
I’)

N
IT

o
,

a
hi,

‘s
‘

.
‘

sr
ccc

al—
M

aghril
i’s

R
evision.

In
E

l
X

li’
I

I
p

os
s

‘c
‘r

n
1

1
ii

bases
are

it
one

another
a

the
ha’

es
N

t
N

’s’
2

s
not

ca’
‘n

“

23.1
an

d
3
t

4)

G

D
A

prop.
20

D

_
_
_
_

A

w
7

H
z

22.2.
tO

nes
M

Z
,

M
H

,
M

I,
M

l
as.

M
R

I
no

I’
se

S
I

,
“
‘
‘

sides
of

thc.
pyram

id
Z

H
1

1K
1



210
JA

N
P.

H
oG

E
tiD

IIK
T

he
R

e
v
isio

n
oj’

the
E

lem
ents

by
M

uhyi
al—

l)in
at

M
ai, h

rih
211

equal
to

the
ratio

of
triangle

A
B

G
to

triangle
L

Z
H

,
X

ll:5.
B

ut
the

ratio
of

pyram
id

M
Z

H
L

to
pyram

id
Z

H
T

IK
M

is
equal

to
the

ratio
of

triangle
L

Z
H

to
pentagon

Z
H

T
IK

,
V

:l3
,

T
hus,

cx
aequali,

the
ratio

of
pyram

id
A

B
G

D
to

pyram
id

Z
H

T
IK

M
is

equal
to

the
ratio

of

triangle
A

B
G

to
pentagon

Z
H

T
IK

,
V

:22.
T

hat
is

w
hat

w
e

w
anted

to

prove.

prO
p. 22

23.
T

he
ratio

of
the

solid
of

the
cube

to
the

octahedral
solid

is
equal

to
the

ratio
of

the
side

of
the

(i.e.
any)

equilateral
triangle

to
its

altitude.
P

roof:
T

he
ratio

of
the

solid
of

the
cube,

that
is

six
tim

es
the

pyram
id

w
ith

base
the

face
of

the
cube

and
vertex

the
centre

of
the

sphere
circum

scribing
the

cube,
X

V
:21,

to
six

tim
es

the
pyram

id

w
ith

base
the

face
of

the
octahedron

and
vertex

the
centre

of
the

circum
scribing

sphere,
that

is
three-fourths

of
the

solid
of

the

octahedron,
X

V
:2

1,
is

equal
to

the
ratio

of
the

pyram
id

w
ith

base
the

face
of

the
cube

and
vertex

the
centre

of
the

sphere,
to

the
pyram

id

w
ith

base
the

triangle
of

the
octahedron

and
vertex

the
centre

of
the

sphere.
<

B
ut

this
ratio

is
equal

to
the

ratio
of

the
face

of
the

cube
to

the
face

of
the

octahedron,>
1

because
the

height
of

the
pyram

id
w

ith

22.3.
T

he
reference

should
be

toM
V

:14
(=

E
l.

V
:l5).

23,1
1

have
added

the
passage

in
angular

brackets
in

order
to

m
ake

m
athem

atical

sense.
N

ote
that an

analogon
of

M
X

V
:22

is
used

here,
but not

M
X

V
:22

itself.

base
the

face
of

the
cube

is
equ

il
to

the
height

of
tin

p
ram

id
w

ith
base

the
face

of
the

octahedror
X

3
B

u
‘alto

ice
of

th
cube

to
the

face
of

ti
e

tah
r

eq
u
i

he
t

i
rds

o
f

the
side

of
the

eqa
I

ten
1

e
.

I
p

\
S

T
hus

the
ratio

of
the

cube
to

octahedro
is

eqnt
th

tati
(I

tw
o-thirds

of
the

side
of

the
equilateral

triangle
to
t

o
th

ird
s

of
its

altitude,
w

hich
is

the
ratio

of
the

side
of

the
equilateral

trianele
to

its
altitude.

T
hat

is
w

hat
w

e
w

anted
to

prove.

24.
1

he
parallelepipe

do!
so

e
has

v
h
n

I
intl

to
ti

e
pentagon

of
the

icosahedi
i

i
I

c
hiigi

t
I

ii
1

thirds
of

the
diam

eter
of

he
i

,
s

equ
it

w
a

at
1

Proof:
If

a
perpendicular

is
d

w
n

from
t

cen
ta

e
.pI

e
the

pentagon
of

the
icosahedron,

and
if

it
is

ex
ien

d
sa

to
rh

angle
(i.e.

angular
point)

of
the

icosahedron,
the

(part)
cut

off
front

this
line

betw
een

the
centre

and
the

pentagon
is

(equ
ii

tn
t

had
f

the
ide

of
the

h
ex

ag
o

n
1

of
the

id
e

cue
i

cubing
t

p
ntag

ul
the

1
tie

cut
off

from
it

hetw
i

c
i

ti
c

p1
he

pi
m

an
‘Jo

f
1’

icosahedron
is

equal
to

ti
s

Ic
u

c
I

X
(1

If
the

centre
of

the
sphere

is
‘

o
thi

i
1

s
Ii

1
ii

of
the

pentagon
of

the
icosahc

duon
by

sitanthi
hns

t
s

o
p
o

“u
t

are
separated

from
the

icosahedron,
the

vertex
of

ota’
of

then
is

the
centre

of
the

sphere,
and

its
base

is
the

ahos’em
enttor

‘it
p
o
tita

o
o
n

and
its

height
is

half
of

the
side

of
the

hexagon.
and

th
s

Itt’S
of

the
other

one
is

the
angle

of
the

icos
tie

ron,
its)

s
ihe

m
enti

n
d

pentagcn,
and

its
heigh

is
the

he
ha

i
11

py
i

I
(together)

are
equal

to
f’i

ci
I

py
ra

ii
I

I
te

the
faces

of
the

icosahedron,
a

cue
verb

I
w

hu
lb

5
r

tic

of
the

sphere.
T

hus
they

(the
Iiie

pyram
ids!

an’
eque

out
‘m

irth
of

the
ico

sah
ed

ral
solid’.

‘[hits
the

paralielepipedal
soli

1,
the

ii
ise

of
w

hich
is

equal
to

the
pentagon

of
the

icosahedm
on.

and
tin’

lie
h
t

of
w

hich
is

one—
sixth

of
the

side
of

the
hexagon

plus
o

tu
tr

ot
th

side
of

the
decagon

‘
ich

a
gether

‘ii
to

sth
t

e

D

H

K
I

G
B

24.1
T

he
fact

that
these

seer
‘C

o
R

a
n

tu
d
l

to
Co

t’’

and
the

side
of

the
regular

decagon
ti.

‘h
eJ

to
the

e
bs

ii
\I

‘

is
irrele

ant.
O

ne
only

needs
to

1
is

o
itia

toe

the
radius

of
the

sphere
Its

Ia
,h

‘s
a

‘011
.6

24,2.
B

y
M

X
V

’21,
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diam
eter

of
the

sp
h
ere

3,
is

equal
to

these
tw

o
pyram

ids,
thatis

one-fourth
of

the
icosaheciral

solid.
T

hus
the

parallelepipedal
solid,

the
base

of
w

hich
is

equal
to

the
pentagon

of
the

icosahedron,
and

the
height

of
w

hich
is

tw
o-thirds

of
the

diam
eter

of
the

sphere,
is

equal
to

the
icosahedral

solid.

25
T

he
ratio

of
the

perpendicular
of

the
icosahedral

solid
to

the
diam

eter
of

the
circum

scribing
sphere

is
equal

to
the

ratio
of

hail
of

the
side

of
the

decagon
plus

half
of

the
side

of
the

hexagon
inscribed

in
a

circle
to

tw
ice

the
altitude

of
the

triangle
of

the
side

of
its

pentagon.
B

y
the

“perpendicular
of

a
solid

figure”
w

e
m

ean
any

perpendicular
draw

n
from

the
centre

of
the

sphere
to

a
face

of
the

solid
figure’.

T
hus

let
the

pentagon
of

the
icosahedron

be
A

B
O

D
E

,
let

its
centre

be
Z

and
let

the
perpendicular

draw
n

to
its

side
from

the
centre

be
Z

H
.

L
et

T
be

the
perpendicular

of
the

icosahedron,
and

K
the

diam
eter

of
the

circum
scribing

sphere.
W

e
construct

on
D

O
the

equilateral
triangle

D
L

G
.

W
e

join
L

H
;

it
is

clearly
perpendicular

to
D

O
.

I
say

that
the

ratio
of

Z
H

,
w

hich
is

equal
to

half
of

the
side

of
the

hexagon
plus

(half
of)

the
side

of
the

d
ecag

o
n

2,
to

tw
ice

H
L

is
equal

to
the

ratio
of

T
to

K
.

P
roof:

‘The
parallelepipedal

solid,
the

base
of

w
hich

is
(equal

to)
pentagon

A
B

G
D

E
,

and
the

height
of

w
hich

is
equal

to
tw

o-thirds
of

K
is

equal
to

the
icosahedral

solid
X

V
:24.

B
ut

the
parallelepipedal

solid,
the

base
of

w
hich

is
equal

to
the

surface
of

the
icosahedron

and
the

height
of

w
hich

is
equal

to
one-third

of
T

,
is

also
equal

to
the

icosahedral
solid.

T
hat

is
clear
3.

T
hus

the
parallelepipedal

solid,
the

base
of

w
hich

is
(equal

to)
pentagon

A
B

G
D

E
and

the
height

of
w

hich
is

equal
to

tw
o-thirds

of
K

,
is

equal
to

the
parallelepipedal

solid,
the

base
of

w
hich

is
equal

to
the

surface
of

the
icosahedron,

and
the

height
of

w
hich

is
equal

to
one-third

of
T

.
T

hus
the

ratio
of

pentagon
A

B
G

D
E

to
the

surface
of

the
icosahedron

is
equal

to
the

ratio
of

one-third
of

T
to

tw
o-thirds

of
K

,
by

reciprocality,
X

I:34.
B

ut
since

triangle
Z

D
G

is
one-fifth

of

24.3.
B

ecause
the

sum
of

the
segm

ents
in

n
o
te

24
1

is
equal

to
the

radius
of

the
sphere.

25.1
T

h
e

definition
m

akes
sense

fo
r

regular
solids

o
n
i.

2
5
2
,

B
y

M
X

V
:7.

25
3.

fly
M

X
V

.21,

pentagon
A

B
O

D
E

,
the

rn
<I

triangle
/D

(
ti

is
ic

f
lii

of
the

pentagon,
to

one-fifth
of

it
irf.ue

of
the

k
o
sth

ed
in

s
,.qual

to
the

ratio
of

the
surface

of
pentagon

A
B

G
D

E
to

the
surface

of
the

icosahedron
T

hus
the

rati
of

ian
le

Z
D

G
I

ot
fit

of
it

irfa
e

of
the

icosahedron,
that

fo
tr

of
ts

trin
g

les,
14

F
V

15)1,
j

equal
to

the
ratio

of
one-thrrd

of
T

to
tw

o-thirds
of

K
fhus

the
ratio

of
one-third

of
T

to
one

third
of

K
is

qw
I

to
the

i
tin

I
tH

angle
Z

D
G

to
tw

ice
the

tnangl
of

c
o
sah

d
r

It
t

in
f,l

O
L

D
,

that
is

to
say,

equal
to

the
ratio

of
Z

H
to

tw
ice

Ill
.

1
1

B
ut

the
ratio

of
one-third

of
T

to
one-third

of
K

is
equal

to
thi

r
nm

1
to

K
,

V
14(.=

E
l.

V
’15)

T
hu

ti
ra

d
t

K
q
i

t
t.

i

to
tw

ice
H

L
.

that
is

the
<r

itto
of

the>
perpendiculat

of
the

pentagon,
i.e.

half
of

the
(sum

of
the)

sides
of

the
hexagon

end
the

d’
‘.ioon,

to
<

tw
ice>

the
altitude

of
ii

l
of

t
i

h
(

ih
et

is
w

hat
w

e
w

anted.

B‘ro
25

26.
T

he
ratio

of
the

radius
of

the
sphere

(‘iro
n

nsctthing
the

ocethedron
to

the
perpendicular

of
its

soli
1

(i
e

the
net’

bed
o
n

e
etI

to
iii

ratio
of

the
al

itude
r
fib

0
)

eqi
i

t
n

side.

25.4.
T

he
reference

is
inispla

It
stcuu

ci
tc

a
a

.)L
at

t
a

a
ag

sentence

25.5
H

ere
1

[asc
‘.c

is

triangles
of

the
icosaheda.

‘
.

I
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P
roof:

T
he

perpendicular
of

the
octahedron

is
equal

to
the

perpendicular
of

the
cube,

X
V

:3.
B

ut
the

square
of

the
radius

of
the

sphere
is

three
tim

es
the

square
of

the
perpendicular

of
the

cube,
X

IV
:3’,

T
herefore

it
is

three
tim

es
the

square
of

the
perpendicular

o
f

the
octahedron.

B
ut

the
square

of
the

altitude
of

the
equilateral

triangle
is

three
tim

es
the

square
of

half
of

its
side,

X
V

:l
and

11:4.
T

herefore
the

ratio
of

the
square

of
the

radius
of

the
sphere

to
the

square
of

the
perpendicular

of
the

octahedron
is

equal
to

the
ratio

of
the

square
of

the
altitude

of
the

(equilateral)
triangle

to
the

square
of

half
of

its
side.

T
herefore

the
ratio

of
the

radius
of

the
sphere

to
the

perpendicular
of

the
octahedron

is
equal

to
the

ratio
of

the
altitude

of
the

triangle
to

half
of

the
side

of
the

triangle,
V

I:22.
T

hat
is

w
hat

w
e

w
anted.

27.
T

he
ratio

of
the

perpendicular
of

the
icosahedral

solid
to

the

perpendicular
of

the
octahedron

is
equal

to
the

ratio
of

the
sum

of
the

sides
of

the
hexagon

and
the

decagon
inscribed

in
one

circle
to

the
side

of
the

pentagon
of

the
(i.e.

this)
circle.

Proof:
Since

the
ratio

of
the

perpendicular
of

the
icosahedron

to
the

d
iam

eter
of

the
sphere

is
equal

to
the

ratio
of

half
of

the
side

o
f

the
decagon

and
half

of
the

side
of

the
hexagon

taken
together

to
tw

ice

the
altitude

of
the

triangle
of

the
icosahedron’,

X
V

:25,
and

(since)
the

ratio
of

the
diam

eter
of

the
sphere

to
the

perpendicular
of

the
octahedron

is
equal

to
the

ratio
of

tw
ice

the
altitude

of
the

triangle
of

the
icosahedron

to
half

of
its

side,
X

V
:26,

and
it

fo
llo

w
s

2,
by

the
sum

of
th

em
3,

that

26.1.
Euclid

proves
in

El.
X111:15

that
the

square
of

the
diam

eter
o
f

the
sphere

is

three
tim

es
the

square
o
f

the
side

of
the

cube.
A

l-M
aghribi

concludes
in

a
corollary

to
M

X
IV

:3
(=

E
l.

X
llI:15)

that
the

square
of

the
radius

is
three

tim
es

the
square

of

the
perpendicular

from
the

centre
to

any
face

of
the

cube.

27.1.
It

is
tacitly

assum
ed

here
that

the
above-m

entioned
decagon

and
hexagon

are

inscribed
in

a
circle

through
five

angular
points

of
the

icosahedron.

27.2.
T

he
passage

“and
it

follow
s

.
.
.

triangle’
is

m
athem

atically
superfluous,

becaase

it
repeats

w
hat

has
already

been
said.

H
ow

ever,
it

is
not

the
exact

repetition
of

the

preceding
passage,so

it
cannot

he
a

scribat
error,

27.3,
“B

y
the

sum
of

theni”
is

m
y

translation
of

the
A

rabic
bi-m

ajm
d’him

d.
W

hat
is

necessary
here

is
not

addition
but

m
ultiplication

of
tw

o
ratios.

The
E

uclidean

term
s

for
the

“com
position”

of
ratios

(derived
from

suntithèm
i),

can
have

an
additive

and
a

m
ultiplicative

m
eaning

(see
H

eath’s
translation

of
the

E
lem

ent,c,
vol.

2.
p

135).

W
e

could
therefore

explain
the

nonsensical
“sum

”
in

our
text

by
assum

ing
that

proposition
27

is
of

G
reek

origin,
that

a
technical

term
like

“sunthenti”
in

the
G

reek

w
as

m
istranslated

into
A

rabic
in

the
additive

m
eaning,

and
that

the
passage

fo11ow
ng

the
sunt

(“that
the

ratio
.
.

cx
aequali”)

ssas
added

either
by

A
i-M

aghrtbi
or

b
y

a

decagor
and

the
hexigor

L
i

icosahedron,
and

the
i

r
a

iratnc
r

perpendicular
of

the
octahedr

ii
I

is
eqi

r
the

ci
Lw

altitude
of

the
triangle

of
the

cos
thedron

to
half

of
th

side
at

its
triangle.

H
ence,

ex
aequali.

the
ratio

o
f

the
perpendieulai

d
the

icosahedron
to

the
p

erp
en

d
icu

lar
of

the
octahedi on

is”q
u
a)

o
the

ratio
of

half
of

the
side

of
the

decagon
plus

half
of

lb
side

of
the

hexagon
to

h
alf

of
the

si
I

of
ti

sahed
rn

oat
is

the
ratir

of
the

side
o
f

tl
e

I
cx

11
11

n
‘is

side
o
f

the
pentagon

T
hat

is
riI

vai
te

t
•i

28.
T

he
ratio

of
every

tw
o

p
aio

llelep
ip

cd
1

rec
tans.

i
o

su
id

s
is

com
pounded

of
the

ratio
of

their
bases

and
the

ratio
of

their
bR

ains.
T

hus
let

solid
A

B
G

D
E

Z
H

T
be

parallelep
pedal

and
ecianeula

and
let

sim
ilarly

solid
K

L
M

N
S

O
F

C
be

p
ir

illelepip
I

an
ow

angular.
I

say
that

the
ra

1
of

11
to

s
ii

h
i’

is
in

I
f

the
rat1’

of
host.

E
H

t
o

ti
ii

h
eig

h
t

M
F

P
roof:

W
e

extend
lii

a
Z

il
a

w
e

cut
H

Q
cpu

c
R

N
W

extend
Im

e
T

H
and

w
e

cut
ott

H
R

equal
to

K
I

\ke
est

ci
b

in
FIR

,
and

w
e

cut
off

H
J

equal
to

K
S

W
e

co
m

p
lete

the
p
arallelep

ip
ed

il
solid

H
‘‘F

heti
it

i
‘q

ii
II

t
1

solid
K

F
,

because
the

bases
and

I
this

are
ii.

\\
oj

p1
the

parallelepipedal
solid

lIP
F)

T
h
en

the
ratio

o
f

s
ii

1
/

(
id

I
F

t
P

s
co

m
p
o
u
n
d
ed

o
f

the
ratio

)f
so

I
to

s
)l

c
F

tic
,

t
I

base
E

l-I
to

base
Z

R
,

and
of

the
ratu.

of
solid

I
R

to
o

I)
1

it
t

the
ratio

of
base

R
Z

to
base

R
Q

,
an

d
of

the
‘alto

of
sobs

V
)

o
Solid

H
U

,
that

is
the

ratio
of

base
‘F

H
to

base
R

i.
B

ut
the

ratio
com

pounded
of

the
ratio

of
base

N
(

to
Iiw

e
R

/
and

the
ratio

o
f

base
R

Z
to

I
‘se

H
G

“e
roth

ase
A

l
w

P
that

is,
base

K
M

.
A

nd
the

c
iii

f
r

V
II

P
ii

t

ratio
of

G
il

the
height

of
‘th

A
Ill

11
.

is
K

S
,

that
is

the
hc,

h
t

I
I

‘l’hu
tat

the
ratio

o
f

the
perpendicular

of
the

icosahedral
solid

to
of

the
sphere

is
equal

to
he

raP
half

of
ti

un
of

t

n
e
ilu

i
Iti

Ia.
dianreic.
1e

of
t

u

Ic
Iti

predecessor
ho

tried
to

m
Re
“
i

.
esi.

25.1.
T

Ie
p

ro
t

resem
bles

ii
t

a
lb

X
l
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solid
K

F
is

com
pounded

of
the

ratio
of

base
E

H
to

base
S

F
and

(the
ratio

of)
height

O
H

to
height

M
F.

T
hatis

w
hat

w
e

w
anted

to
prove.

Z
R

Z G
z
z

prop.
28 D

29.
T

he
ratio

of
the

icosahedral
solid

to
the

octahedral
solid

is
equal

to
the

ratio
of

the
side

of
the

decagon
of

a
circle

plus
the

side
of

its
pentagon

to
the

side
of

its
pentagon

h
P

roof:
W

e
m

ake
the

parallelepipedal
solid

A
such

that
its

base
is

equal
to

the
surface

of
the

icosahedron
and

its
height

is
equal

to
one-third

of
the

perpendicular
of

the
icosahedron.

T
hen

it
is

equal
to

the
icosahedral

solid.
W

e
m

ake
the

base
of

the
parallelepipedal

solid
B

equal
to

the
surface

of
the

octahedron,
and

its
height

equal
to

one-third
of

the
perpendicular

of
the

octahedron.
T

hen
it

is
equal

to
the

octahedral
solid.

W
e

m
ake

the
base

of
the

parallelepipedal
solid

0
equal

to
the

excess
of

the
surface

of
the

icosahedron
over

the
surface

of
the

octahedron,
and

its
height

equal
to

one-third
of

the
perpendicular

of
the

icosahedron,
T

hen
it

is
equal

to
the

excess
of

solid
A

over
solid

B
.

2
L

et
D

E
be

the
side

of
the

decagon
of

the
(i.e.

any)
circle,

and
let

29.1.
T

he
theorem

is
incorrect;

the
ratio

betw
een

the
volum

es
of

the
icosahedron

and
the

octahedron
is

equal
to

the
ratio

of
the

side
of

the
pentagon

of
a

circle
to

the
side

of
its

decagon

29.2,
The

heights
of

A
and

G
tire

equal, hut
the

height
of

B
is

notequal
to

these,
si.

E
H

be
the

side
of

its
cut

ot
1

si
th

th
at’

ii
Ii

t
sol

ci
B

is
equal

to
the

ratio
rfl

II
D

IL
Proof:

T
he

ratio
of

solid
C

to
solid

B
is

cot
ipounded

of
the

ratio
of

the
base

of
G

the
ex

ess
f

th
surf

tee
of

ci
ic

nih
Iror

O
s

r
th

e
surface

o
f

the
octaheci

or
o

h
SC

01
B

,
at

hr.
u

er.
I

th
octahedron,

and
of

th
e

ratio
of

the
height

of
solid

(3
that

i’
one—

third
of

the
perpendicular

o
f

thr.
icos

thedron
to

ii
he

ht
1

s
hi

B
th

a
is

one
third

o
f

the
pirpe.t

u
o

ti
e

a
r

I
I

t
si

Ic
of

the
hexagon

plus
(the

side
oti

the
decagon

inscrirxd
tsr

th
circle

of
w

hich
E

H
is

the
side

of
the

p
en

tag
o

n
and

E
D

is
he

s cc
of

the
decagon.

T
hen

the
ratio

(
e

e
“es

of
th

a
if

d
ro

i
over

the
surface

of
the

octahedron
to

the
surface

of
tin

m
aticd

ro
n

is
equal

to
the

ratio
of

D
E

.
the

side
o

f
the

decagon.
to

1
the

D
d

of
the

hexagon
plus

the
(side

f
)

N
O

C
ii,

X
B

ut
the

ratio
o
f

the
p

rpt.
id

icu
lar

o
f

the
i

osal
edion

o
the

perpendicular
of

the
o
ctah

ed
ro

n
is

equal
to

the
ratio

of
tirs

sid
of

the
h
ex

ag
o
n

p
lu

s
(th

e
side

o
ie

In’
r

on
I

‘)
t

S
I

R
r

agon
X

V
:2

7
.

T
h
erefo

re
the

rat
of

solid
(3

s
id

13
is

it
n
ra

ed
of

the
ratio

of
D

E
to

T
and

the
raIn

of
T

to
E

R
.

l3rrt
the

ratio
c
o
n
i

1n
ia

n
d
e
d

of
<th

ratio
o
f

D
L

to
T

rid
I

th
ram

of
1’

lii
‘e

if
ci

ratio
o

f
D

E
to

E
H

.
T

h
eref

a
ci

ra
of

s
Ii

I
t

o
1

aol
to

the
ratio

of
D

E
to

E
R

,
6

T
herefore.

cornponcm
o

.tite
to

is
o

cia
(sun

29
3.

ctually
A

:B
-E

1l,
)I’

29,4.
B

y
M

X
V

;28.

29.5.
M

X
ll1’14

is
also

used
I

29.6.
‘The

result(j:B
.D

P
L

B
c

a
I

29.7.
H

ere
the

text
assum

es
the

cnorrect
relanot

(0-
5

11
ii

found
in

r
c
o
rre

c
t

w
ay

as
lollos

W
has

V
(’

—
s

s
ii

the
figi

re
o

f
54

X
V

.
5

,
.
-

-t
7

.11
s

E
B
2+

B
G

B
0

2
=

B
A

+B
D

’ .1310’
hr.

RD
=c

t5
e

Is
C

,
ss

side
of

a
regular

n
—

g
u
n

inscribed
r’

.1
fix

ed
‘r

In.
O

ne
.

Ia
putting

F
B

=
c(2

5),
liZ—

130
5

5--
n,

ItS-’
lO

s
c(3.5).c(oh=

c(5)
c(lO

).
N

ss
n

iii
r

(
c
1
5
)

2:c
llO

))’(c
(l

(l):c
(5

))=
e
(5

)
01)

T
hus

the
proof

in
the

text
c
a
n

in
aD

u
s
i’

c
ih

6

the
text,

y
m

eat
s

of
m

ul
‘p0-

a
ci

in
t

lit
1

correct
I reorem

stated
in

son
9

1
cc

1%
ici

o
cr

I
T

hese
i.ocncidences

m
ay

he
acnidc’iie

but
ii

c
s
c

tsr
p

N
561b1

tO
stated

an)
proved

correctil
çb a

‘
a

it
an

ii

are
th

i
alt

of
ed

i
a

it
so

ar
s

a

before
the

proposition
w

as
adopt

1
1

54
reIns
t

I
n

U

V

‘cii
5:1

nirs
Pr’

.11
ii

I’
B

1
7

S
.,

,
aii

‘B

‘a.
N

iii
£

11.

In

it
,u

“S

S
i

0
A

-
B

.
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he

R
eic

ion
rh

t
I

m
en

b;
M

h
o

l)ir
M

igi
bi

2
1
0

of)
the

tw
o

solids
G

and
B

,
that

is
to

say,
the

icosahedral
solid,

to
solid

B
,

that
is

the
octahedral

solid,
is

equal
to

the
ratio

of
D

H
to

H
E

,
that

is,
the

side
of

the
pentagon

and
the

decagon
together

to
the

side
o
f

th
e

p
en

tag
o
n
.

It
h
as

b
eco

m
e

clear
from

this
that

the
ratio

of
the

icosahedral
solid

to
the

octahedral
solid

is
equal

to
the

ratio
of

the
line,

the
square

of
w

hich
is

equal
to

the
square

of
the

(i.e.
any)

line
divided

in
extrem

e
and

m
ean

ratio
plus

the
square

of
its

greater
part,

plus
the

greater
part,

to
the

line,
the

square
of

w
hich

is
equal

to
the

square
of

that
line

plus
the

square
of

its
greater

p
art.
8

T
hat

is
w

hat
w

e
w

anted.

H
E

D

prop
29

30.
T

he
ratio

of
the

dodecahedral
solid

to
the

icosahedral
solid

is
equal

to
the

ratio
of

the
line,

the
square

of
w

hich
is

equal
to

the
square

of
the

(L
e.any)

lin
e,

divided
in

extrem
e

and
m

ean
ratio,

plus
the

square
of

its
greater

part,
to

the
line,

the
square

of
w

hich
is

equal
to

the
square

of
the

w
hole

(divided)
line

plus
the

square
of

its
lesser

part’.
Proof:

T
he

perpendicular
falling

from
the

centre
of

the
sphere

on
the

pentagon
of

the
dodecahedron

is
equal

to
the

perpendicular
fallin

g
from

its
centre

on
the

triangle
of

the
icosahedron,

since
it

h
as

b
een

show
n

that
this

pentagon
and

(this)
triangle

are
circum

scribed
by

the
sam

e
circle,

and
that

the
perpendiculars

falling
from

the
centre

o
f

the

betw
een

addition
and

m
ultiplication

in
proposition

27
(n

o
te

27.3).
29.8.

It
is

m
athem

atically
correct

to
say

that
the

ratio
of

the
icosahedral

solid
to

the
octahedral

solid
is

equal
to

the
ratio

of
the

line,
the

square
of

w
hich

is
equal

to
the

square
of

the
line

divided
in

extrem
e

and
m

ean
ratio

plus
the

square
of

its
greater

part,to
the

greatei
part.

30.1,
Ilypsicies

states
this

theorem
in

his
sum

m
ary

of
results

in
E

l.
X

IV
§

12
((4)

in
H

eath’s
translation.

vol.
3,

p.
5

IQ
).

sphere
on

the
planes

of
equ

circ
es

draw
n

n
tis

urtar
m

c
eq

u
al

2.
T

hus
let

solid
A

be
a

parallelepiped
w

ith
base

equal
to

the
surface

of
th

e
d
o
d
ecah

ed
ro

n
an

d
height

equ’sl
to

cn
eth

rd
ot

Is
pci

licult
r

and
let

solid
B

be
percl’

i
w

Ii
1

q
i

r
s

t
le

t
of

the
icosahedron

and
h

u
g

h
t

equal
to

one’third
of

its
perpendicular.

T
hen

it
is

clear
that

solid
A

is
eq

u
al

to
the

d
o

d
eah

ed
ral

solid,
and

that
solid

B
is

equal
t

the
‘o

sl
edr

ii
sol

I
‘Ii

ti
at

o
f

the
dodecahedral

solid
to

1
e

i
ahedral

soli
h

tiio
f

solid
A

to
solid

B
,

V
:1

4
.

B
ut

the
ratio

of
solid

A
to

solid
B

is
eq

u
al

to
the

ratio
ofthe

base
of

solid
A

.
that

is
the

surface
of

the
dodecahedron,

to
th

e
b

ase
o
f

solid
B

at
‘

he
‘irfa

o
ft

ic
Ia

ii
ecause

of
the

equality
o

their
It

igl
T

hus
the

ratio
of

the
dodecahedral

solid
to

the
ico

sah
dm

1
o
ltd

is
equal

to
the

ratio
of

the
su

rface
o
f

the
dodec’ahedrar

to
iic

curface
of

the
ic

sahedron
that

tr
nal

t
t

‘I
c

thc
square

o
f

w
hich

is
equ

to
sq

iare
o
f

any
nt’

Id
ii

xtrernc
and

m
ean

ratio
plus

the
square

ol
its

greater
pam

,
to

the
ljn

,
the

square
of

w
hich

is
equal

to
th

square
of

the
holc

liar
I

the
square

of
its

lesser
p
a
rt

5
T

hat
vl

i
a
n

i

30.2.
T

his
is

the
corollary

to
M

X
\

30.3.
T

he
reference

is
poi

st
ss

su
he

it
r

V
’i5)

is
quoted

here
frr

th
eta

e
30.4.

B
y

M
X

l:33
(=

E
l.X

l:32).
0

c
could

‘O
su

pros
ii

parallelepipeds
and

SI
X

1:33,
hut

o
oh

ps
ram

ids
an

t
SI

H
ypsicle

n’ethod
f

1
pros

p
ih

dii
dodecahc

lion
ar

n
tic

$
tie

u
3,

p.518)

E2

101
0

‘0
0
1

51
\

S
i!E

lit

in

30.5.
B

M
X

V
:16,

corollars.
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31
.W

e
w

antto
find

lines
proportional

to
the

sides
of

the
five

figures’
T

hus
w

e
draw

the
circle

circum
scribing

the
pentagon

of
the

d
o
d
eca

hedron
and

the
triangle

of
the

icosahedron
2.

L
et

the
side

of
its

pentagon
be

A
B

,
(let)

the
side

of
its

triangle
(be)

G
D

,
and

(leU
the

chord
of

tw
o-fifths

of
it

be
A

E
.

T
hen

it
(A

E
)

is
the

side
of

the
cube,

X
IV

:9
(=E

l.
X

1I1:17).
L

et
the

square
of

Z
H

be
equal

to
tw

ice
the

square
of

A
E

.
W

e
bisect

it
(Z

H
)

at
N

,
and

w
e

draw
w

ith
centre

N
and

radius
N

H
a

circle,
let

T
K

be
the

side
of

its
triangle,

and
L

M
the

side
of

its
square.

T
hen

the
square

of
Z

H
is

four
tim

es
the

square
of

N
H

.
B

ut
the

square
of

N
I-I

is
one-third

of
the

square
of

T
K

,
(by

prop.)
X

III: 11’. T
hus

the
square

of
Z

H
is

one
and

a
third

tim
es

the
square

of
T

K
.

B
ut

the
square

of
the

diam
eter

of
the

sphere
is

one
and

a
half

tim
es

the
square

of
the

side
of

the
pyram

id,
X

IV
:1

(=E
l.

X
II1:13),

and
it

is

tw
ice

the
square

of
the

side
of

the
octahedron,

X
IV

:5
(E

1
.

X
III: 14).

T
hus

the
square

of
the

side
of

the
pyram

id
is

one
and

a
third

tim
es

the
square

of
the

side
of

the
octahedron.

T
hus

the
ratio

of
the

square
of

Z
H

to
the

square
of

T
K

is
equal

to
the

ratio
of

the
square

of
the

side
of

the
pyram

id
to

the
square

of
the

side
of

the
octahedron,

V
I:2

2
4.

A
gain,

since
the

square
of

Z
H

is
one

and
a

third
tim

es
the

square
of

T
K

,
as

w
e

have
show

n,
and

(since)
the

square
of

Z
R

is
tw

ice
the

square
of

L
M

,
1:47,

the
square

of
T

K
is

one
and

a
half

tim
es

the
square

of
L

M
.

B
ut

the
square

of
the

diam
eter

of
the

sphere
is

tw
ice

the
square

of
the

side
of

the
octahedron,

X
IV

:5
(=E

l.
X

III:14).
and

three
tim

es
the

square
of

the
side

of
the

cube,
X

IV
:3

(=
E

l.
X

III:15).
T

hus
the

square
of

the
side

of
the

octahedron
is

one
and

a
half

tim
es

the
square

of
the

side
of

the
cube.

T
hus

the
ratio

of
the

square
of

T
K

to
the

square
of

L
M

is
equal

to
the

ratio
of

the
square

of
the

side
of

the
o
c
ta

h
e
d
ro

n
to

the
square

of
the

side
of

the
cube.

T
hus

the
ratio

of
the

square
of

Z
H

,
that

is
the

square
of

th
e

side
of

th
e

pyram
id,

to
the

square
of

T
K

,
that

is
the

square
of

the
side

of
the

octahedron,
is

equal
to

the
ratio

of
the

square
of

T
X

to
the

square
of

31
1

T
he

sam
e

problem
is

solved
in

a
different

w
ay

in
E

l.
X

III:18
(this

proposition
does

not
occur

in
al-M

aghrihis
R

evision)

31.2.
B

y
M

X
V

:5.

31.3
T

he
reference

should
have

been
to

M
X

II1:i2
InE1.

X
III

2).

31
4.

B
y

V
l:22

Z
1l:T

K
is

equal
to

the
ratio

betw
een

the
sides

of
the

cube
and

the
octahedron

It
is

curious
that

A
l-M

aghribi
does

not
state

this
conclusion.

L
M

,
that

is
the

side
of

the
cube’,

T
hus

th’
ratio

tf
I

K
is

I
M

is
equal

to
the

ratio
of

the
side

of
the

octahedron
to

the
side

o
the

cube,
V

I:22,
A

gam
,

the
square

o
Z

R
is

tw
ice

the
squats

of
I.M

1,47,
and

(also)
tw

ice
the

square
f

A
l

1y
assun

ph
i

1
t

q
e

of
L

M
is

equal
to

the
square

of
A

F
o

I.\4
is

equal
o

A
h

.
[in

a
1

ratio
of

L
M

.
that

is
A

E
,

to
G

D
is

equal
to

the
ratio

of
th”

“ide
of

he
cube

to
the

side
of

the
icosahedion.

S
ince

A
B

is
the

side
of

he
lo

d
cal

cot
ii

and
(‘

is
ihe

a
de

of
the

icosahedron,
th

e
ratio

of
G

D
A

B
is

eq
1

‘
‘

;
I

I
s’

Ic
of

the
icosahedron

to
the

side
ot

the
dodecahedror

T
herefore

the
ratio

of
Z

R
to

U
K

is
equal

to
the

ratio
of

the
side

of
the

pyram
id

to
the

sidc
f

the
octahedr

in
Ia

tatto
K

L
M

,
that

isA
E

,iseq
u
alto

th
e

a
la

sf
h

id
eo

f
h

sIn
lo

‘
le

c
ile

o
f

the
cube;

the
ratio

of
L

M
that

is
A

E
the

side
of

Il
s

‘saw
o

D
G

<
is

equal
to

the
ratio

of
the

side
of

the
cube

to
the

side
of

11w
a

sic
ihedron:

and
the

ratio
f

G
D

to
A

ll
i.

equal
to

th
ratto

I.
the

c
i

Ic
of

the
icosahedron

to
the

s’de
I

Il
e

I idw
ahedro

I’
s

I
a

nied
to

prove.
It

has
becom

e
clear

from
this

th
at

the
sid

e
o
f

the
rintid

is
gieater

than
the

side
of

the
octa

s
e
5c
h
o
n
,

and
that

tIn
side

of
the

,n
tal

edron
is

g
reaterth

an
th

esid
eo

i
ib

,
m

d
tlw

t
1
,s

I
It

c
u
x

is
greater

than
the

side
of

th
K

w
thed.ron

and
lii

1
iii.

d
ii

the
icosahedron

is
greater

than
the

side
of

the
dodecahedron

31
5.

T
his

sentence
is

al
e

I
f

c
/

1
11<

‘t
K

’
5
’

a
I

/
I

,
I

M
a
r
e

the
‘ides

of
the

pyram
id.

aces
hedi

n
and

c
d
”

ice
no;

a
’
”
’

lb
a’s’

is
m

uch
clearer

if
the

false
sea

e
a

a
A

cer
I.

31.6
T

hus
1,M

a
the

s
tee

6
-

,..
6

1
ci

a
1

a
t.

at’
the

proof
in

the
text

nuid
s

e
6

a
hoi tel

i
i

.
t

a
iI

a
octahedron

has
e

the
sam

e
C

’,,,
w

c
c
e
,

a
’
,

‘r.,ia
hi

Si
5,5

‘
L

1
-

‘a
inscribed

octahec
rc

ii
B

i
s

I
/

‘
11/

1
7

1
a

1
1

s
‘Ic&

pyram
id

1w
51

X
\”I,2
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32.
T

he
ratio

of
the

perpendicular
of

the
pyram

id
to

the
perpendicular

of
the

cube
is

equal
to

the
ratio

of
one-third

of
the

altitude
of

the
(i.e.

any)
equilateral

triangle
to

half
of

its
side.

T
hus

let
the

perpendicular

of
the

pyram
id

be
A

,
(let)

the
radius

of
the

sphere
circum

scribing
it

(be)
B

,
and

(let)
the

perpendicular
of

the
cube

(be)
G

.
L

et
D

be
the

altitude
of

an
equilateral

triangle,
(let)

half
of

its
side

(be)
E

,
and

(let)

Z
(be)

three
tim

es
E.

T
hen

A
is

one-sixth
of

the
diam

eter
of

the
sphere,

X
IV

:1
(=E

1.

X
1II:l3),

so
it

is
one-third

of
B

.
T

hus
the

ratio
of

A
to

B
is

equal
to

the
ratio

of
E

to
Z

.
B

ut
the

square
of

B
is

three
tim

es
the

square
of

G
,

X
IV

:3’,
and

the
square

of
D

is
three

tim
es

the
square

of
E

,
X

V
:l.

T
hus

the
ratio

of
the

square
of

B
to

the
square

of
G

is
equal

to
the

ratio
of

the
square

of
D

to
the

square
of

E
.

T
hus

the
ratio

of
B

to
G

is

equal
to

the
ratio

of
D

to
E

,
V

I:22.
T

hus,
p
ertu

rb
an

d
o

2,
the

ratio
of

the
square

of
A

,
the

perpendicular
of

the
pyram

id,
to

the
square

of
G

,

that
is

the
perpendicular

of
the

cube,
is

equal
to

the
square

of
D

,
that

is
the

altitude
of

the
equilateral

triangle,
to

the
square

of
Z

,
three

tim
es

half
of

its
side.

T
hus

the
ratio

of
the

perpendicular
of

the

pyram
id

to
the

perpendicular
of

the
cube

is
equal

to
the

altitude
of

the
triangle

to
three

tim
es

half
of

its
side.

T
hus

the
ratio

of
the

perpendicular
of

the
pyram

id
to

the
perpendicular

of
the

cube
is

equal
to

the
ratio

of
one-third

of
the

altitude
of

the
equilateral

triangle

32.1.
B

y
M

X
IV

:3,
corollary

(see
note

26.1),

32.2.The
term

pcrturbando”
indicates

a
reasoning

ofthe
follow

ing
form

,
if

A
’B

=
E

:Z

and
B

:G
=

D
:E

,
then

A
:G

=
D

:Z
(based

on
E

l.
V

:23).
T

herefore
the

squares
in

the

sentence
after

the
footnote

could
be

rem
oved

p
ro

p
3’

33
W

e
w

ant
to

find
thc

se
1

ies
o

p
r

ona
o

iii
of

the
five

figures.
T

hus
w

e
diaw

a
circle

such
‘it

the
sich

it
it

p
etit

o
n

its
centre

is
G

W
e

consi
r

(
3)

a
triangle

A
E

B
.

W
e

drop
peipenc

cular
E

D
and

ss
m

ak
1)1

of
D

E
.

L
et

H
he

equal
to

D
Z

,
and

het)
(be

I
eq

u
al

I
K

(be)
equal

to
T

,
and

(let
[h

x
equal

to
(

).
iii

t
draw

1
from

the
cen

re
c

I
I

lx
it

i,

equal
to

L.

L

to
half

of
its

side,
that

is,
one-third

of
7

T
hat

ls
‘

hat
sse

w
anted

to
prove.

prop.
31

‘C,
El

Vo
1,,

(M
JL

/K
j

F

1
7

/,/
//

id
k

itlars

‘\B
and

w
ie.third

and
(let)

rid
ular
he
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C
(

A
V

i
ilili

i
/

hi
1!

M
4
)1

1
1

u

‘V
IB

u
i
s

of

1
30

sqt
ires

stiti
of

JIB
,

FIB
i,

S
f iare

T
hat

is

T
hen

the
ratio

of
H

to
T

is
equal

to
the

ratio
of

the
perpendicular

of
I

say
that

the
square

of
qi

ii
I

urn
of

the
pyram

id
to

the
perpendicular

of
the

octahedron,
that

is
the

lines
H

B
,
B

!
p
erp

en
d
icu

lar
o
f

the
cube,

X
V

:3’.
T

he
ratio

of
T

to
K

is
equal

to
the

P
n

oP
W

e
join

7
ratio

of
the

perpendicular
of

the
octahedron

to
the

p
erp

en
d
icu

lar
o

f
(=E1

111:31
‘

J’hw
h
e

sq
the

cube,
because

of
their

equality,
X

V
:3.

T
he

ratio
of

K
,

that
is

hail
of

A
Z

,
Z13,

I
4
’,

.
t
h

of
the

side
of

the
pentagon,

that
is

A
D

,
to

L
,

that
is

G
D

,
w

hich
is

the)
quares

of
A

Z
,

B
!

i
I

s
of

thC
s
i

equal
to

half
of

the
sum

of
the

side
of

the
hexagon

and
the

(side
of

Z
B

.
W

e
subtract

the
corni

ion
r

(.f
B

then
C

the)
decagon,

X
V

:7,
is

equal
to

the
ratio

of
the

perpendicular
of

the
equal

to
the

square
o
f

A
Z

.
Ihus

Ill
s

e
iual

to
A

Z
Ihas

cube,
that

is
the

perpendicular
of

the
octahedron,

to
the

perpendicular
o
f

A
B

is
equal

to
the

S
aiD

of
the

squares
of
tinc

lii’
H

of
the

icosahedron,
X

V
:27.

T
he

ratio
of

L
to

M
is

equal
to

the
ratio

of
w

hat
w

e
w

anted
to

prove
the

perpendicular
of

the
icosahedron

to
the

perpendicular
of

the
H

dodecahedron,
because

of
their

equality,
X

V
:5.

T
herefore

the
ratio

of
H

to
T

is
equal

to
the

ratio
of

the
perpendicular

/
of

the
pyram

id
to

the
perpendicular

of
the

octahedron,
the

ratio
of

T
/

to
K

is
equal

to
the

ratio
of

the
perpendicular

of
the

octahedron
to

the
/

perpendicular
of

the
cube,

the
ratio

of
K

to
L

is
equal

to
the

ratio
of

/
,

the
perpendicular

of
the

cube
to

the
perpendicular

of
the

icosahedron,
/

-
-
,

and
the

ratio
of

L
to

M
is

equal
to

the
ratio

of
the

perpendicular
of

have
found

the
five

lines
proportional

to
the

perpendiculars
of

the
the

icosahedron
to

the
perpendicular

of
the

dodecahedron.
T

hus
w

e

five
figures.

T
hat

is
w

hat
w

e
w

anted.

34,
H

ow
do

w
e

find
a

line
divided

in
extrem

e
and

m
ean

ratio,
such

that
the

square
of

it
plus

the
square

of
its

lesser
part

is
equal

to
the

square
of

an
assum

ed
line?

T
hus

let
the

assum
ed

line
be

A
B

.
W

e
construct

on
A

B
sem

icircle
A

D
B

.
W

e
m

ake
A

G
tw

ice
G

B
.

W
e

draw
perpendicular

G
D

,
and

w
e

35.
V

e
w

ant
to

find
ilk

Its
C

(itioria
t

C
join

B
D

.
T

hen
the

square
of

A
B

is
three

tim
es

the
square

of
B

D
.

the
five

figures.
T

hen
w

e
divide

B
D

in
extrem

e
and

m
ean

ratio
at

E
,

let
the

greater
T

hus
w

e
construct

the
equilateral

titangie
A

B
C

.
\\e

dra
C1.

Iltitude
part

he
B

E
.

W
e

draw
chord

B
Z

equal
to

B
E

,
IV

:l.
W

e
extend

B
Z

in
A

D
,

and
w

e
m

ake
A

E
onethird

ol
it.

W
e

d
isjJ

\l)
iii

C
\ireifle

ind
a

straight
line.

and
w

e
cut

off
Z

H
equal

to
B

D
.

T
hen

H
B

is
divided

in
m

ean
ratio

at
Z

,
let

Z
D

he
the

lesser
part.

D
na

h
Z

the
lon.oej

p
rt

W
extrem

e
and

m
ean

ratio,
and

its
greater

p
art

is
H

Z
,

X
III:7(=

E
l.

X
llI:5).

cut
off

D
II

equal
to

D
Z

,
and

11e
Join

\H
.

th
en

its
sqici

e
I

c
jual

to
T

hus
the

squares
of

B
R

,
B

Z
(taken

together)
arc

three
tim

es
the

the
square

of
A

D
plus

the
sq

u
are

o
f

its
lessei

p
a

than
7

to
D

H
,

square
of

Z
R
2.

that
is

D
Z

W
e

assum
e

T
K

eq
u

al
to

A
D

.
W

e
find

tile
111.

s
u
1h

that
the

square
of

it
is

equal
to

the
sum

o
f

the
luaR

.s
of

\L
)

\Z
hs

d
raw

in
g

p
erp

en
d
icu

lar
‘FL

c
iii]

inp
t

oft
eq

u
al

to
\

7
,

m
l

n
i’

33.1.
T

he
ratio

H
’T

is
equal

to
the

ratio
betw

een
the

perpendiculars
of

the
p
v
ram

ii
and

the
cube

by
M

X
V

:32.
34.3

h
M

iii
is]

ih
inanus

‘iii
1

34.1.
B

ecause
D

is
on

the
circle,
B

D
2=

I
1

G
2+

G
D

2=
B

G
2+

B
G

(
i
A

B
G

B
A

.
hires

tin
s

thc
im

71)11
tiia

.
1

i
34.2.

Fkre
the

M
ilirish’ih

m
a
n
u
sc

rip
t

contains
a

c
o
rre

c
t

re
fe

re
n
c
e

to
M

X
III

8
‘RI

thnie
tin

s
thu

aie
liz.

P
is

1
X

1lI4)
sq

u
a
rs

A
D

I
15

p
r

io
t

do
iii
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K
L

;
then

the
square

of
it

is
equal

to
the

sum
of

the
squares

of
T

K
,

T
L

,
that

is
to

say,
of

A
D

,
A

Z
.

T
hen

the
ratio

of
K

L
to

A
H

is
equal

to
the

ratio
of

the
surface

of

the
dodecahedron

to
the

surface
of

the
icosahedron,

X
V

: 16
T

he
ratio

of
A

D
(plus)

D
H

as
one

line,
that

is
the

w
hole

line
plus

its
lesser

part,

to
A

D
,

the
w

hole
line,

is
equal

to
the

ratio
of

the
surface

of
the

icosahedron
to

the
surface

of
the

octahedron,
X

V
:15.

T
he

ratio
of

A
D

to
G

B
is

equal
to

the
ratio

of
the

surface
of

the
octahedron

to
the

surface
of

the
cube,

X
V

:12.
T

he
ratio

of
D

E
to

D
A

is
equal

to
the

ratio
of

the
surface

o
f

the

pyram
id

to
the

surface
of

the
octahedron,

X
V

: 17.
T

he
ratio

of
A

D
to

<
G

B
is

equal
to

the
ratio

of
the

surface
of

the
octahedron

to
the

surface
of

the
cube,

X
V

:12,
so,

ex
aequali,

the
ratio

of
D

E
to>

G
B

is

equal
to

the
ratio

of
the

surface
of

the
pyram

id
to

the
surface

of
the

cube;
thus,

m
vertendo,

the
ratio

of
G

B
to

D
E

is
equal

to
the

ratio
of

the
surface

of
the

cube
to

the
surface

of
the

pyram
id.

T
hus

w
e

have

found
the

lines’
proportional

to
the

ratios
of

the
five

surfaces.
T

hat
is

w
hat

w
e

w
anted

to
prove.

A
H

B
D

35.1.
It

is
not

correct
to

say
that

w
e

have
found

the
five

lines
W

e
base

K
L

:A
H

=

s
,

2’
s
,

(A
D

+D
H

)
A

D
:G

B
:D

1
=

s
,

0’
s
:
s

6:
s
,

and
A

D
+

D
H

A
fl,

so
that

six
lines

f
t

involved.
The

analogous
problem

for
the

areas
of

the
faces

is
solsed

correctly
in

proposition
36,

com
pare

note
36.3.

TI
us

w
e

put
dow

n
1

A
l

nd
xi

liv
it

i
li’

m
d

m
ean

ra
tio

a
t

(.r,
such

that
its

lesser
part

is
G

B
W

e
extend

A
B

,
a
n
d

w
e

m
ake

B
D

equal
to

Cr13
e

extend
D

A
,

and
sic

u
ti

elf
equal

to
tw

o-thirds
of

A
D

.
T

hen
\D

th
ree

fth
s

“
F

D
W

e
find

a
line

dix
I

i
trr

x
e

a
x

i
it

,
th

t
the

sq
u

are
o

f
E

D
is

eq
u

a
th

uare
C

it
i

th
oars

its
lesser

p
art,

X
V

:34,
let

it
be

h
n
e

Z
H

,
and

let
its

lesser
part

be
IH

,
W

e
fm

d
a

line
such

that
the

square
of

it
is

equal
to

the
square

at
tins

H
Z

plus
the

square
of

its
grea

p
art

1
nom

ely
k

W
e

d
Ito

I
M

(eq
ial

to
)

tw
o

and
a

h
I

tir
ro’

n
A

B
.

A
is

M
d
x

e
cut

off
L

N
equal

to
one-ti

4
tim

L
M

hen
h

ie
LA

is
liuct-foruths

of
M

N
.

W
e

bisect
M

N
at

C
.

W
e

d
raw

from
p
o
in

t
N

p
erp

en
d
v

illar
N

S.
an

d
w

e
assum

e
it

(ex
ten

d
ed

)
in

d
e
fth

itc
l

on
both

sides
W

e
m

ake
each

of
th

e
an

g
les

(a
4

hit
I

B
s

t
at

a
e

tend
the

tw
o

lines
till

th
e

e
t

I
eq

endic.
d
r

r
oint

N
at

points
S.

0
.

T
hen

triangle
M

SO
is

equilateral.
V

e
ii’

o
f

O
F

equal
to

one-third
of

SO
.

T
hen,

since
the

ratio
of

tir
surfa’

of
th

tin
I

iii
m

t
the

surfice
of

the
icosahe

xi
p

1
t

t
1

1. D
X

V
16,

the
<

ratio
of

tl
las

the
dodec

I
dm

r
at

t
me-t

d
fth

of
the

surface
of

the
dodecahedron,

to
tire

face
at

the
icosahedron,

that
is

<
o
n
e
-tw

e
n

tie
th

o
f

its
surface,

is
equal

to
tite

r‘itlo
of

one-tw
elfth

of
K

to
one-tw

entieth
n

F
r),

I
ich

“
r
io

iu&
‘i’e

a
C

line
K

to
three-fifths

of
lit

F
P

4
that

i
a

e
of

K
to

A
D

.
T

he
ratio

of
the

‘i
lace

I
thc

cosah
ron

o
tim

c
riB

e
o
f

the
octahedron

is
equal

to
the

ratio
of

A
l)

to
A

B
,

X
\’.I

So
the

ratio
of

the
face

of
the

ico
sah

ed
ro

n
that

is
one-ixicotieti

P
t
t

s
irface,

to
the

face
of

the
octahedr

th
one

eight
fit,

l’a
eq

a
lto

the
ratio

of
one-tw

ent
a

Ic
axe

e
x

t
s

t
say.

equal
to

the
ratio

o
f

A
T

to
fix

tIm
e

A
B

p
us

hal
P

it
tra

ils
M

L
.

V
:14.

T
he

ratio
of

the
face

of
the

octahedron
to

the
L

a
a

of
the

p
y
ra

m
id

is
e
q

u
a
l

to
the

i aria
of

M
I

k
M

bs
ii

ot
iriahq

of
X

V
:

7
2

T
he

ratio
of

the
ac

ti
he

‘
the

e
.

c
red

)t
is

equal
to

the
ratio

of
tiso

thirds
of

SO
that

as
SI

t
half

a
\IN

.
that

36.
The

p
‘sags

teas
itt

te
a

Irni
i

m
x3f

.
A

re
fe

re
n

c
e

I)
M

X
2.

t’P
n

‘h
he

m
ore

appropriate.
N

ote
that

the
a’

rca,’:’,
.

a
1

T7
L

A

prop.
35

36.
W

e
w

ant
to

find
the

lines
proportional

to
the

faces
o
f

tire
fiv

e

solids.

lit
ii
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is
M

C
,

X
V

:8.
T

he
ratio

of
the

face
of

the
octahedron

to
the

face
of

the
pyram

id
is

equal
to

the
ratio

of
half

of
M

N
to

tw
o-thirds

of
it,

X
V

:2,
T

herefore,
cx

aequali,
the

ratio
of

the
face

of
the

cube
to

the

face
o
f

the
pyram

id
is

equal
to

the
ratio

of
tw

o-thirds
of

SO
to

<
tw

o-thirds>
of

M
N

.
T

hus,
invertendo,

the
ratio

of
the

face
of

the

pyram
id

to
the

face
of

the
cube

is
equal

to
the

ratio
of

tw
o-thirds

of

M
N

to
tw

o-thirds
of

S
O

,
that

is
to

say,
equal

to
the

ratio
of

M
N

to
the

ratio
of

SO
.

T
hus

w
e

have
found

the
five

lines
proportional

to
the

faces
of

the
five

figures.
T

hat
is

w
hat

w
e

w
an

ted
3.

prop.
36

37.
W

e
w

ant
to

find
the

lines
proportional

to
the

five
solids.

T
hus

w
e

assum
e

line
A

B
,

the
side

of
the

pentagon
of

a
circle,

and

w
e

extend
ft

in
a

straight
line,

and
w

e
cut

off
from

it
B

G
equal

to
the

side
of

its
decagon.

W
e

find
a

line
divided

in
extrem

e
and

m
ean

ratio

such
that

the
square

of
A

G
is

equal
to

the
square

of
it

plus
the

square

of
its

lesser
parV

;
let

it
be

D
E

,
and

let
its

greater
part

be
D

Z
.

W
e

find

the
line

such
that

the
square

of
it

is
equal

to
the

sum
of

the
squares

of

D
E

,
D

Z
,

nam
ely

H
.

W
e

draw
from

point
B

a
perpendicular

to
A

B
,

and
w

e
extend

it
in

d
efin

itel
on

both
sides.

\
c

m
ake

each
of

the
angles

A
one-third

of
a

right
angle,

arid
ese

extend
the

iw
lines

until
they

m
eet

the
perpen

I
iii

t
its

K
I

he
e

A
rK

is
equilateral.

W
e

m
ake

on
Ih

r
f

T
k

T
hen

the
ratio

of
H

,
that

is
(the

ltn
e,

the
square

of
s

hit
i

is
eq

u
al

to
the

square
of

D
E

ph
the

square
of

us
greater

ii,
the

(line)
the

square
o
f

N
hi

h
H

ir
Il

S
u

i
1

p1
h

c
uare

of
its

lesserpart(E
l),

th
is

A
, is

lual
ft

the.
itio

the
dec

ahedral
solid

to
the

icosahedral
solid,

X
V

:30,
T

he
ratio

ol
A

G
to

\H
is

equal
to

the
ratio

of
the

icosahedral
solid

to
Eli

oc
ihed

t
so

,
X

V
2
9

T
he

ratio
of

K
to

A
B

q
It

ie
r

t
c

I
i.

e
he

t a
the

octahedral
solid,

X
2
3

The
ratio

of
A

B
to

ts
equal

to
the

ratio
of

the
octahedral

solid
to

the
solid

of
the

pyram
id

X
V

20.
T

hus.
cx

aeq
u
ali,

the
ratio

o
f

K
It

T
L

equ
I

to
he

r
i

i
I

c
lid

of
the

cube
to

the
so

ld
o

e
m

id.r
i,

I
(i

3,
I
,

T
I

are
p
ro

p
o
rtio

n
al

to
the

five
solids

inscribed
in

or
sphe

a.
I

hat
Is

w
hat

w
e

w
anted

to
prove

36
3.

W
e

have
K

:A
D

:M
L

:M
N

:SO
=
f1
2

:
f
0:
f
8:
t
:
f

6,
and

therefore
the

follow
ing

correct
solution

of
the

problem
of

prop.
35

(cf
note

35
1)

K
:E

D
:M

C
M

N
!3:N

S

=s371.
By

M
X

V
:34.

37
2,

H
ere

the
Ic

u
e

a
i

a
S

inathem
aticaflv

orre
t

one
to

a
n
g

ne
e
c

at
a

c
i.

a

follow
s:

T
hus

w
e

assum
e

line
\O

the
side

at
h

t
a

a

off
front

it
A13

equal
to

the
srt’

a
a

d

t(X

t
“as

n
o
r

as
1

and
vc

cut

D
B

G
A

E

O
N

K

L
\

P
”
I

37

E
nd

o
f

the
fifteenth

C
ise

El Is
th5

d
t

ii
)k
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T
he

num
ber

of
propositions

in
the

book,
except

the
lem

m
as

and
the

different
cases,

is
516.

A
ppendix.

P
ropositions

X
iI:1O

,
14

ofthe
R

evision
of

the
E

lem
ents.

10.
(For)

every
pair

of
different

lines,
each

of
w

hich
is

divided
in

extrem
e

and
m

ean
ratio,

the
ratio

of
one

of
the

lines
to

the
second

(line)
is

equal
to

the
ratio

of
its

greater
part

to
the

greater
part

of
the

second
(line),

and
equal

to
the

ratio
of

the
lesser

part
(of

the
first

line)
to

the
lesser

part
(of

the
second

line)’.
E

xam
ple:

L
ines

A
B

and
G

D
are

different,
A

B
has

been
divided

in
extrem

e
and

m
ean

ratio
at

E
,

and
its

greater
part

is
A

R
G

D
has

been
divided

in
extrem

e
and

m
ean

ratio
at

Z
,

and
its

greater
part

is
G

Z
.

I
say

that
the

ratio
of

A
B

to
G

D
is

equal
to

the
ratio

of
A

E
to

G
Z

,
and

equal
to

the
ratio

of
E

B
to

Z
D

.
P

roof:
W

e
extend

each
of

the
lines

A
B

,
G

D
in

a
straight

line,
and

w
e

m
ake

B
H

equal
to

E
B

and
D

T
equal

to
Z

D
.

T
hen

the
square

of
A

E
is

equal
to

the
product

of
A

B
and

B
E

,
and

the
square

of
G

Z
is

equal
to

the
product

of
G

D
and

D
Z

,
V

I:17.
T

hus
the

ratio
of

the
square

of
A

ll
to

the
product

of
A

B
and

E
B

is
equal

to
the

ratio
of

the
square

of
G

Z
to

the
product

of
G

D
and

Z
D

.
T

hus,
alternately,

the
ratio

of
the

square
of

A
B

to
the

square
of

G
Z

is
equal

to
the

ratio
of

the
product

of
A

B
and

B
E

to
the

product
of

G
D

and
D

Z
.

T
hus

the
ratio

of
the

square
of

A
E

plus
four

tim
es

the
product

of
A

B
and

B
E

,
that

is
five

tim
es

the
square

of
A

E
,

that
is

the
square

of
A

H
,

11:8,
to

the
square

of
G

Z
plus

four
tim

es
the

product
of

G
D

and
D

Z
,

that
is

five
tim

es
the

square
of

G
Z

,
that

is
the

square
of

G
T

,
11:82,is

equal
to

the
ratio

of
the

square
of

A
E

to
the

square
of

G
Z

,
V

:14
(=

E
l

V
’15).

T
hus

the
ratio

of
A

H
to

G
T

is
equal

to
the

ratio
of

A
ll

to
G

Z
,

V
l:22.

T
hus

the
ratio

of
E

H
to

Z
T

is
equal

to
the

ratio
of

A
H

to
G

T
,

V
:19,

that
is

to
say,

equal
to

the
ratio

of
A

E
to

G
Z

.
B

ut
the

ratio
of

E
H

to
Z

T
is

equal
to

the
ratio

of
E

B
to

Z
D

.
T

hus
the

ratio
of

A
E

to
G

Z
is

equal
to

the
ratio

of
E

B
to

Z
D

.
T

hus
the

ratio
of

A
B

to
G

D
is

equal
to

T
his

is
a

form
of

the
“ratio

Iem
m

t
in

H
era

N
schler,

T
heorem

X
IV

,”
,

see
his

pp
7,

19
20.

2
B

y
N

.
11:8

A
E

44A
B

B
E

A
R

2
and
G

z
2+

4
G

D
.D

z
=

G
r

2
because

F
B

B
l1

and
Z

D
”D

1

the
ratio

of
A

E
o

ctd
tqu

i
o

th
at

I
w

hat
vse

w
anted

D
B

-
—

1
a
tio

n
a
r

)J
51

2
tt

16
vols

11ichths
F

leniettc
a

N
asiridini

T
L

in
F

aclidis
O

pera
O

n
ru

feruntur
X

lV
X

V
F

ichdis
Flerne

ita
P

rolegom
ena

t

(reu
b
n

er)
1977

T
L

.
H

eath.
Euc

1
d

C
em

bridge
R

H
erz4

isth
1

e
T

h
A?(hives

In
t

an

For
the

hist
ry

0
th

t
discusses

al
M

phi
h

p
In

the
O

xford
im

u
X

1H
.I

IF
1

X
LII

C)
Co

rect
as

is
sho

hI

C

(

B
ook

X
III,

pr

14
If

the
side

o
ft

d
its

greater
part

is
th

I
It

the
hexagon

W
e

o
i

cxtrem
the

greater
part

T
.

t
l

extend
A

B
toss

an
m

ak
divided

in
extrune

itio
s

X
II1.7

(=E
L

X
III.

t
A

B
D

,
that

is
to

a
1

t

X
IIL

9).

I

I

V
i

rh
at

m
an

ratio
the

side
cf

let
A

G
b’

l
u
4

W
hen

A
D

is
a
rt

Is
A

B
r

1ereforc-
I

(F
l

I981

K
tiv

iin
h
i

m
et

N
q

ii

88
pars

I
cip

iig

n
c

litro
i

t(
I

m
c,

ts

I
chl

r

S
I

I

C
C

)
a

I
i

A
1,

It
h

T
o

r
i

h
e

\
X

I
r

ii
I

H
r

I
H

r

11

I
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n
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n
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anom
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B
o
o
k
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