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AN ARABIC TEXT ON THE COMPARISON
OF THE FIVE REGULAR POLYHEDRA:
"BOOK XV" OF THE REVISION OF THE ELEMENTS
BY MUHYI AL-DIN AL-MAGHRIBI

JAN P. HOGENDUK*

Introduction

This paper contains a critical edition of the Arabic text, with English
translation and notes, of "Book XV" of the Revision of the Elements
(Tahrir al-Usal) by Yahya ibn Muhammad ibn Abi 'l-Shukr Muhyi
al-Din al-Maghribi (died 682 H./A.D. 1283). The text is extant in
Arabic manuscripts in Utrecht, Oxford and Istanbul. In "Book XV"
al-Maghribi geometrically determines the ratios of (1) the edges, (2)
the faces, (3) the surface areas, (4) the perpendicular distances from
the centre to a face and (5) the volumes of the five regular polyhedra
inscribed in one sphere. Hitherto no solution of this general problem
was believed to exist in the ancient Greek and medieval Arabic-Islamic
literature. The ratios between the surface areas, the perpendicular
distances from centre to face and the volumes of the icosahedron and
the dodecahedron were determined in a lost work of Apollonius (ca.
200 B.C.) and also in an extant treatise by Hypsicles (150 B.C.)
which was added as "Book XIV" to the Greek text of the Elements.
Al-Maghribi's "Book XV" is related to, but contains much more than
"Book XIV" of Hypsicles.
~ "Book XV" of the Revision of the Elements is not an original work
by al-Maghribi; it is an adaptation of a lost Arabic source (A), which
survives in a different recension in an as yet unpublished Hebrew
translation. At present it is still unclear whether A was an Arabic
translation of a Greek text or the work of an early Arabic-Islamic
mathematician who was inspired by Greek sources.

* Mathematical Institute, Utrecht University, Budapestlaan 6, NL-3508 TA Utrecht.
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Al-Maghribi and his Revision of the Elements

Yahya ibn Muhammad ibn Abi 'lI-Shukr Muhyi al-Din al-Maghribi
al-Andalusi' was born in Spain, but spent most of his scientific
career in the Near East. In 1257 he composed the T3j al-Azyaj (crown
of the Zijes, i.e. astronomical handbooks with tables) in Damascus.
After Damascus was invaded by the Mongols around 1258, he joined
the newly founded astronomical observatory of Maragha, which was
directed by Nasir al-Din al-Tusi. Al-Maghribi made astronomical
observations between 1262 and 1274, and he died in Maragha in
1283% The Oxford manuscript of the Revision of the Elements was
written in 659 H./1260-1, at Maragha, and in his introduction al-
Maghribi refers to another edition of the Elements by "al-shaykh
al-ra’is” (the master, the chief). If this is Nasir al-Din al-Tusi, al-
Maghribi must have composed his Revision of the Elements shortly
after he arrived in Maragha.

Euclid's Elements consist of 13 "Books". In late antiquity "Book
XIV" (written by Hypsicles around 150 B. C.) and an anonymous
"Book XV" were added to the Greek text, and all 15 Books were
translated into Arabic. Al-Maghribi's Revision of the Elements also
consists of 15 books, and the first twelve books in the Revision have
approximately the same content as the first twelve books of the
Elements®. To indicate the correspondences between the remaining
books, I use a notation such as El. XIII for Book XIII in the original
text of the Elements and M XIV (M for al-Maghribi) for Book XIV
in the Revision. Book M XIII includes the theorems in El. XIII on
plane figures and some related material not found in the Elements.
The text of two of these additional propositions is to be found in the
appendix to this paper. Book M XIV consists of the theorems on
solids in EIL XIII and of most of the trivial Book El. XV. Book M
XV can be considered as a generalisation to all five regular polyhedra
of the theory of Book XIV of the Elements (by Hypsicles), which is
about the comparison of the icosahedron and the dodecahedron only.

! See Suter art. no. 376 (p. 155), Matvievskaya and Rozenfeld vol. 2, pp. 418-419,
Krause, Sphdrik, pp. 74-75, S. Tekeli in DSB IX, 555-557.

2 The preceding information is taken from Saliba, An observational notebook,
pp. 391-392.

3 There are interesting additions in the Revision, such as a "proof" of the parallel
postulate, which was published by A. 1. Sabra in 1969.
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Al-Maghribi describes the subject of M XIV and M XV in his preface
to the Revision as follows:

"Then we finished the work with two books, one on the construction
of the five solids in one another, and we made the treatment of this
detailed, and the second on the ratios between their edges, perpen-
diculars, faces, surfaces (i.e. surface areas) and solids (i.e. volumes).
We completed this with five propositions on finding the five lines
proportional to their edges, perpendiculars, surfaces and volumes."*
Al-Maghribi does not say anything about the sources of his Book
XV.

The mathematical contents of Book XV of the Revision

The purpose of Book M XV is to explain the geometrical construction
of five groups of five straight line segments, in the ratios of (1) the
edges, (2) the surface areas, (3) the faces, (4) the perpendicular distances
between centre and face, and (5) the volumes of the five regular
polyhedra inscribed in a given sphere. These constructions are preceded
by a large number of preliminary theorems. Book M XV can be
divided into five parts as follows:

i. M XV:1-6 preliminary theorems on edges of regular polyhedra,
ii. M XV:7-11 theorems on faces,
iii. M XV:12-17 theorems on surface areas,
iv. M XV:18-30 theorems on volumes,
v. MXV:31-37 comparison of the five polyhedra.

The majority of the theorems in the first four groups deal with the
ratio of a certain quantity (for example: face, surface area, volume) in
two regular polyhedra inscribed in the same sphere. In groups iii. and
iv. the combinations are treated in the following order: (1) tetrahedron
and octahedron, (2) cube and octahedron, (3) octahedron and icosa-
hedron (with preliminaries for cube and icosahedron, if necessary),
and (4) icosahedron and dodecahedron. The structure of groups i. and
ii. is not so clear. There are also a number of _oBBmm not directly

4 My translation from Ms. Oxford, Bodl. 448, f. 2a. The "five propositions” are
M XV:31, 33, 35, 36 and 37. Note that al-Maghribi does not mention the comparison
of the faces. A proposition on the comparison of the faces (such as M XV:36) is not
found in the Hebrew translation of A either.
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dealing with polyhedra, such as M XV:1, 4, 7, 22, 28. Most of the
proofs are very elaborate, and the manipulations of proportions are
given in great detail, in the way of Books V and VI of the Elements.
The ratios are determined correctly, except for the ratio between the
volume of the octahedron and the icosahedron in M XV:29. The
proof of this proposition contains an error which must have escaped
al-Maghribi. By making minimal changes in the text of M XV:29
one obtains a correct theorem, and it will be shown in the notes to the
translation that the proof in the text can be extended to form a correct
proof in the style of ancient and medieval geometry. Because Book
M XV is a revised version of an older text, which passed through a
complicated process of transmission, it is conceivable that the error is
due to an editor who altered a proof that was correct.

The text of M XV contains a number of inadequacies, which show
that al-Maghribi worked rather carelessly as an editor. Thus he inserted
numerous references in his text to previous propositions, but because
many of these references are incorrect it seems that he did not check
them carefully. Al-Maghribi could have omitted theorems M XV:9,
10, 10 cor. and 22 because they are not used in the rest of the text.

The contents of the 37 propositions of Book XV of the Revision
will now be rendered in modernized notation. Notes on the proofs
can be found in footnotes to the translation. In the following list I
include information on the logical structure of Book XV as well as
references to Book XIV in the Greek text of the Elements. A statement
like 5. r,=ry (El. XIV, § 3 = prop. 2 Heath) means that the identity
I;=Ty is proved in M XV:5 and in § 3 in the edition of the Greek text
in Heiberg-Stamatis, Euclides V,1, Elementa XIV-XV, Scholia in Libros
I-V, pp. 1-22, which corresponds to prop. 2 in the translation by
Heath, Euclid’s Elements, vol. 3, pp. 512-519. The proofs in M XV:5
and El. XIV, §3 need not be identical. The following abbreviations
will be used:

e, L, S vyt the edge, face, surface, perpendicular (distance between

(i=4,6,8,12,20) the centre of the circumscribing sphere and any face)
and volume of a regular polyhedron with i faces inscribed
in a fixed sphere.

R radius of the sphere circumscribing the polyhedra,

L radius of the circle circumscribing the face f,

d,h side and altitude of a fixed equilateral triangle,

a,X;, X, ais an arbitrary line segment, divided in extreme and
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mean ratio into segments x, and x,, i.e. a=x,+x, and

arx; =X X,
c(n) side of a regular n-gon inscribed in a fixed circle, i.e.
chord of an arc of 360/n degrees,
c(6) radius of this circle (= side of inscribed hexagon),
c(2.5) diagonal of the pentagon inscribed in the circle,
cor. corollary.

Table of contents of the propositions in Book XV of the Revision

L. h?=3/4 d2. Used in 2, 26, 32.

2. g is equal to the altitude in the "triangle of the tetrahedron” (i.e.
es:eg=d:h). Based on 1. Used in 2 cor, 20, 20 cor.

2cor. fz=3/4f, Based on 2. Used in 17, 36.

3. 1=Tg. Used in 3 cor. 1, 3 cor. 2.

3 cor. 1 ps=ps. Based on 3. Used in 23, 26, 33.

3 cor. 2 e?=3/2 e’ Based on 3. Used in 8.

4, c(5)2+¢(2.5)%=5¢(6)* (EL. XIV, § 2 = lemma in prop. 2). Used in 5,
15.

5. 1,,=Ty, (EL XIV, § 3 = prop. 2). Based on 4. Used in 5 cor, 6, 16, 31.

Scor. pp=psy. Based on 5. Used in 30, 33,

6. ees= (2’ +x1°) ¢ y(a+x2)) (El XIV, § 9=prop. 7). Based
on 5. Used in 13, 16 cor.

7. The line joining the centre of the circle to the midpoint of a side of
the inscribed regular pentagon is equal to {c(6)+c(10)}/2 (EL XIV,
§ 1 =prop. 1). Used in 25, 33.

8. fz:fe=h/2 : 2d/3. Based on 3 cor. 2. Used in 12, 23, 36.

9. Lety, (i=12, 20) be the perpendicular drawn from the centre of a
face of the dodecahedron or icosahedron to a side of the face. Then
Y12-€12 =815/30 (EL. XIV, § 4 = prop. 3). Used in 10 cor.

10. Ya0-€20 =520/30 (El. XIV, § 5, beginning = prop. 4). Used in 10 cor.

10 cor.  813:8,0=Y17€12 ¢ Yao€ao (EL XIV, § 5, end = prop. 5). Based on 9, 10.
Not used.

11. The area of the regular pentagon inscribed in a circle of diameter D
(=2c(6)) is equal to (3/4)D(5/6)c(2.5) (El. XIV, § 7 = preliminary
to second proof in prop. 6). Used in 16.

12. s¢:5g=d:h. Based on 8. Used in 12 cor, 35.
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12 cor.

13.

13 cor.
14,
15.
15 cor.
16.

16 cor.

17.
18.
18 cor.
19.
19 cor.
20.
20 cor.
21.

22.

23.
24.

25.

26.
27.
28.
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$5:Sg is equal to the ratio between the area of the square of any line
d and twice the equilateral triangle with side d. Based on 12. Used
in 14,

$6:820=C(5%: 3 1/3 T, where T is the equilateral triangle such that the
square of its side is equal to 3¢(10)2 Based on 6. Used in 13 cor.
3/5 s59:8=2T:c(5). Based on 13. Used in 14,

$20:8¢=5¢(10¥:c(5)%. Based on 12 cor, 13 cor. Used in 15.
S20-S5:5¢=X;:a. Based on 4, 14. Used in 15 cor, 29.

Sy:Sz=a+X,:a. Based on 15. Used in 35, 36.

S12:890=€4:€5 (EL. XIV, § 8 = prop. 6, second proof). Based on 3, 11.
Used in 16 cor.

ms”msu)\?m +x y: )\Am + x%v (compare El. XIV, § 12 = summary
of results in Heath's translation, p. 519). Based on 6, 16. Used in 30,
35, 36.

sg=3s,/2. Based on 2 cor. Used in 35, 36.

2f,-2R=9v,. Used in 18 cor.

2f,-2R/9 = v,. Based on 18. Used in 20.

eg22R=3v,. Used in 19 cor.

3eg> 2R/9=v;. Based on 19. Used in 20.

v,:vg=d:3h. Based on 2, 18 cor, 19 cor. Used in 20 cor, 37.
v,:vg=e,:3eq. Based on 2, 20. Not used.

A regular solid is divided into equal and similar pyramids whose
bases are the faces of the solid and whose vertices are at the centre
of the circumscribing sphere. Used in 23, 24, 25.

One considers a pyramid with a triangular base and a second pyramid
with a pentagonal base and the same height as the first pyramid.
Theorem: the pyramids are in the same ratio as the bases. Not used.
vg:vg=d:h. Based on 3 cor.1, 8, 21. Used in 37.

The parallelepiped with base the pentagon of the icosahedron (i.e. a
regular pentagon formed by five angular points) and height 2/3
times the diameter of the sphereis equal to v,,. Based on 21, Used
in 25.

P20:2R = {c(10)+¢(6)}/2 : 2H, where H indicates the altitude of an
equilateral triangle with side c(5). Based on 7, 21, 24. Used in 27,
R:ps=h:d/2. Based on 1, 3 cor. 1. Used in 27.
P20:Ps=c(6)+c(10):c(5). Based on 25, 26. Used in 29, 33.

The ratio between two rectangular parallelepipeds is the product of
the ratio between the bases and the ratio between the heights. Used
in 29.
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29. Va0 Ve={c(10+¢(5)}:¢(5). (The statement is mathematically incorrect.
In fact vy,ive=c(5):c(10). See note 29.7 below). Based on 15, 27,
28. Used in 29 cor, 37. \

29 cor. <8“<mu)\Am~ + x_N )+ x, J\Amw + x_N ). (In fact vyve=+j(a® + x_w )

x;.) Based on 29. Not used.

30 vivy= (@’ +x0): (@’ +x00) (stated in EL XTIV, § 12 = summa.
ry of results in Heath's translation, p. 519). Based on 5 cor, 16 cor.
Used in 37.

31. Construction of five line segments in the ratio €:€4.651859'€,. Based
on 5. (The construction differs from El. XIII: 18.). Used in 31 cor.

31cor. ep>ep>e>e>e),. Based on 31,

32. Pa:pe=h/3 : d/2. Based on 1. Used in 33.

33 Construction of five line segments in the ratio P4:Py:Ps PP 1o Based
on3cor. 1, 5 cor, 7, 27, 32.

34. Construction of a segment a such that a2+x,%=c? for given c. Used in
36, 37.
35. One wishes to construct five line segments in the ratio 812:820!55:8S .

(One actually constructs two segments in the ratio $12:8yy and four
segments in the ratio s,,:s4:5,:5,, see note 35.1 below.) Based on
12, 15 cor, 16 cor, 17.

36. Construction of five line segments in the ratio fi,:6:f5:f 1. Based
on 2 cor, 8, 15 cor, 16 cor, 17, 34.
37. Construction of five line segments in the ratio Vi2iVa0iVeiveiv,. Based

on 20, 23, 29, 30, 34.

The following two propositions of Book XIII of the Revision of
al-Maghribi have been edited and translated in the appendix to this
paper because they also occur in the Hebrew translation (see the next
section); they must therefore have been in al-Maghribi's source.

10 If segment a is divided in extreme and mean ratio into X; and x,, and
similarly, a'is divided in extreme and mean ratio into x, and x,,
then a:a'=x:x,'=xx, (EL. XIV, § 11 = lemma in Heath's translation,
vol. 3, p. 518). Used in M XV:5, 6, 15.

14 If a=c(6), then x,=c(10). Used in M XV:5, 6, 13, 29.
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The historical background to the text

Book XV of al-Maghribi includes almost the whole mathematical
content of "Book XIV" of the Elements, written by Hypsicles. The
theorems in M XV could not have been directly copied from (the
Arabic translation of) El. XIV, because the points in the geometrical
figures are labelled in a different way and because there are many
differences in the details of the mathematical proofs. However, there
are striking similarities in the theorems themselves. Thus the area of
a pentagon is shown to be equal to the product of three-fourths of the
diameter of the circumscribing circle and five-sixths of the diagonal
of the pentagon in El. XIV § 7 and in M XV: 11. There are many
other ways of expressing the area of the pentagon, and therefore we
can assume that the resemblance between Hypsicles and al-Maghribi
is not accidental. The proposition EL. XIV § 6 (first proof of prop. 6
in Heath, vol. 3, p. 516) is missing in M XV, but al-Maghribi gives in
M XV:9-10 the preliminaries to this proposition, which are not used
anywhere in M XV. Similarly, the proof of El. XIV § 10 (prop. 8 in
Heath, vol. 3, p. 518) does not occur in M XV, but al-Maghribi gives
in M XV:22 a preliminary to this proof; again, this preliminary is not
used. Thus it seems that the theorems on the icosahedron and the
dodecahedron in Book XV of the Revision are based on a source
which included the entire Book XIV of the Elements.

Dr. Langermann has recently discovered a manuscript which is
very important in this connection. This is a Hebrew translation by
Kalonymos b. Kalonymos® (born 1286) of a lost Arabic treatise, which
contains almost all theorems of Book XV of the Revision in a different
order, but often in strikingly similar wording. Dr. Langermann kindly
provided me with a preliminary English translation, on which the
following information is based.

The Hebrew translation can be divided into the following parts:

1. An introduction, containing references to one Meseclunus (perhaps
a rendering of Insiglawus, an Arabicized form of Hypsicles that was

often used).
I1. Theorems on the tetrahedron and the octahedron, cofresponding

to M XV:1, 2,17-20.
[11. Theorems on the octahedron and the cube, corresponding to M

XV:3, 8,12, 23.
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IV. Theorems on the octahedron and the icosahedron, and necess
preliminaries for these theorems, corresponding to M XIII:10 N,M%
XV:4-6, 13-15, 24,7, 25-27, 29. o

V. Theorems on the icosahedron and the dodecahedron proved b
Hypsicles (if not already treated in Part IV), corresponding to ?m
XV:9-11, *, 16, 16 cor, 30 (proof missing). The asterisk denotes the
vao.% of EL. XIV § 6 (the first proof of prop. 6 in Heath's translation)
Sﬂmzﬂémm MEMmEW m”: al-Maghribi's text, as has been mentioned mco<o.,

. Concluding theorems. :317 i ipt i
missingy 0. wu,mwm, o M XV:317? (a page in the manuscript is

For chronological reasons the Revision of al-Maghribi (died 1283)
cannot be dependent on the Hebrew translation by Kalonymos b
Nm_oaao% (born 1286). The Hebrew translation cannot :m<m
aowosaoa on al-Maghribi either, for there is nothing in the Revision
.;\Eon corresponds to the introduction and to the references to Hypsicles
5.9@ Hebrew. Thus the two texts must have a common Arabic
origin, which I will call A. No copies of this text A have yet been
found. It is likely that the order of the theorems in A was essentiall
that of the Hebrew translation, in which logically connected Hrmo:::m
are grouped together. The order of the theorems in the Hebrew also
reflects the character of A as a reworking and extension of Hypsicles'
treatise. There are striking similarities and striking differences in the
mathematical reasoning in the Hebrew and the Revision. One cannot
.co certain that all these differences are the result of the editorial
intervention of al-Maghribi, because the Hebrew may have been based
on an edited version of A. The reconstruction of A from the Hebrew
translation and the Revision is therefore a non-trivial problem, the
solution of which will have to await the publication of the Emgo,w\

In 1984 Langermann and I suggested that A is an Arabic Qm:m_mmo:
of a Hellenistic treatise. Now I consider that it is Just as likely that A
was written by an Arabic-Islamic mathematician, who wanted to extend
Hypsicles' treatment of the icosahedron and the dodecahedron in Book

X1V of the Elements to all regular polyhedra, and who may of course

have been inspired by more Greek sources than Hypsicles' Book

5 s .
Gmm:moaam_:o: on the manuscript can be found in Langermann and Hogendijk
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XIV. Al-Kindi (9th century A. D.) is known to have written a treatise
on the correction of Books XIV and XV of the Elements of Euclid ®.

I do not want to suggest that this was A, which is not concerned
with Book XV, but the title of Al-Kindi's work shows that there was
some interest in the regular polyhedra in the 9th century A.D., and
thus A could very well have been written in that period. An argument
for dating A early in the Islamic tradition is the inefficient way in
which the proportions are handled. The origin of A will be clarified
by the publication by Dr. Langermann of the Hebrew translation and
related textual material.

One could try to find out more about the history of A by looking
for possible traces in other Arabic treatises. In pp. 431-433 of the
1594 Rome edition of the Elements, attributed to Nasir al-Din al-Tusi,
the following theorems are proved in a corollary to El. XIII:15
(construction of the octahedron):

L. re=ry(cf. M XV:3).

2. s¢:84=V¢Vg=d:h, where d and h are two line segments such that
h2=3/4 & (cf. M XV:12, 23).

The proofs in the Rome edition differ from those of al-Maghribi.
Thus it is possible but not certain that the author of the Rome edition
was influenced by A or by al-Maghribi.

The manuscripts

Al-Maghribi's revision of the Elements is extant in four Arabic
manuscripts, which will be called D, T, F and H. The manuscripts
were mentioned by Sezgin in GAS V, 114; D, F and H in no. 50, T in
no. 52.

D is MS. Oxford, Bodleian Library 448, f. 160a-175b. This
manuscript was identified by A. I. Sabra (p. 14). According to the
colophon, the manuscript was completed in Mardgha in 659 H./A. D.
1260-1. Thus D was written during the life of al-Maghribi, probably
soon after the completion of the Revision. There is no evidence that
D is an autograph by al-Maghribi. The manuscript is written in a
clear naskhi, and there are 19 lines to a page. There are a number of
(usually insignificant) scribal errors in the text; some of these errors
are also in the other manuscripts and they may have been in the

5 Al-Kindi's Em&nam:,o& works are listed by Sezgin in GAS V, 256.
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original of al-Maghribi. The last five leaves in the manuscript bear
the numbers 171, 172, 172, 173, 173. I have renumbered these leaves
171-175 for sake of clarity.

T is MS. Utrecht, Universiteitsbibliotheek, 1440 (formerly Or. 21)
f. 81a-90a, see Voorhoeve, p. 392, Tiele p- 340. T is dated Saturday o
Dhi'l-Hijja 685 H. (January 25, A. D. 1287). The size of the leaves is
ca. 165 x 77 mm, and the size of the text is ca. 150 x 66 mm, there
are between 37 and 41 lines to a page. The name of the scribe is
Ibrahim ibn Ya'qib ibn Maymiin. A few leaves of this manuscript are
missing, including the front leaf, and the name of al-Maghribi is not
mentioned anywhere in the manuscript. The text is written in a small
but legible naskhi, in black ink, with almost no diacritical marks, and
there are very few scribal errors. The figures and the proposition
numbers in the margin are'drawn in red ink. One leaf of Book XV
containing the text from the end of prop. 12 up to the beginning om.
prop. 15, is missing.

F is MS. Istanbul, Siileymaniye Library, Aya Sofya 2719 (Krause
p- 506), f. 178a-195a. This manuscript is dated Dhii '-Hijja owA\\wb.v
1518-9 (the date 714, stated by Krause, is incorrect, and I have found
no evidence that the ms. was written by Ahmad ibn al-Sarrdj). Although
Krause calls this manuscript "sehr gut", there are many scribal errors
sometimes of the most grotesque kind, and numerous words m:ﬁm
passages have been repeated or omitted by mistake.

His MS. Istanbul, Siileymaniye Library, Mihrishah 337, f. 168a-186a.
According to Krause (p. 506), most of this manuscript was written in
the 8th century H./14th c. A.D. A few leaves were written in 1159
H./A.D.1746-7 by Mustafa Sidqi, a well-known 18th century
mathematician of Cairo. This manuscript appears to be a copy of a
slightly revised version of the Revision, in which some changes were
made in the wording and in the mathematical reasoning. Some of
these are improvements, but others are changes for the worse. In
waMaos to these deliberate changes there are numerous scribal errors
in H.

My analysis of scribal errors has shown that manuscript F is related
to, but not dependent on T, and that manuscript H is related to, but
not dependent on D.
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Editorial principles

I have attempted to restore the original text of Book XV of al-
Maghribi's Revision on the -basis of the two manuscripts D and T,
which are the oldest and the best. I have modemized the orthography,
added hamzas and made trivial corrections involving slashes and
diacritical marks without noticing this. All other scribal errors and
variants in D and T have been mentioned in the apparatus. I have not
taken account of the fact that in T the last word on a leaf is usually
repeated at the beginning of the next leaf,

I have indicated the beginning of new pages in F and H in the text,
but I have used these manuscripts only to a very limited extent.
Manuscript F is of little use for the reconstruction of the original text
of the Revision, because F never has a plausible variant in the cases
where there are difficulties in the text in D and T. F and H contain a
large number of errors, nearly all of which are uninteresting. There
are only a few cases where the text in D and T is corrupt and H is
(mathematically) correct, or where the context indicates that a passage
in D and T must be missing, and the missing passage is supplied by
H. In such cases I have emended the text on the basis of H, as
indicated in the apparatus (this concerns nos. 33-36, 38, 44, 46, 124,
132, 134). In these cases H does not necessarily represent the original
text of al-Maghribi, because H is a copy of a slightly revised version
of the Revision, and the errors or omissions may have been corrected
by the person who revised the text. Apart from these exceptional
cases I have not mentioned the variants and errors in F and H, because
this would have tripled the size of the apparatus, and very little
would have been gained for the reconstruction of the original of
al-Maghribi. The text is on the whole very simple, and the edition
does not pose any major philological problems.

I have added full stops and commas in the Arabic text for sake of
better legibility. Square brackets in the Arabic text contain the page
numbers in the manuscripts. In the Arabic text and the apparatus the
four manuscripts have been abbreviated as follows: D = 5, T = L,
F = o, H = a. Angular brackets < > in the Arabic text indicate
additions made by me to restore the original, in cases where the text
in D and T is incomplete. Passages restored by means of H are also
in angular brackets. In Book XV, al-Maghribi often refers to previous
propositions in his revision of the Elements, using abjad-numbers
with slashes. These alphabetical numbers can very easily be confused

The Revision of the Elements by Muhyi al-Din al-Maghribi 145

with the letters that are used in the text for points in the geometrical
figures, because these letters are also written with slashes. To avoid
confusion I have put these Arabic references to earlier propositions
in parentheses.

The same procedures have been used for the edition of propositions
X1I1:10 and 14 of the Revision of the Elements in the appendix to this
paper. These propositions have been edited because they also occur
in the Hebrew translation found by Dr. Langermann, and hence they
must have been in the lost Arabic source A. The text of these
propositions is found in the following pages in the manuscripts: D
141a:8-141b:3, 143a:1-5; T 69b:10-28, 70a:32-37: H 149a:13-149b:10,
150b:12-19; F 156b:18-157a:14, 158b:6-12.

Abbreviations used in the critical apparatus

D (s) Ms. Oxford, Bodleian Library Or. 448, 160a-175b, 141a:8-141b:3,
143a:1-5.

T(b) Ms. Utrecht, Universiteitsbibliotheek, 1440, f. 81a-90a, 69b:10-28,
70a:32-37.

F (<) Ms. Istanbul, Siilleymaniye Library, Aya Sofya 2719, 178a-195a.

H(2) Ms. Istanbul, Siileymaniye Library, Mihrishah 337, 168a-186a,
149a:13-149b:10, 150b:12-19,

+ added in one of these manuscripts (as indicated)

- omitted in one of these manuscripts

il illegible passage.
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Introduction to the translation.

In the translation all explanatory additions made by me are in paren-
theses. Angular brackets include translations of words and passages
that I have added to the Arabic text in D and T in order to restore the
original of al-Maghribi. In the English translation I have transcribed
al-Maghribi's references to previous propositions as in the following
example: VI:22 for proposition 22 of Book VI of the Revision. In the
translation the number of the corresponding proposition in the Elements
appears in brackets, if the number differs from the Revision. Thus
V:14 (=El V:15) means that proposition 14 of Book V of the Revision
is the same as proposition 15 of Book V of the Elements in the
editions of Heiberg and Heiberg-Stamatis and the translation of Heath.
Some of the references in the text to earlier propositions in the Revision
are incorrect. If such incorrect references occur systematically or
cannot be explained as scribal errors, I have assumed that they were
in the original of al-Maghribi. The correct references are to be found
in a note in the translation, using the abbreviations M for al-Maghribi's
Revision and El. for Euclid's Elements.

The figures are printed twice, in the Arabic text and in the English
translation. Some of the three-dimensional figures may look odd to
modern eyes, because they have been drawn in the way in which they
occur in the manuscripts.

We can suppose that most medieval students of Book XV of the
Revision had read the first fourteen Books. To understand the translation
in all historical details one needs to have a detailed knowedge of
Books I-VI, XI and XIII of the Elements. The modern reader who is
not familiar with the Elements can follow practically everything if he
has vol. 3 of Heath's translation of the Elements at hand. Then he can
look up the Euclidean constructions of the regular polyhedra (pp.
467-503) and the other theorems in El. XIII if necessary.

As long as the Hebrew text has not been published, it is not possible
to give an adequate historical commentary on individual propositions
in al-Maghribi's text. Thus my footnotes to the translation are only
concerned with terminology, mathematics and references to other
propositions in the Revision and the Elements (including Hypsicles’
Book XIV).
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Translation of Book XV of the Revision of the Elements.
The fifteenth book, cn the relation between the five solids.

1. The square of the altitude of every equilateral triangle Mm. three-
fourths of the square of its side. Thus let triangle ABG .co equilateral,
and (let) its altitude (be) AD. I say that the square of AD is three-fourths
of the square of AB. .

Proof: Angles ABG and AGB are equal, the two angles D are ﬁmg
(angles), and line AD is common to triangles ADB, ADG. Thus lines
BD and DG are equal. Hence the square of BD is one-fourth of 9.0
square of BG, that is AB, II:4. The (sum of the) mncmao.m of AD, DB is
equal to the square of AB, 1:47. But the square of DB is oso-m.ocn& of
the square of AB. Hence, by subtraction, the square of AD is three-
fourths of the square of AB. That is what we wanted to prove.

‘ A

4

B D G

prop. 1

2 The side of the octahedron is equal to the altitude of the triangle
of the pyramid inscribed in the same sphere. . )
Proof: The square of the diameter of the sphere is one and a hal
times the square of the side of the pyramid, xz;. (=El. XIII:13).
The square of the diameter of the sphere is also twice the square of
the side of the octahedron, XIV:5 (=EL XIII:14). Thus one mbm a half
times the square of the side of the pyramid is equal to twice the
square of the side of the octahedron, so three-fourths of 9@. square of
the side of the pyramid is equal to the square of the side of &o
octahedron. But three-fourths of the square of the side of the pyramid
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is equal to the square of the altitude of its triangle!. Thus the square
of the side of the octahedron is equal to the square of the altitude of
the triangle of the pyramid. Thus the side of the octahedron is equal
to the altitude of the triangle of the pyramid. That is what we wanted
to prove.

It is clear from this that the triangle of the octahedron is three-fourths
of the triangle of the pyramid, since the ratio of the triangle of the
octahedron to the triangle of the pyramid is equal to the ratio of the
squares of the sides, and the square of the side of the octahedron is
three-fourths of the square of the side of the pyramid.

3. The square of the side of the cube and the triangle of the side of
the octahedron constructed in the same sphere are circumscribed by
the same circle. Thus let the square of the side of the cube be AB,
(let) the radius of its circumscribed circle (be) GB, (let) the triangle
of .the octahedron (be) DEZ and (let) the radius of its circumscribed
circle (be) HD. Let the diameter of the sphere be line T. Then the
square of T is three times the square AB, XIV:3 (=El. XIII:15), but
the square AB is twice the square of GB, 1:47, so the square of T is
six times the square of GB. The square of T is twice the square of
DE, XIV:5 (=ELXIII:14), and the square of DE is three times the
square of HD, XIII: 11!, so the square of T is six times the square of
HD. Thus the square of GB is equal to the square of HD, so GB is
equal to HD.

Thus the circle which circumscribes the square of the side of the
cube is equal to the circle which circumscribes the triangle of the
octahedron. That is what we wanted to prove.

It has become clear from this that the perpendicular falling from the
centre of the sphere on the square of the side of the cube is equal to
the perpendicular falling from its centre on the triangle of the octahe-
dron, because the perpendiculars falling from the centre of the sphere
on equal circles drawn on the surface of the sphere are equal®.

It has also become clear that the square of the side of the octahedron
is one and a half times the square of the side of the cube, since the
square of the side of the octahedron is three times the square of the

2.1. Proved in the preceding theorem (M XV:1).
3.1. The reference should be to M XI11:12 (=EL XII1:12). Compare notes 5.8, 31.1.

3.2. This is proved in a lemma in the end of M XIII, which is a special case of
Theodosius, Spherics, 1:6.
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radius of the circumscribing circle, that is (the circle) which circum-
scribes the square of the side of the cube, and (since) the square of
the side of the cube is twice the square of the radius of this circle.
Thus the square of the side of the octahedron is one and a half times
the square of the side of the cube.

D
B

prop. 3

prop. 4

4. In every circle, the sum of the squares of the side of its pentagon
and the chord of the angle of the pentagon is five times the square of
the radius of the circle circumscribing the pentagon’.

Thus let there be a circle with diameter AB, (let) the side of its
pentagon (be) GD, (let) the chord of the angle of the pentagon (be)

4.1. This is El. XIV § 2 (the lemma in prop. 2 in Heath's translation, vol. 3, pp.
513-514).
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AG, and (let) the centre of the circle (be) E. I say that the (sum of
the) squares of AG, GD is five times the square of EB. Proof: We
join GB. Then GB is the chord of the decagon, thus? the (sum of the)
squares of AG, GB is equal to the square of AB, 147, that is to say
four times the square of EB. We add the square of EB, then the (sum
of the) three squares of AG, GB and EB is five times the square of
EB. But the (sum of the) squares of GB, EB is equal to the square of
GD, XIII:133, so the (sum of the) squares of AG, GD is five times the
square of EB. That is what we wanted to prove.

5. The triangle of the icosahedron and the pentagon of the dodeca-
hedron circumscribed by the same sphere fall in the same circle!,

Example: We make the pentagon of the dodecahedron pentagon
ABGDE, the centre of its circumscribed circle Z, its radius ZD, the
triangle of the icosahedron triangle HTK, the centre of the circle
which circumscribes it L and its radius LK. I say that LK is equal to
ZD.

Proof: We join BE; it is the side of the cube?.

We make the diameter of the sphere MN, and the radius of the
circle of which it has been shown® that the side of its pentagon is
equal to the side of the triangle of the icosahedron CO. We divide
MN in extreme and mean ratio at Q, let the greater part be QN. We
also divide CO in extreme and mean ratio at S, let the greater part be
SO. Then SO is the side of the decagon, XIV:144. We also divide BE
in extreme and mean ratio at point F, such that the greater part is FE;
then it is equal to AE, XIII:143,

4.2. All manuscripts have "thus" (fa-), although AG?+GB2=AB? is not a consequence
of the fact that BG is the chord of the decagon.

4.3. The reference should have been to M XIII:15 (=EL. XIII:10). Compare notes
6.5, 13.3.

3.1. The same theorem is proved in essentially the same way in El. XIV § 3
(=prop. 2 in Heath's translation, vol. 3, pp. 514-515.).

5.2. As shown in the Buclidean construction of the dodecahedron (M XIV:9 =E.
XII:17).

5.3. This circle through five points of the icosahedron is used in El. XIII:16 (=M
XIV:7).

5.4. The reference should be to M XIII: 14 (see the appendix for the text and
translation), compare notes 6.4, 13.2. The decagon is inscribed in a circle with radius
CO.

5.5. The reference should be to M XIII: 16 (=El. XI11:8). Compare note 6.8.
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Then the ratio of MN to CO is equal to the ratio of QN to SO,
XIV:10¢, Thus the ratio of the square of MN to the square of CO is
equal to the ratio of the square of QN to the square of SO, VI:22. But
it has been shown that the square of MN is five times the square of
OC, XV:47. Thus the square of QN is five times the square of SO.
Thus the (sum of the) squares of MN, NQ is five times the sum of the
squares of CO, OS, that is to say the <square of the> side of the
pentagon of the circle of which the radius is CO, that is the square of
HT, XIII:15 (=El XIII:10), that is to say three times the square of
LK, XIII:118. Thus the (sum of the) squares of MN, NQ is fifteen
times the square of LK.

Again, the ratio of the square of MN to the square of BE, that is the
side of the cube, is equal to the ratio of the square of QN to the
square of FE°. But the square of MN is three times the square of BE,
XIV:3 (=EL XIII:9). Thus the square of QN is three times the square

of FE. Thus the (sum of the) squares of MN, NQ is three times the

(sum of the) squares of BE, EE. But the (sum of the) squares of BE,
EF is five times the square of DZ, XV:4. Thus the (sum of the)
squares of MN, NQ is fifteen times the square of DZ. Thus the
squares of LK and DZ are equal, so lines LK and ZD are equal. Thus
the circles ABGDE and HTK are equal. That is what we wanted to
prove.

It has become clear from this that the perpendicular falling from the
centre of the sphere on the face of the dodecahedron is equal to the
perpendicular falling from the centre of the sphere on the face of the
icosahedron, because the perpendiculars falling from the centre of
the sphere on equal circles drawn on its surface are equal'. That is
what we wanted.

5.6. The reference should be to M XIII:10 (see the appendix for the text and
translation).

5.7. This is a very interesting reference. We locate the diameter MN of the sphere
in such a way that M and N are opposite points on the icosahedron. Let MP be one
of the sides of the icosahedron that ends at M, and draw PN. Because P is on a circle
with diameter MN, angle MPN is a right angle, so MN?=PN2+PM?. Segment PN is a
diagonal in a regular pentagon formed by sides of the icosahedron, and the radius of
the circumscribing circle is equal to CO. Thus by M XV:4, PN2+PM?=5CO? Euclid
proves MN?=5C0? in a different way in El. XIII:16, cor.

5.8. The reference should be to M XIII:12 (=El. XIII:12).
5.9. By M XIII: 10 (see the appendix).
5.10. Proved in a lemma at the end of M XII1, ¢f. note 3.2.
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prop. 5

6. (For) every line divided in extreme and mean ratio, the ratio of
the line, the square of which is equal to the square of the whole line
plus the square of its greater part to the line, the square of which is
.a@:& to the square of the whole line plus the square of its lesser part
is equal to the ratio of the side of the cube to the side of the icosahedron
inscribed in the same sphere!.

Example: Let AB be the radius of the circle circumscribing the
pentagon of the dodecahedron and the triangle of the icosahedron?
and let AG be the side of its triangle, and AD the side of its moimmo:,
and DE the chord of two-fifths of it. Then it is the side of the occm
that is circumscribed by the sphere which circumscribes the
dodecahedron and the icosahedron®. We divide AB in extreme and
mean ratio at Z, let its greater part be BZ. Then BZ is the side of the
decagon, XIV:144 Thus the square of AD is equal to the square of
AB plus the square of BZ, XIII:135. Let H be the line, the square of
which is equal to the square of AB plus the square of AZ.

m.& This theorem is proved by Hypsicles in EI, XIV, § 9 (=prop. 7in Heath's trans-
lation, vol. 3, p. 518).The technical term”gawi ", literally "equal in power to", is anal-
ogous to the Greek term "dunamen?”, cf. Heath, Euclid’s Ele me ats, vol. 3, p. 522.

6.2. Here XV:5 is assumed.
6.3. Shown in the construction of the dodecahedron in M XIV:9 (=El. XIL:17)
6.4. The reference should be to M XIII:14 (see the appendix).

6.5. The reference should be to M XIII'15 {(=El. XIII:10). The expression AD

yagwd ‘ala AB BZ, "AD is equal in power to AB, BZ" means AD’=AB?+B7?
compare note 6.1. ,
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I say that the ratio of AD to H is equal to the ratio of the side of the
cube to the side of the icosahedron. . ,

Proof: The square of H; which is equal to the square of AB plus the
square of AZ, is also equal to three times the square of BZ, XIII:8
(=El. XIII:4). But the square of AG is equal to three times the square
of AB. Thus the ratio of the square of AG to the square of AB is
equal to the ratio of the square of H to the square of BZ, XIII:145.
Thus the ratio of AG to AB is equal to the ratio of H to BZ, VI:22.
Thus, alternately’ , the ratio of AG to H is equal to the ratio of AB to
BZ. We divide DE in extreme and mean ratio at T, let the greater part
be DT. Then it is equal to AD, XIII:14%. Thus the ratio of ED to DT,
that is to say: to AD, is equal to the ratio of AB to BZ?, that is to say:
equal to the ratio of AG to H. Thus, alternately, the ratio of DE, the
side of the cube, to AG, the side of the icosahedron, is equal to the
ratio of AD, the square of which is equal to the square of the whole
line plus the square of its greater part, to H, the square of which is
equal to the square of the whole line plus the square of its lesser part.
That is what we wanted to prove.

prop. 6

6.6. The reference should be to M V:14 (=El. V:15).

6.7. "Alternately" refers to the transformation of a:b=c:d into a:c=b:d (based on EL

V:16).
6.8. The reference should be to M XIII:16 (=El. XIII:8).
6.9. By M XIII:10 (see the appendix).
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7. In every circle, the perpendicular drawn from its centre to the
side of its pentagon is equal to the sum of half of the side of its
decagon and half of the side of its hexagon',

Thus let there be a circle with centre A, let the side of its pentagon
be BG, let the side of its decagon be BD, and let the perpendicular
falling from its centre on BG, the side of the pentagon, be line AE. I
say that it is equal to the sum of half of AD and half of BD.

Proof: We extend perpendicular AE on both sides towards D and Z.
We join AB. We cut off EH equal to ED. We join HB.

Then, since arc ZB is four times arc BD, angle ZAB is four times
angle BAD. But it is twice angle BDA, I:5 and I:32. Thus angle BDA
is twice angle BAD. Since angles BED, BEH are right angles, and
lines EH, ED are equal, and line BE is common, so angle BDE is
equal to angle BHE, I:4. Thus angle BHE is twice angle BAD. But it
(angle BHE) is equal to (the sum of) angles ABH, HAB, I:32. Thus
(the sum of) angles ABH, HAB is twice angle HAB, so angles ABH
and HAB are equal. Thus lines AH and HB are equal, I:6. Thus line
AH is equal to line BD.

But HE is equal to ED. Thus AE is equal to ED and DB (together).
We add AE, then twice AE is equal to AD and DB (together). Thus
the perpendicular AE is equal to half of AD and DB (together). Thus
halt of it (i.e. half of 2AE), that is AE, is equal to half of AD and half
of DB together?, that is to say, half of the sides of the decagon and
the hexagon. That is what we wanted to prove.

7.1. The proof is in the same elaborate style as that by Hypsicles in El. XIV § 1
{(prop. 1 in Heath's translation, pp. 512-513).

7.2. The text is repetitive.
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o

N I m

prop. 7 prop. 8

8. The ratio of the triangle of the octahedron to the square of the
side of the cube is equal to the ratio of half the altitude of the triangle
to two-thirds of its side.

Proof: We make the triangle of the octahedron ABG. We construct
on side AB square DB, and we draw from G a line parallel to AB,
which meets DA at E. We bisect AE at Z. Then AZ is half of the
altitude of triangle AGB. We make AH two-thirds of AB.

Then the ratio of AZ to AD is equal to the ratio of half of rectangle
EB, that is triangle AGB, I:41, to the square DB, is equal to the ratio
of AZ to AD!, VI:1. But the ratio of AD to AH is equal to the ratio of
the square DB to the square of the side of the cube, because the
square of the side of the octahedron is one and a half times the square
of the side of the cube, XV:3, and (because) AD is one and a half
times AH. Thus, ex aequali?, the ratio of AZ, that is half the altitude
of triangle ABG, to AH, two-thirds of its side, is equal to the ratio of
triangle ABG, that is the triangle of the octahedron, to the square of
the side of the cube. That is what we wanted to prove?,

8.1. The last passage "is equal to the ratio of AZ to AD" occurs in all manuscripts.
Al-Maghribi may have forgotten that he had already mentioned “the ratio of AZ to
AD" before.

8.2. "Ex aequali" indicates an inference of the following kind: if a:b=d:e and
b:c=e:f then a:c=d:f (based on El. V:22).

8.3. In all manuscripts the figure to prop. 8 includes a point T and a line GT,
which are not mentioned in the text.
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9. The product of the perpendicular drawn from the centre of the
pentagon of the dodecahedron and the side of the dodecahedron is
one-thirtieth of the surface of the dodecahedron!,

Proof of this: Let the pentagon of the dodecahedron be pentagon
ABGDE with centre Z, and let the perpendicular drawn from Z to the
side of the pentagon be ZH. I say that the product of ZH and AB is
one-thirtieth of the surface of the dodecahedron.

Proof: We join the angles of the pentagon to point Z by straight
lines. Then the pentagon is divided into equal triangles. In this way
each of the faces of the dodecahedron is divided into five equal
triangles that are equal to triangle AZB. Thus the whole surface is
divided into sixty triangles. But the product of ZH and AB is twice
triangle AZB, T:41. Thus it (the product) is one-thirtieth of the surface
of the dodecahedron. That is what we wanted to prove.

D |
| G
E G
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A

prop. 9 prop. 10

10. The product of the perpendicular drawn from the centre of the
triangle of the icosahedron and the side of the triangle is one-thirtieth
of the surface of the icosahedron'.

Example: Let the triangle of the icosahedron be triangle ABG with
centre D, and let the perpendicular drawn from the centre D to AB be

9.1. The same is proved by Hypsicles in El. XIV § 4 {=prop. 3 in Heath's translation,
vol. 3, p. 515).

10.1. The same is proved by Hypsicles in Bl XIV § 5, beginning (=prop. 4 in
Heath's translation vol. 3, p-S15).
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DE. We join D to the angles of the triangle. Then the triangle is
divided into three equal triangles. In this way each of the triangles of
the icosahedron is divided into three equal triangles. Thus the surface
of the icosahedron is divided into sixty equal triangles. Each of them
is equal to triangle ADB, and the product of DE and AB is twice
triangle ABD, T:41. Thus it (the product) is one-thirtieth of the surface
of the icosahedron. That is what we wanted to prove.

It has become clear from these two propositions that the ratio of the
surface of the dodecahedron to the surface of the icosahedron is
equal to the ratio of the product of the perpendicular drawn from the
centre of the pentagon of the dodecahedron to the side of the pentagon
times the side of the pentagon to the product of the perpendicular
drawn from the centre of the triangle of the icosahedron to the side of
the triangle times the side of the triangle?, because the ratio of parts is
equal to the ratio of equimultiples of them, V:14 (=EL V:15). That is
what we wanted to prove.

11. The area of every pentagon circumscribed by a circle is equal to
the product of three-fourths of the diameter of the circle and five-sixths
of the chord of the angle of the pentagon.

Thus let pentagon ABGDE be (inscribed) in a circle with diameter
AZH and centre Z, and let BE be the chord of the angle of the
pentagon, and let five-sixths of it be BT. We bisect ZH at K. Then
AK is three-fourths of the diameter. I say that the product of AK and
BT is equal to pentagon ABGDE'.

Proof: We join ZB. Then triangle AZB is one-fifth of pentagon
ABGDE, as we proved more than once?. But BL, that is to say, half
of BE, is three times TE, and AK is three times half of AZ. Thus the
ratio of BL to TE is equal to the ratio of AK to half of AZ. Thus the
product of BL and half of AZ , that is triangle AZB, 141, is equal to

10.2. The same corollary is stated by Hypsicles in ELl. XIV § 5, end (prop. 5in
Heath's translation). Hypsicles uses this corollary in El. XIV § 6 (this is the first
proof of prop. 6 in Heath's translation, vol. 3, pp. 515-516). Al-Maghribi does not
use the corollary anywhere, so theorems 9 and 10 are superfluous in the present text.
See § 4 of this paper.

11.1. The same theorem is proved in essentially the same way by Hypsicles in El
XIV § 7 (the preliminary to the second proof in prop. 6 in Heath's translation, vol. 3,
pp. 516-517). :

11.2. It is not clear to me to what “proofs” Al-Maghribi refers here. The same
thing is used (but not proved) in M XV:9.

4
b
K
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the product of AK and TE, VI:16. Thus the product of AK, that is
three-fourths of the diameter of the circle, and one-sixth of the chord
of the angle of the pentagon is equal to one-fifth of pentagon ABGDE.
Thus the product of AK and five times TE, that is BT, is equal to
pentagon ABGDE. That is what we wanted to prove.

A

prop. 11

12. The ratio of the surface of the cube to the surface of the octahedron
is equal to the ratio of the side of an equilateral triangle to its altitude.

Proof: The ratio of the square of the side of the cube to the triangle
of the octahedron is equal to the ratio of two-thirds of the side of the
equilateral triangle to half of its altitude, XV:8. Thus the ratio of six
times the square of the side of the cube, that is the surface of the
cube, to six times the triangle of the octahedron, that is three-fourths
of the surface of the octahedron, is equal to the ratio of two-thirds of
the side of the equilateral triangle to half of its altitude, V:14 (=EL
V:15). Thus the ratio of the surface of the cube to eight times the
<triangle of the> octahedron, that is the surface of the octahedron, is
equal to the ratio of two-thirds of the side of the equilateral triangle
to two-thirds of its altitude, that is to say, equal to the ratio of the side
of the equilateral triangle to its altitude.

It has become clear from this that the ratio of the surface of the
cube to the surface of the octahedron is equal to the ratio of the
square of a line to twice the equilateral triangle constructed on it,
because the ratio of every line to the altitude of its triangle is equal to
the ratio of the square of that line to the product of it and the altitude
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of its triangle according to the lemma!, and (because) the product of
the altitude and the base is twice that triangle.

By the "triangle of any line" we always mean the equilateral triangle
constructed on it. Similarly the square of it, and the pentagon of it,
and so on. That is what we wanted.

13. The ratio of the surface of the cube to the surface of the icosahedron
is equal to the ratio of the square of the side of the pentagon of the
circle of the icosahedron' to three and one-third times the triangle of
the line, the square of which is equal to three times the square of the
side of its (i.e. the circle's) decagon.

Thus let the radius of the circle of which the side of its pentagon is
the side of the icosahedron be AB. We divide it in extreme and mean
ratio at G, let its greater part be AG. Then AG is the side of the
decagon, XIV:142 Let BD be the side of the pentagon. Then the
square of it (BD) is equal to the square of AB plus the square of AG,
XII1:13% Let line E be (the line), the square of which is equal to the
square of AB plus the square of BG. Then the square of it (E) is
equal to three times the square of AG, that is the side of the decagon
of the circle, XII:8 (=El. XIII:4). Let Z be the side of the cube.

I say that the ratio of the surface of the cube to the surface of the
icosahedron is equal to the ratio of the square of BD to three and
one-third times the triangle of line E.

Proof: The ratio of Z, that is the side of the cube, to BD, the side of
the icosahedron, is equal to the ratio of BD to E, XV:6. Thus the ratio
of the square of Z to the square of BD is equal to the ratio of the
square of BD to the square of E, VI:22. For every pair of lines, the
ratio of the square of one of them to the square of the other is equal
to the ratio of the triangle of the first (line) to the triangle of the
other. Thus, alternando, the ratio of the square of one of the lines to
its triangle is equal to the square of the other to its triangle. Thus the
ratio of the square of BD to its triangle is equal to the ratio of the

12.1. I do not know which lemma is meant here. The lemma must have been a
special case of El. VI:1,

13.1. The theorem is valid for a pentagon and decagon inscribed in any circle. In
the proof the circle is assumed to be a "circle of the icosahedron”, that is any circle
which circumscribes a regular pentagon formed by five sides of an icosahedron.

13.2. The reference should be to M XII1:14 (see the appendix).
13.3. The reference should be to M X1II:15 (=El. XIII:10).
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square of E to its triangle. But the ratio of the square of Z to the
square of BD was (shown to be) equal to the ratio of the squaie of
BD to the square of E.

Thus, ex aequali, the ratio of the square of Z to the triangle of BD
is equal to the ratio of the square of BD to the triangle of E. Thus the
ratio of six times the square of Z, that is the surface of the cube, to
six times the triangle of BD, that is three-tenths of the surface of the
icosahedron, is equal to the ratio of the square of BD to the triangle
of E, V:14 (=El. V:15). Thus the ratio of the surface of the cube to
the surface of the icosahedron is equal to the ratio of the square of
BD to three and one-third times the triangle of E. That is what we
wanted to prove.

It has become clear from this that the ratio of three-fifths of the
surface of the icosahedron to the surface of the cube is equal to the
ratio of twice the triangle of the line, the square of which is equal to
three times the square of the side of the decagon to <the square of>
the side of the pentagon, after inversion‘(of the ratio).

B

prop. 13

14. The ratio of the surface of the icosahedron to the surface of the
octahedron is equal to the ratio of five times the square of the side of
the decagon of a circle to the square of the side of its pentagon. Thus
let line A be the side of the pentagon of the circle and line B the side

13.4. To invert a ratio a:b means to change it to b:a. If a:b=c:d according to
Euclid's definition 5 of El. V (Heath vol. 2, p. 114), then b:a=d:c as an immediate
consequence of that definition.
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of its decagon. I say that the ratio of the surface of the icosahedron to
the surface of the octahedron is equal to the ratio of five times the
square of B to the square of A.

Proof: We make line G such that the square of it is equal to three
times the square of B, XIII:18!. Then the ratio of three-fifths of the
surface of the icosahedron to the surface of the cube is equal to the
ratio of the surface of twice the triangle of G to the square of A,
XV:13. But the ratio of the surface of the cube to the surface of the
octahedron is equal to the ratio of the square of A to twice its triangle,
XV:12. Thus, ex aequali, the ratio of three-fifths of the surface of the
icosahedron to the surface of the octahedron is equal to the ratio of
twice the triangle of G to twice the triangle of A, that is to say, equal
to the ratio of the triangle of G to the triangle of A, V:14 (=El. V:15),
that is to say, equal to the ratio of the square of <G> to the square of
A. But the square of G is three times the square of B. Thus the ratio
of three-fifths of the surface of the icosahedron to the surface of the
octahedron is equal to the ratio of three times the square of B to the
square of A. Thus the ratio of the surface of the icosahedron to the
surface of the octahedron is equal to the ratio of five times the square
of B, the side of the decagon, to the square of A, the side of the
pentagon, V:14 (=EL V:15). That is what we wanted to prove.

G

A

prop. 14

15. The ratio of the excess of the surface of the icosahedron over
the surface of the octahedron to the surface of the octahedron is equal
to the ratio of the lesser part of any line divided in extreme and mean
ratio to the whole line.

Thus let there be a circle with centre A, such that the side of its
pentagon is BG, the side of its decagon is BD, and the two chords of

14.1. The reference should be to M XIII:20, where this (easy) construction is
explained.

B
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the two angles of its pentagon are BE and EG. We divide BE in
extreme and mean ratio, let its greater part be BZ. I say that the ratio
of the excess of the surface of the icosahedron over the surface of the
octahedron to the surface of the octahedron is equal to the ratio of ZE
to EB.

Proof: We draw lines AB, AG, AD. Then the two angles A are
equal, I11:26 (=El. III:27). Thus angle BAG is twice angle BAD, but
it is also equal to twice angle BEG, III:19 (=El. I11:20). Thus angle
BAD is equal to angle BEG. Thus, by subtraction, the two equal
angles EBG, EGB, I:5, are equal to the two equal angles ABD, ADB,
I:5. Thus triangles ABD, EBG are similar, VI:4. Thus the ratio of DB
to BA is equal to the ratio of GB to BE. Thus the ratio of the square
of DB to the <square> of BA is equal to the ratio of the square of GB
to the square of BE, VI:22, and equal to the ratio of five times the
square of DB to five times the square of AB, that is to say, equal to
the ratio of the square of BG to the square of BE. Thus, alternately,
the ratio of five times the square of DB to the square of BG is equal
to the ratio of five times the square of AB to the square of BE,

But five times the square of AB, that is to say the (sum of the)
squares of EB, BZ, XV:4, to the square of BE!, and the ratio of five
times the square of DB to the square of BG is equal to the ratio of the
surface of the icosahedron to the surface of the octahedron, XV:14.
Thus the ratio of the surface of the icosahedron to the surface of the
octahedron is equal to the ratio of the (sum of the) squares of EB, BZ
to the square of BE. Thus, separando?, the ratio of the excess of the
surface of the icosahedron over the surface of the octahedron to the
surface of the octahedron is equal to the ratio of the square of BZ to
the square of BE. Thus, by inversion?, the ratio of the surface of the
octahedron to the excess of the surface of the icosahedron over it is
equal to the ratio of the square of EB to the square of BZ, i.e. the
product of BE and EZ, that is to say, the ratio of BE to EZ. Thus, by
inversion?®, the ratio of the excess of the surface of the icosahedron
over the surface of the octahedron <to the surface of the octahedron>
is equal to the ratio of ZE to EB. That is what we wanted.

15.1. The sentence is ungrammatical. I have not emended the text, because the
whole passage is confused.

15.2. Separando means: by changing a:b=c:d (with a>b, ¢>d) to a-b:b=c-d:d (based
on El V:17)

15.3. The double inversion (compare note 13.4) is superfluous.
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It has become clear from this that, componendo?, the awao of the
surface of the icosahedron to the surface of the octahedron _m.o@c& to
the ratio of any line divided in extreme and mean ratio plus its lesser

part to the whole line.

A

prop. 16

16. The ratio of the surface of the dodecahedron to the mcammoo.a

the icosahedron is equal to the ratio of the side of the cube to the side
icosahedron!.

Omﬁﬁwmmﬂomw the pentagon of the dodecahedron be pentagon ABGDE,
and let the triangle of the icosahedron be triangle AZH, and let one
circle with diameter AT and centre K circumscribe them, N./\.”mv mbw
let it (AT) intersect ZH at 1. Then KI is one-fourth of the diameter?.
We join BE, it is the side of the cube, XIV:9 (=EL XIII:17). .

I say that the ratio of the surface of the dodecahedron to the surface
of the icosahedron is equal to the ratio of BE to ZH.

15.4. Componendo means: by changing a:b=c:d to a+b:b=c+d:d (based on EL
V:18). , ‘
16.1. Hypsicles proves this theorem in essentially the same .imw in m~ vﬁ<_m um
(which corresponds to the alternative proof of prop. 6 in :85. s Qm,:amﬁ._o:. vol. 3,
p. 517). The dodecahedron and icosahedron are supposed to be inscribed in the same

sphere. N _—
16.2. Al-Maghribi proves this trivial fact in a separate proposition M XIII:18 (no

in the Greek).
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Proof: We make BL five-sixths of BE. Then the product of Al and
BL is equal to pentagon ABGDE?, and the product of Al and ZI is
equal to triangle AZH. Thus the ratio of pentagon ABGDE to triangle
AZH is equal to the ratio of BL to ZI, VI:1.

But pentagon ABGDE is one-twelfth of the surface of the dodeca-
hedron, and triangle AZH is one-twentieth of the surface of the icosa-
hedron. Thus the ratio of the surface of the dodecahedron to the
surface of the icosahedron is equal to the ratio of twelve times BL to
twenty times ZI, that is to say, equal to the ratio of ten times BE to
ten times ZH, that is to say, equal to the ratio of BE to ZH. That is
what we wanted to prove.

It has become clear from this and from XV:6¢ that the ratio of the
surface of the dodecahedron to the surface of the icosahedron is
equal to the ratio of the (i.e. any) line, the square of which is equal to
the square of a line divided in extreme and mean ratio plus the square
of its greater part to the line, the square of which is equal to the
square of the whole (divided) line plus the square of its lesser part.
The reason’ is that this ratio is equal to the ratio of the side of the
pentagon of the (i.e. any) circle to the line, the square of which is
equal to three times the square of the side of its decagons.

17. The surface of the octahedron is one and a half times the surface
of the tetrahedron inscribed in the same sphere.

Proof: Every two triangles of the octahedron are one-fourth of its
surface, and every triangle of the tetrahedron is one-fourth of its

16.3. By M XV:11.

16.4. The Oxford, Utrecht and Aya Sofya manuscripts have a strange corruption
here: "by 6 and 15". Only the Mihrishah ms. has "by 6 of 15", i.e. by XV:6. One
wonders what was in the original text of Al-Maghribi. In notes 16.5 and 16.6 it is
shown that al-Maghribi derived the corollary in a very strange way.

16.5. The corollary is an immediate consequence of M XV:6, so the further motivation
is unnecessary.

16.6. Al-Maghribi proves this in a special proposition M XIII:21. However, if one
wishes to deduce the corollary of M XV:16 from M XIIL:21, one also has to know
that the diagonal of the pentagon and the side of an equilateral triangle are in the
same ratio as the side of the pentagon and “the line, the square of which is equal to
three times the square of the side of the decagon” (all figures being inscribed in the
same circle). Al-Maghribi does not prove this anywhere, but it can be proved using
BE:BA=BG:BD in M XV:15 (compare note 16.4) and the fact that the square of the
side of the equilateral triangle is three times the square of its circumcircle {(proved in
M XIII:12 =El. XIII:12).
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surface. Thus the ratio of every two triangles of the octahedron to a
triangle of the tetrahedron is equal to the ratio of the surface of the
octahedron to the surface! of the tetrahedron, V:14 (=El. V:15). But
every two triangles of the octahedron are one and a half times every
triangle of the tetrahedron, by prop.? XV:2. Thus the surface of the
octahedron is one and a half times the surface of the tetrahedron
inscribed in the same sphere. That is what we wanted to prove.

18. Every parallelepipedal solid with base! equal to twice the face!
of a pyramid and height equal to the diameter of the sphere circum-
scribing the pyramid is nine times the pyramid.

Proof: The parallelepipedal solid with base equal to the face of the
pyramid and height equal to its height is three times it (the pyramid),
XII:6 (=El. XII.7). Thus the parallelepipedal solid with base twice
the face of the pyramid and height equal to its height is six times it
(the pyramid). Thus the parallelepipedal solid with base twice the
face of the pyramid and height one and a half times its height is nine
times it (the pyramid). But ene and a half times the height of the
pyramid is one time the diameter of the circumscribing sphere, because
the height of the pyramid is two thirds of the diameter of the sphere,
prop. XIV:1 (=El XIII:13). Thus the parallelepipedal solid with base
twice the face of the pyramid and height equal to the diameter of the
circumscribing sphere is nine times the pyramid.

It follows from this that the (parallelepipedal) solid with base twice
the face of the pyramid and height one-ninth of the diameter of the
(circumscribing) sphere is equal to the pyramidal solid>.

19. Every parallelepipedal solid with base equal to the square of the
side of the octahedron and height equal to the diameter of the
(circumscribing) sphere is three times the octahedron.

17.1. The Utrecht and Oxford manuscripts have “one of the triangles” instead of
“the surface". The text in the Mihrishah ms. is correct (The whole passage is missing

in the Ayasofya ms.)

17.2. The abbreviation "prop" serves as a translation of the abbreviation s# in the
manuscripts (for shak!, meaning proposition).

18.1. The text uses the same word (gd‘ida) for "base " {of a parallelepiped) and
“face" (of a regular polyhedron).

18.2. The text sometimes uses the terms "pyramidal solid, octahedral solid” etc.,
mainly in cases where we would use the terms "volume of a pyramid, volume of an

octahedron” etc.
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Proof: The parallelepipedal solid with base the square of the side of
. the octahedron and height equal to the radius of the sphere circum-
scribing the octahedron is three times the pyramid! with base the
square of the side of the octahedron and height equal to the radius of
the sphere, that is to say, half of the octahedral solid. Thus the parallel-
epipedal solid with base the square of the side of the octahedron and
height equal to the diameter of the sphere is six times half of the
octahedral solid. Thus it (the parallelepiped) is three times it (the
octahedron). It follows from this that the (parallelepipedal) solid with
base the square of the side of the octahedron and height one-third of
Ew. MEBQQ of the (circumscribing) sphere is equal to the octahedral
solid.

It has become clear from this that the parallelepipedal solid with
base three times the square of the side of the octahedron and height

o@m& to one-ninth of the diameter of the sphere is equal to the octahedral
solid.

20. The ratio of the tetrahedral solid to the octahedral solid is equal
to the ratio of the side of the (i.e. any) equilateral triangle to three
times its altitude.

Proof: We make AB the side of the tetrahedral solid. We draw
from point B perpendicular BG, and we cut it off equal to the altitude
of the triangle of the pyramid. Then it (BG) is equal to the side of the
ooﬁm:a.aaoz, XV:2. We extend AB in a straight line, and we cut off
meg %U H.w_u (equal to) three times BG. We complete the rectangles

Then rectangle AG is twice the triangle of the pyramid, and BD is
three times the side of the octahedron. Thus the parallelepipedal solid
with base AG and height one-ninth of the diameter of the (circum-
scribing) sphere is equal to the pyramidal solid, XV:19! and the
parallelepipedal solid with base GD and height one-ninth of the
diameter of the sphere is equal to the octahedral solid, XV:19. The
ratio of the parallelepipedal solid with base AG and height one-ninth
of the diameter of the sphere to the parallelepipedal solid with base
GD and height one-ninth of the diameter of the sphere is equal to the
ratio of AG to GD, that is to say, AB to BD. But BD is three times

19.1 The Arabic word is makhrit, (literally: "cone-shaped") which can be used for
acone as well as for a (not necessarily regular) pyramid.

20.1 The reference should be to M XV:18.
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the side of the octahedron. Thus the ratio of the pyramidal solid to
the octahedral solid is equal to the ratio of the side of the triangle of
the pyramid to three times its altitude.

It has become clear from this that the ratio of the pyramidal solid to
the octahedral solid is equal to the ratio of the side of the pyramid to
three times the side of the octahedron.

0 ——-a &

prop. 20

prop. 21

21. (For) every equilateral and equiangular solid circumscribed by
a sphere, if its solid angles and the centre of the sphere are joined by
straight lines, it (the solid) is divided into equal and similar pyramidal
figures, the number of which is equal to the number of faces of the

21.1. In propositions 21-23 the "pyramidal figures” and “"pyramids” are not
necessarily regular, even though the text uses the term “ndri”, which usually means
"regular pyramid”.
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solid. The perpendiculars falling from the centre of the sphere onto
the faces of these planes? are equal.

Example: Let there be a cube ABGDEWZH with centre T. We join
the straight lines TA, TB, TG, TD, TE, TW, TZ, TH. Then they are
equal because they are radii of the sphere circumscribing the cube.
But they are sides of the pyramids whose bases are the faces of the
cube and whose vertices are the centre of the sphere. Thus the cube
has been divided into six pyramids, the number of which is equal to
the number of its six faces. These pyramids have equal bases, and the
lines drawn from T, that is to say from their vertices, to the angles of
their bases are equal, because each one of them is equal to the radius
of the sphere. Thus the pyramids are all equal and similar. In this
way it can be shown that each of the remaining solids circumscribed
by the sphere is divided into equal and similar pyramidal figures. The
perpendiculars falling from their vertices to their bases are equal,
because the circles which are produced on the sphere by the
intersections of these bases are equal. Thus the perpendiculars falling
onto them from the centre of the sphere are equal, by what was
shown previously®. That is what we wanted.

22. (For) every two pyramids whose axes are equal and perpendicular
to their bases, such that the base of one of them is a triangle and the
base of the other one is an equilateral and equiangular pentagon, the
ratio between them is equal to the ratio between their bases'.

Thus let there be a pyramid with base the equilateral triangle ABG
and axis DE, and a pyramid with base the equilateral and equiangular
pentagon ZHTIK and axis LM. Let DE, LM be equal and perpendicular
to their bases. I say that the ratio of pyramid ABGD to pyramid
ZHTIKM is equal to the ratio of triangle ABG to pentagon ZHTIK.

Proof: We join lines LZ, LH, LT, LI, LK and lines MZ, MH, MT,
MI, MK? Then the ratio of pyramid ABGD to pyramid ZHLM is

21.2. It would have been better to say "planes of the faces".

21.3. In the lemma at the end of M XIII, cf. note 3.2.

22.1. This theorem is in fact a special case of El. XII:6, which does not occur in
al-Maghribi’s Revision. In El. XII:6 Buclid proves that pyramids with polygonal
bases are to one another as the bases, M XV:22 is not used in the text (compare notes
23.1 and 30.4).

22.2. Lines MZ, MH, MT, MI and MK do not have to be joined, because they are
sides of the pyramid ZHTIKM.
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equal to the ratio of triangle ABG to triangle LZH, XII:5. But the
ratio of pyramid MZHL to pyramid ZHTIKM is equal to the ratio wm
triangle LZH to pentagon ZHTIK, V:132, Thus, ex aequali, the .B:o
of pyramid ABGD to pyramid ZHTIKM is equal to the ratio of
triangle ABG to pentagon ZHTIK, V:22. That is what we wanted to

prove.
' D
M

prop. 22

23. The ratio of the solid of the cube to the octahedral solid is equal
to the ratio of the side of the (i.e. any) equilateral triangle to its
altitude. .

Proof: The ratio of the solid of the cube, that is six times the
pyramid with base the face of the cube and vertex the centre of Ea
sphere circumscribing the cube, XV:21, to six times the pyramid
with base the face of the octahedron and vertex the centre of the
circumscribing sphere, that is three-fourths of the solid of the
octahedron, XV:21, is equal to the ratio of the pyramid with base the
face of the cube and vertex the centre of the sphere, to the pyramid
with base the triangle of the octahedron and vertex the centre of the
sphere. <But this ratio is equal to the ratio of the face of the o.cdm.ﬁo
the face of the octahedron,>! because the height of the pyramid with

22.3. The reference should be to M V:14 (=El V:15).
23.1 1 have added the passage in angular brackets in order to make mathematical
sense. Note that an analogon of M XV:22 is used here, but not M XV:22 itself.

The Revision of the Elements by Muhyi al-Din al-Maghribi 211

base the face of the cube is equal to the height of the pyramid with
base the face of the octahedron, XV:3. But the ratio of the face of the
cube to the face of the octahedron is equal to the ratio of two-thirds
of the side of the equilateral triangle to half of its altitude, XV:8.
Thus the ratio of the cube to the octahedron is equal to the ratio of
two-thirds of the side of the equilateral triangle to two-thirds of its
altitude, which is the ratio of the side of the equilateral triangle to its
altitude. That is what we wanted to prove.

24. The parallelepipedal solid, the base of which is equal to the
pentagon of the icosahedron, and the height of which is equal to two-
thirds of the diameter of the sphere, is equal to the icosahedral solid.

Proof: If a perpendicular is drawn from the centre of the sphere to
the pentagon of the icosahedron, and if it is extended to the angle
(i.e. angular point) of the icosahedron, the (part) cut off from this line
between the centre and the pentagon is (equal to) half of the side of
the hexagon! of the circle circumscribing the pentagon. But the line
cut off from it between the plane of the pentagon and the angle of the
icosahedron is equal to the side of its decagon!, XIV:7 (=EL XIII:16).
If the centre of the sphere is joined to the angles (i.e. angular points)
of the pentagon of the icosahedron by straight lines, two pyramids
are separated from the icosahedron; the vertex of one of them is the
centre of the sphere, and its base is the above-mentioned pentagon,
and its height is half of the side of the hexagon, and the vertex of the
other one is the angle of the icosahedron, its base is the above-mentioned
pentagon, and its height is the side of the decagon. These two pyramids
(together) are equal to five of the pyramids, the bases of which are
the faces of the icosahedron, and the vertices of which are the centre
of the sphere. Thus they (the five pyramids) are equal to one-fourth
of the icosahedral solid?. Thus the parallelepipedal solid, the base of
which is equal to the pentagon of the icosahedron, and the height of
which is one-sixth of the side of the hexagon plus one-third of the
side of the decagon, which are (together) equal to one-sixth of the

24.1. The fact that these segments are equal to the side of the regular hexagon or
and the side of the regular decagon inscribed in the circle (by M XIV:7 =El. XIII:16)
is irrelevant. One only needs to know that the sum of the two segments is equal to
the radius of the sphere (which is trivial).

24.2. By MXV:21.
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diameter of the sphere?, is equal to these two pyramids, that is one-fourth
of the icosahedral solid.

Thus the parallelepipedal solid, the base of which is equal to the
pentagon of the icosahedron, and the height of which is two-thirds of
the diameter of the sphere, is equal to the icosahedral solid.

25. The ratio of the perpendicular of the icosahedral solid to the
diameter of the circumscribing sphere is equal to the ratio of half of
the side of the decagon plus half of the side of the hexagon inscribed
in a circle to twice the altitude of the triangle of the side of its
pentagon. By the "perpendicular of a solid figure" we mean any
perpendicular drawn from the centre of the sphere to a face of the
solid figure!,

Thus let the pentagon of the icosahedron be ABGDE, let its centre
be Z and let the perpendicular drawn to its side from the centre be
ZH. Let T be the perpendicular of the icosahedron, and K the diameter
of the circumscribing sphere. We construct on DG the equilateral
triangle DLG. We join LH; it is clearly perpendicular to DG.

I say that the ratio of ZH, which is equal to half of the side of the
hexagon plus (half of) the side of the decagon?, to twice HL is equal
to the ratio of T to K.

Proof: The parallelepipedal solid, the base of which is (equal to)
pentagon ABGDE, and the height of which is equal to two-thirds of
K is equal to the icosahedral solid, XV:24. But the parallelepipedal
solid, the base of which is equal to the surface of the icosahedron and
the height of which is equal to one-third of T, is also equal to the
icosahedral solid. That is clear®.

Thus the parallelepipedal solid, the base of which is (equal to)
pentagon ABGDE and the height of which is equal to two-thirds of
K, is equal to the parallelepipedal solid, the base of which is equal to
the surface of the icosahedron, and the height of which is equal to
one-third of T. Thus the ratio of pentagon ABGDE to the surface of
the icosahedron is equal to the ratio of one-third of T to two-thirds of
K, by reciprocality, XI:34. But since triangle ZDG is one-fifth of

24.3. Because the sum of the segments in note 24.1 is equal to the radius of the
sphere.

25.1. The definition makes sense for regular solids only.
252, By M XV:7.
25.3. By M XV:21.

e
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pentagon ABGDE, the ratio of triangle ZDG, that is, one-fifth of the
pentagon, to one-fifth of the surface of the icosahedron, is equal to
the ratio of the surface of pentagon ABGDE to the surface of the
icosahedron. Thus the ratio of triangle ZDG to one-fifth of the surface
of the icosahedron, that is four of its triangles, V:14 (=El V:15)¢, is
equal to the ratio of one-third of T to two-thirds of K. Thus the ratio
of one-third of T to one-third of K is equal to the ratio of triangle
ZDG to twice the triangle of the icosahedron, that is triangle GLD,
that is to say, equal to the ratio of ZH to twice HL, VI:1. But the ratio
of one-third of T to one-third of K is equal to the ratio of T to K,
V:14 (=El V:15). Thus the ratio of T to K is equal to the ratio of ZH
to twice HL, that is the <ratio of the> perpendicular of the pentagon,
i.e. half of the (sum of the) sides of the hexagon and the decagon, to
<twice> the altitude of the triangle of the side of the pentagon. That
is what we wanted.

prop. 25

26. The ratio of the radius of the sphere circumscribing the octahedron
to the perpendicular of its solid (i.e. the octahedron) is equal to the
ratio of the altitude of the (i.e. any) equilateral triangle to half of its
side.

25.4. The reference is-misplaced. It should have been at the end of the preceding
sentence.

25.5. Here I have excised a passage "Thus the ratio of triangle ZDG to four
triangles of the icosahedron" in all MSS.
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Proof: The perpendicular of the octahedron is equal to the
perpendicular of the cube, XV:3. But the square of the radius of the
sphere is three times the square of the perpendicular of the cube,
XIV:3t, Therefore it is three times the square of the perpendicular of
the octahedron. But the square of the altitude of the equilateral triangle
is three times the square of half of its side, XV:1 and II:4. Therefore
the ratio of the square of the radius of the sphere to the square of the
perpendicular of the octahedron is equal to the ratio of the square of
the altitude of the (equilateral) triangle to the square of half of its
side. Therefore the ratio of the radius of the sphere to the perpendicular
of the octahedron is equal to the ratio of the altitude of the triangle to
half of the side of the triangle, VI:22. That is what we wanted.

27. The ratio of the perpendicular of the icosahedral solid to the
perpendicular of the octahedron is equal to the ratio of the sum of the
sides of the hexagon and the decagon inscribed in one circle to the
side of the pentagon of the (i.e. this) circle.

Proof: Since the ratio of the perpendicular of the icosahedron to the
diameter of the sphere is equal to the ratio of half of the side of the
decagon and half of the side of the hexagon taken together to twice
the altitude of the triangle of the icosahedron!, XV:25, and (since) the
ratio of the diameter of the sphere to the perpendicular of the octahedron
is equal to the ratio of twice the altitude of the triangle of the icosahedron
to half of its side, XV:26, and it follows?, by the sum of them?, that

26.1. Euclid proves in El. XII1:15 that the square of the diameter of the sphere is
three times the square of the side of the cube. Al-Maghribi concludes in a corollary
to M X1V:3 (=EL XII1:15) that the square of the radius is three times the square of
the perpendicular from the centre to any face of the cube.

27.1. It is tacitly assumed here that the above-mentioned decagon and hexagon are
inscribed in a circle through five angular points of the icosahedron.

27.2. The passage "and it follows ... triangle” is mathematically superfluous, because
it repeats what has already been said. However, it is not the exact repetition of the
preceding passage, so it cannot be a scribal error.

27.3. "By the sum of them" is my translation of the Arabic bi-majmi ‘hima. What
is necessary here is not addition but multiplication of two ratios. The Euclidean
terms for the "composition” of ratios (derived from suntithémi), can have an additive
and a multiplicative meaning (see Heath's translation of the Elements, vol. 2, p. 135).
We could therefore explain the nonsensical "sum" in our text by assuming that
proposition 27 is of Greek origin, that a technical term like "sunthenti” in the Greek
was mistranslated into Arabic in the additive meaning, and that the passage following
the sum ("that the ratio ... ex aequali”) was added either by Al-Maghribi or by a
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the ratio of the perpendicular of the icosahedral solid to the diameter
of the sphere is equal to the ratio of half of the sum of the sides of the
decagon and the hexagon to <twice> the altitude of the triangle of the
icosahedron, and the ratio of the diameter of the sphere to the
perpendicular of the octahedral solid is equal to the ratio of twice the
altitude of the triangle of the icosahedron to half of the side of its
triangle. Hence, ex aequali, the ratio of the perpendicular of the
icosahedron to the perpendicular of the octahedron is equal to the
ratio of half of the side of the decagon plus half of the side of the
hexagon to half of the side of the icosahedron, that is to say, equal to
the ratio of the side of the hexagon plus the side of the decagon to the
side of the pentagon. That is what we wanted to prove.

28. The ratio of every two parallelepipedal rectangular solids is
compounded of the ratio of their bases and the ratio of their heights.

Thus let solid ABGDEZHT be parallelepipedal and rectangular,
and let similarly solid KLMNSOFC be parallelepipedal and rect-
angular. I say that the ratio of solid AH to solid KF is compounded of
the ratio of base EH to base SF and (of the ratio of) height GH to
height MF.!

Proof: We extend line ZH, and we cut off HQ equal to KN. We
extend line TH and we cut off HR equal to KL. We extend line GH,
and we cut off HJ equal to KS.

We complete the parallelepipedal solid HU. Then it is equal to
solid KF, because the bases and heights are equal. We also complete
the parallelepipedal solids BR, VQ.

Then the ratio of solid AH to solid HU, that is, solid KF, is
compounded of the ratio of solid AH to solid BR, that is the ratio of
base EH to base ZR, and of the ratio of solid BR to solid VQ, that is,
the ratio of base RZ to base RQ, and of the ratio of solid VQ to solid
HU, that is the ratio of base VH to base RJ.

But the ratio compounded of the ratio of base AG to base RZ and
the ratio of base RZ to base RQ is the ratio of base AG to base RQ,
that is, base KM. And the ratio of base VH to base RJ is equal to the
ratio of GH, the height of solid AH, to HJ, the height of solid JX, that
is KS, that is the height of solid MS. Thus the ratio of solid AH to

predecessor who tried to make sense of the text.
28.1. The proof resembles that of El. XI:33.
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solid KF is compounded of the ratio of base EH tn base SF and (the
ratio of) height GH to height MF. That is what we wanted to prove.
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prop. 28

29. The ratio of the icosahedral solid to the octahedral solid is equal
to the ratio of the side of the decagon of a circle plus the side of its
pentagon to the side of its pentagon!.

Proof: We make the parallelepipedal solid A such that its base is
equal to the surface of the icosahedron and jts height is equal to
one-third of the perpendicular of the icosahedron. Then it is equal to
the icosahedral solid. We make the base of the parallelepipedal solid
B equal to the surface of the octahedron, and its height equal to
one-third of the perpendicular of the octahedron. Then it is equal to
the octahedral solid. We make the base of the parallelepipedal solid
G equal to the excess of the surface of the icosahedron over the
surface of the octahedron, and its height equal to one-third of the
perpendicular of the icosahedron. Then it is equal to the excess of

solid A over solid B.2
Let DE be the side of the decagon of the (i.e. any) circle, and let

29.1. The theorem is incorrect; the ratio between the volumes of the icosahedron
and the octahedron is equal to the ratio of the side of the pentagon of a circle to the
side of its decagon.

29.2. The heights of A and G are equal, but the height of B is not equal to these, so
G=A-B.
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EH be the side of its pentagon. I say that the ratio of solid A to solid
B is equal to the ratio of DH to HE.}

Proof: The ratio of solid G to solid B is compounded of the ratio of
the base of G, the excess of the surface of the icosahedron (over the
surface of the octahedron) to the base of B, that is the surface of the
octahedron, and of the ratio of the height of solid G, that is one-third
of the perpendicular of the icosahedron, to the height of solid B, that
is one-third of the perpendicular of the octahedron. Let T be the side
of the hexagon plus (the side of) the decagon inscribed in the circle
of which EH is the side of the pentagon and ED is the side of the
decagon. Then the ratio of the excess of the surface of the icosahedron
over the surface of the octahedron to the surface of the octahedron is
equal to the ratio of DE, the side of the decagon, to T, the side of the
hexagon plus the (side of the) decagon, XV:155.

But the ratio of the perpendicular of the icosahedron to the
perpendicular of the octahedron is equal to the ratio of the side of the
hexagon plus (the side of the) decagon to the side of the pentagon,
XV:27. Therefore the ratio of solid G to solid B is compounded of
the ratio of DE to T and the ratio of T to EH. But the ratio compounded
of <the ratio of> DE to T and of the ratio of T to EH is equal to the
ratio of DE to EH. Therefore the ratio of solid G to solid B is equal to
the ratio of DE to EH.6 Therefore, componendo’, the ratio of the (sum

29.3. Actually A:B=EH:DE.

29.4. By M XV:28.

29.5. M X1II: 14 is also used here.

29.6. The result G:B=DE:EH is correct.

29.7. Here the text assumes the incorrect relation G=A-B. The ratio A:B can be
found in a correct way as follows. We have A:G=s,:5,5-5. Using the notation and
the figure of M XV:15, mwo“mmumwwinﬁmwN. SO Syy:8,0-5 =EB*+BZ%BZ%=
EB’+BG"BG’ = BA%+BD“BD* = BG“BD’=c(5)%¢(10)%, where c(n) stands for the
side of a regular n-gon inscribed in a fixed circle. One can rephrase this argument by
putting EB=c(2.5), BZ=BG=c(5), BA=c(6), BD=c(10); the essential step is
¢(2.5):c(6)=c(5):c(10). Now, by composition of ratios, AB=(A:G)(G:B)=
(c(5):c(10)%)-(c(10):¢(5))=¢(5):c(10). .

Thus the proof in the text can be corrected using the same auxiliary solid G as in
the text, by means of multiplication rather than addition of ratios, and the resulting
correct theorem, stated in note 29.1, resembles the incorrect theorem in the text.
These coincidences may be accidental, but it is also possible that the theorem was
stated and proved correctly (but concisely) in an earlier source, and that the errors
are the result of editorial changes made somewhere in the process of transmission,
before the proposition was adopted by al-Maghribi. One is reminded of the confusion
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of) the two solids G and B, that is to say, the icosahedral solid, to
solid B, that is the octahedral solid, is equal to the ratio of DH to HE,
that is, the side of the pentagon and the decagon together to the side
of the pentagon.

It has become clear from this that the ratio of the icosahedral solid
to the octahedral solid is equal to the ratio of the line, the square of
which is equal to the square of the (i.e. any) line divided in extreme
and mean ratio plus the square of its greater part, plus the greater
part, to the line, the square of which is equal to the square of that line
plus the square of its greater part.® That is what we wanted.

H E D
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prop. 29

30. The ratio of the dodécahedral solid to the icosahedral solid is
equal to the ratio of the line, the square of which is equal to the
square of the (i.e.any) line, divided in extreme and mean ratio, plus
the square of its greater part, to the line, the square of which is equal
to the square of the whole (divided) line plus the square of its lesser
part!.

Proof: The perpendicular falling from the centre of the sphere on
the pentagon of the dodecahedron is equal to the perpendicular falling
from its centre on the triangle of the icosahedron, since it has been
shown that this pentagon and (this) triangle are circumscribed by the
same circle, and that the perpendiculars falling from the centre of the

between addition and multiplication in proposition 27 (note 27.3).

29.8. It is mathematically correct to say that "the ratio of the icosahedral solid to
the octahedral solid is equal to the ratio of the line, the square of which is equal to
the square of the line divided in extreme and mean ratio plus the square of its greater
part, to the greater part”.

30.1. Hypsicles states this theorem in his summary of results in El. XIV § 12 ((4)
in Heath's translation, vol. 3, p. 519).
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sphere on the planes of equal circles drawn on its surface are equal?,

Thus let solid A be a parallelepiped with base equal to the surface of
the dodecahedron and height equal to one-third of its perpendicular,

and let solid B be a parallelepiped with base equal to the surface of
the icosahedron and height equal to one-third of its perpendicular.

Then it is clear that solid A is equal to the dodecahedral solid, and

that solid B is equal to the icosahedral solid. Thus the ratio of the

dodecahedral solid to the icosahedral solid is equal to the ratio of

solid A to solid B, V:14.3 But the ratio of solid A to solid B is equal
to the ratio of the base of solid A, that is the surface of the dodecahedron,

to the base of solid B, that is the surface of the icosahedron, because

of the equality of their heights?.

Thus the ratio of the dodecahedral solid to the icosahedral solid is
equal to the ratio of the surface of the dodecahedron to the surface of
the icosahedron, that is to say, equal to the ratio of the line, the
square of which is equal to the square of any line divided in extreme
and mean ratio plus the square of its greater part, to the line, the
square of which is equal to the square of the whole line to the square
of its lesser part’. That is what we wanted to prove.

prop. 30

30.2. This is the corollary to M XV:5.

30.3. The reference is pointless, because the theorem a:b = na:nb (M V:14 =E].
V:15) is quoted here for the case n = 1.

30.4. By M X1:33 (=El.X1:32). One could also prove the theorem M XV:30 without
parallelepipeds and M XI:33, but with pyramids and M XV:22. This is essentially
Hypsicles' method for proving that the volumes of the icosahedron and the
dodecahedron are in the same ratio as their surfaces in Bl. XiVv § 10 (tr. Heath, vol.
3,p. 518).

30.5. By M XV:16, corollary.
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31.We want to findlines proportional to the sides of the five figures!.

Thus we draw the circle circumscribing the pentagon of the dodeca-
hedron and the triangle of the icosahedron?. Let the side of its pentagon
be AB, (let) the side of its triangle (be) GD, and (let) the chord of
two-fifths of it be AE. Then it (AE) is the side of the cube, XIV:9
(=El XIII:17).

Let the square of ZH be equal to twice the square of AE. We bisect
it (ZH) at N, and we draw with centre N and radius NH a circle, let
TK be the side of its triangle, and LM the side of its square. Then the
square of ZH is four times the square of NH. But the square of NH is
one-third of the square of TK, (by prop.) XIII:113. Thus the square of
ZH is one and a third times the square of TK.

But the square of the diameter of the sphere is one and a half times
the square of the side of the pyramid, XIV:1 (=El XIII:13), and it is
twice the square of the side of the octahedron, XIV:5 (=El. XIII:14).
Thus the square of the side of the pyramid is one and a third times
the square of the side of the octahedron. Thus the ratio of the square
of ZH to the square of TK is equal to the ratio of the square of the
side of the pyramid to the square of the side of the octahedron,
VI:22¢ Again, since the square of ZH is one and a third times the
square of TK, as we have shown, and (since) the square of ZH is
twice the square of LM, 1:47, the square of TK is one and a half
times the square of LM. But the square of the diameter of the sphere
is twice the square of the side of the octahedron, XIV:5 (=El XIII:14),
and three times the square of the side of the cube, XIV:3 (=EL
XIII:15). Thus the square of the side of the octahedron is one and a
half times the square of the side of the cube. Thus the ratio of the
square of TK to the square of LM is equal to the ratio of the square
of the side of the octahedron to the square of the side of the cube.
Thus the ratio of the square of ZH, that is the square of the side of the
pyramid, to the square of TK, that is the square of the side of the
octahedron, is equal to the ratio of the square of TK to the square of

31.1. The same problem is solved in a different way in El. XIII:18 (this proposition
does not occur in al-Maghribi's Revision).

31.2. By M XVi5,
31.3. The reference should have been to M X111:12 (=El. X1II:12).

31.4. By VI:22 ZH:TK is equal to the ratio between the sides of the cube and the
octahedron. It is curious that Al-Maghribi does not state this conclusion.
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LM, that is the side of the cubes, Thus the ratio of TK to LM is equal
to the ratio of the side of the octahedron to the side of the cube

VI:22. Again, the square of ZH is twice the square of LM, I:47 mam
.@;mov twice the square of AE by assumption. Thus the m@:H&d 0m LM
is equal to the square of AE, so LM is equal to AEf. Thus the ratio of
LM, that is AE, to GD is equal to the ratio of the side of the cube to
the side of the icosahedron,

. Since AB is the side of the dodecahedron, and GD is the side of the
icosahedron, the ratio of GD to AB is equal to the ratio of the side of
the icosahedron to the side of the dodecahedron.

Therefore the ratio of ZH to TK is equal to the ratio of the side of
.Ea pyramid to the side of the octahedron; the ratio of TK to LM, that
is AE, is equal to the ratio of the side of the octahedron to the m:‘mo of
the cube; the ratio of LM, that is AE, the side of the cube, to DG <is
equal to the ratio of the side of the cube to the side of the icosahedron;
and the ratio of GD to AB is equal to the ratio of> the side of Em
icosahedron to the side of the dodecahedron, That is what we wanted
to prove.

It has become clear from this that the side of the pyramid is greater
than the side of the octahedron, and that the side of the octahedron is
greater than the side of the cube, and that the side of the cube is
greater than the side of the icosahedron, and that the side of the
icosahedron is greater than the side of the dodecahedron.

31.5. This sentence is false. In fact ZHATK%TKZLM?, and that ZH. TK and LM

m:w the sides of the pyramid, octahedron and cube has not yet been proved. The text
is much clearer if the false sentence is deleted.

31.6. Thus WZ is the side of the cube. If M XV:1,2,3 had been used, the first part
of the proof in the text could have been shorter. The faces of the cube and the
octahedron have the same circumscribed circle by M XV:3, 50 KT is the side of the
inscribed octahedron. Because TK 2= 37N2 = (3/4YZH?, ZH is the si inscri

K = (3 , e side of the ins
pytamid by MKV 2 side of the inscribed
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prop. 31

32. The ratio of the perpendicular of the pyramid to the perpendicular
of the cube is equal to the ratio of one-third of the altitude of the (i.e.
any) equilateral triangle to half of its side. Thus let the perpendicular
of the pyramid be A, (let) the radius of the sphere circumscribing it
(be) B, and (let) the voﬁo:&o&ma of the cube (be) G. Let D be the
altitude of an equilateral triangle, (let) half of its side (be) E, and (let)
Z (be) three times E.

Then A is one-sixth of the diameter of the sphere, XIV:1 (=El.
XIII:13), so it is one-third of B. Thus the ratio of A to B is equal to
the ratio of E to Z. But the square of B is three times the square of G,
XIV:3!, and the square of D is three times the square of E, XV:1.
Thus the ratio of the square of B to the square of G is equal to the
ratio of the square of D to the square of E. Thus the ratio of Bto G is
equal to the ratio of D to E, VI:22. Thus, perturbando?, the ratio of
the square of A, the perpendicular of the pyramid, to the square of G,
that is the perpendicular of the cube, is equal to the square of D, that

"is the altitude of the equilateral triangle, to the square of Z, three
times half of its side. Thus the ratio of the perpendicular of the
pyramid to the perpendicular of the cube is equal to the altitude of
the triangle to three times half of its side. Thus the ratio of the
perpendicular of the pyramid to the perpendicular of the cube is
equal to the ratio of one-third of the altitude of the equilateral triangle

32.1. By M XIV:3, corollary (see note 26.1).

32.2. The term "perturbando” indicates a reasoning of the following form: if A:B=E:Z
and B:G=D:E, then A:G=D:Z (based on El. V:23). Therefore the squares in the
sentence after the footnote could be removed.
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to half of its side, that is, one-third of Z. That is what we wanted to
prove,

ML KT

prop. 33

33. We want to find the five li i i

of the froe Cton ines proportional to the perpendiculars
. Thus we draw a circle such that the side of its pentagon is AB and
its centre is G. We construct on it (AB) an equilateral triangle, namely
triangle AEB. We drop perpendicular ED, and we make DZ one-third
of DE. Let H be equal to DZ, and (let) T (be) equal to AD, and (let)
K (be) equal to T, and (let) L (be) equal to GD, that is the perpendicular
drawn from the centre to the side of the pentagon, and (let) M (be)
equal to L.
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Then the ratio of H to T is equal to the ratio of the perpendicular of
the pyramid to the perpendicular of the octahedron, that is the
perpendicular of the cube, XV:3!. The ratio of T to K is equal to the
ratio of the perpendicular of the octahedron to the perpendicular of
the cube, because of their equality, XV:3. The ratio of K, that is half
of the side of the pentagon, that is AD, to L, that is GD, which is
equal to half of the sum of the side of the hexagon and the (side of
the) decagon, XV:7, is equal to the ratio of the perpendicular of the
cube, that is the perpendicular of the octahedron, to the perpendicular
of the icosahedron, XV:27. The ratio of L to M is equal to the ratio of
the perpendicular of the icosahedron to the perpendicular of the
dodecahedron, because of their equality, XV:5.

Therefore the ratio of H to T is equal to the ratio of the perpendicular
of the pyramid to the perpendicular of the octahedron, the ratio of T
to K is equal to the ratio of the perpendicular of the octahedron to the
perpendicular of the cube, the ratio of K to L is equal to the ratio of
the perpendicular of the cube to the perpendicular of the icosahedron,
and the ratio of L to M is equal to the ratio of the perpendicular of
the icosahedron to the perpendicular of the dodecahedron. Thus we
have found the five lines proportional to the perpendiculars of the
five figures. That is what we wanted.

34. How do we find a line divided in extreme and mean ratio, such
that the square of it plus the square of its lesser part is equal to the
square of an assumed line?

Thus let the assumed line be AB. We construct on AB semicircle
ADB. We make AG twice GB. We draw perpendicular GD, and we
join BD. Then the square of AB is three times the square of BD'.
Then we divide BD in extreme and mean ratio at E, let the greater
part be BE. We draw chord BZ equal to BE, IV:1. We extend BZ in
a straight line, and we cut off ZH equal to BD. Then HB is divided in
extreme and mean ratio, and its greater part is HZ, XIII.7 (=El. XIII:5).
Thus the squares of BH, BZ (taken together) are three times the
square of ZHz

33.1. The ratio H:T is equal to the ratio between the perpendiculars of the pyramid
and the cube by M XV:32.

34.1. Because D is on the circle, BD*=BG?*+GD*=BG*+BG GA=BG BA.

34.2. Here the Mihrishah manuscript contains a correct reference to M X111:8 (=EL
XI1H:4).
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:Mawmmw %wNﬁo square of AB is equal to the sum of the squares of

Proof: We join AZ. Then angle AZB is (a) right (angle), II1:30
(=EL III:31). Thus the square of AB, that is, the (sum of the) squares
of AZ, ZB, 1:47, is three times the square of HZ. Thus the (sum of
the) squares of AZ, BZ is equal to the (sum of the) squares of HB,
ZB. We subtract the common square of BZ, then the square of HB is
equal to the square of AZ. Thus HB is equal to AZ. Thus the square

of AB is equal to the sum of the squares of lines HB, BZ. That is
what we wanted to prove.

H

A
prop. 34

35. We want to find the five lines proportional to the surfaces of
the five figures.

Thus we construct the equilateral triangle ABG. We draw the altitude
AD, and we make AE one-third of it. We divide AD in extreme and
mean ratio at Z, let ZD be the lesser part, and AZ the longer part. We
cut off DH equal to DZ, and we join AH, then its square is equal to
the square of AD plus the square of its lesser,part, that is to say DH,
that is DZ. We assume TK equal to AD. We find the line such that
the square of it is equal to the sum of the squares of AD, AZ by
drawing perpendicular TL, cutting it off equal to AZ, and joining

34.3. The Mihrishah manuscript gives a different proof: "The square of AB is
three times the square of DB, that is HZ, and the (sum of the) squares of HB, BZ are
three times the square of HZ. Thus the (sum of the) squares of HB, BZ is equal to the
square of AB." This proof does not use the (inessential) fact that Z is on the circle
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KL; then the square of it is equal to the sum of the squares of TK,
TL, that is to say, of AD, AZ.

Then the ratio of KL to AH is equal to the ratio of the surface of
the dodecahedron to the surface of the icosahedron, XV:16. The ratio
of AD (plus) DH as one line, that is the whole line plus its lesser part,
to AD, the whole line, is equal to the ratio of the surface of the
icosahedron to the surface of the octahedron, XV:15. The ratio of AD
to GB is equal to the ratio of the surface of the octahedron to the
surface of the cube, XV:12,

The ratio of DE to DA is equal to the ratio of the surface of the
pyramid to the surface of the octahedron, XV:17. The ratio of AD to
<GB is equal to the ratio of the surface of the octahedron to the
surface of the cube, XV:12, so, ex aequali, the ratio of DE to> GB is
equal to the ratio of the surface of the pyramid to the surface o.m the
cube; thus, invertendo, the ratio of GB to DE is equal to the ratio of
the surface of the cube to the surface of the pyramid. Thus we have
found the lines' proportional to the ratios of the five surfaces. That is
what we wanted to prove. ﬂ

T L A

K G
prop. 35

36. We want to find the lines proportional to the faces of the five
solids.

35.1. It is not correct to say that we have found the five lines. We have KL:AH =
S12:50 (AD+DH):AD:GB:DE=5,:54:5¢:84, and AD+DH=AH, so that six lines m.R
involved. The analogous problem for the areas of the faces is solved correctly in
proposition 36, compare note 36.3.

-
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Thus we put down line AB, and we divide it in extreme and mean
ratio at G, such that its lesser part is GB. We extend AB, and we
make BD equal to GB. We extend DA, and we cut off AE equal to
two-thirds of AD. Then AD is three-fifths of ED.

We find a line divided in extreme and mean ratio, such that the
square of ED is equal to the square of it plus the square of its lesser
part, XV:34, let it be line ZH, and let its lesser part be TH. We find a
line such that the square of it is equal to the square of line HZ plus
the square of its greater part ZT, namely K. We put down line LM
(equal to) two and a half times line AB. We extend ML, and we cut
off LN equal to one-third times LM. Then line LM is three-fourths of
MN. We bisect MN at C. We draw from point N perpendicular NS,
and we assume it (extended) indefinitely on both sides. We make
each of the angles (at) M one-third of a right angle, and we extend
the two lines till they meet the perpendicular drawn from point N at
points S, O. Then triangle MSO is equilateral. We cut off OF equal
to one-third of SO.

Then, since the ratio of the surface of the dodecahedron to the
surface of the icosahedron is equal to the ratio of line K to ED,
XV:16, the <ratio of the> face of the dodecahedron, that is one-twelfth
of the surface of the dodecahedron, to the face of the icosahedron,
that is <one-twentieth of its surface, is equal to the ratio of one-twelfth
of K to one-twentieth of ED, which (ratio) is equal to the ratio of line
K to three-fifths of line ED, V:14, that is, equal to the ratio of K to
AD. The ratio of the surface of the icosahedron>' to the surface of
the octahedron is equal to the ratio of AD to AB, XV:15. So the ratio
of the face of the icosahedron, that is one-twentieth of its surface, to
the face of the octahedron, that is one-eighth of its surface, is equal to
the ratio of one-twentieth of AD to one-eighth of AB, that is to say,
equal to the ratio of AD to two times AB plus half of it, that is ML,
V:14. The ratio of the face of the octahedron to the face of the
pyramid is equal to the ratio of ML to MN, by the potentiality of
XV:172.

The ratio of the face of the cube to the face of the octahedron is
equal to the ratio of two-thirds of SO, that is SF, to half of MN, that

36.1. The passage "one-twentieth of ... icosahedron” is only found in the Mihrishah
ms.

36.2. A reference to M XV:2, dealing with the ratio of the faces, would have been
more appropriate. Note that the text refers to XV:2 a few lines later.
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is MC, XV:8. The ratio of the face of the octahedron to the face of
the pyramid is equal to the ratio of half of MN to two-thirds of it,

XV:2. Therefore, ex aequali, the ratio of the face of the cube to the
face of the pyramid is equal to the ratio of two- thirds of SO to
<two-thirds> of MN. Thus, invertendo, the ratio of the face of the
pyramid to the face of the cube is equal to the ratio of two-thirds of
MN to two-thirds of SO, that is to say, equal to the ratio of MN to the
ratio of SO. Thus we have found the five lines proportional to the
faces of the five figures. That is what we wanted®.

DBG A E

Lo

o IN

prop. 36

37. We want to find the lines proportional to the five solids.

Thus we assume line AB, the side of the pentagon of a circle, and
we extend it in a straight line, and we cut off from it BG equal to the
side of its decagon. We find a line divided in extreme and mean ratio
such that the square of AG is equal to the square of it plus the square
of its lesser part'; let it be DE, and let its greater part be DZ. We find
the line such that the square of it is equal to the sum of the squares of
DE, DZ, namely H. We draw from point B a perpendicular to AB,

36.3. We have K:AD:ML:MN:SO = f;:ffgf:fg and therefore the following
correct solution of the problem of prop. 35 (cf. note 35.1) K:ED:MC:MN/3:NS

=815:85075g:54:5¢-
37.1. By M XV:34,
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and we extend it indefinitely on both sides. We make each of the
angles A one-third of a right angle, and we extend the two lines until
they meet the perpendicular at points T, K. Then triangle ATK is
equilateral. We make TL one-third of TK.

Then the ratio of H, that is (the line), the square of which is equal
to the square of DE plus the square of its greater part, to the (line),
the square of which is equal to the square of it (DE) plus the square
of its lesser part (EZ), that is AG, is equal to the ratio of the dodecahedral
solid to the icosahedral solid, XV:30. The ratio of AG to AB is equal
to the ratio of the icosahedral solid to the octahedral solid, XV:292,
The ratio of TK to AB is equal to the ratio of the solid of the cube to
the octahedral solid, XV:23. The ratio of AB to TL is equal to the
ratio of the octahedral solid to the solid of the pyramid, XV:20. Thus,
ex aequali, the ratio of TK to TL is equal to the ratio of the solid of
the cube to the solid of the pyramid. Thus lines H, AG, AB, TK, TL
are proportional to the five solids inscribed in one sphere. That is
what we wanted to prove.

Eoe K

prop. 37

End of the fifteenth treatise; this is the end of the book.

37.2. Here the text uses the incorrect theorem M XV:29. To make the text
mathematically correct, one has to change the second sentence of the proposition as
follows: "Thus we assume line AG, the side of the pentagon of a circle, and we cut
off from it AB equal to the side of its decagon."
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The number of propositions in the book, except the lemmas and the
different cases, is 516.

Appendix. Propositions XI11:10, 14 of the
Revision of the Elements.

10. (For) every pair of different lines, each of which is divided in
extreme and mean ratio, the ratio of one of the lines to the second
(line) is equal to the ratio of its greater part to the greater part of the
second (line), and equal to the ratio of the lesser part (of the first line)
to the lesser part (of the second line)'.

Example: Lines AB and GD are different. AB has been divided in
extreme and mean ratio at E, and its greater part is AE. GD has been
divided in extreme and mean ratio at Z, and its greater part is GZ. |
say that the ratio of AB to GD is equal to the ratio of AE to GZ, and
equal to the ratio of EB to ZD.

Proof: We extend each of tlie lines AB, GD in a straight line, and
we make BH equal to EB and DT equal to ZD. Then the square of
AE is equal to the product of AB and BE, and the square of GZ is
equal to the product of GD and DZ, VI:17. Thus the ratio of the
square of AFE to the product of AB and EB is equal to the ratio of the
square of GZ to the product of GD-and ZD. Thus, alternately, the
ratio of the square of AE to the square of GZ is equal to the ratio of
the product of AB and BE to the product of GD and DZ. Thus the
ratio of the square of AE plus four times the product of AB and BE,
that is five times the square of AE, that is the square of AH, IL:8, to
the square of GZ plus four times the product of GD and DZ, that is
five times the square of GZ, that is the square of GT, II:8?, is equal to
the ratio of the square of AE to the square of GZ, V:14 (=El. V:15).
Thus the ratio of AH to GT is equal to the ratio of AE to GZ, VI:22.
Thus the ratio of EH to ZT is equal to the ratio of AH to GT, V:19,
that is to say, equal to the ratio of AE to GZ. But the ratio of EH to
ZT is equal to the ratio of EB to ZD. Thus the ratio of AE to GZ is
equal to the ratio of EB to ZD. Thus the ratio of AB to GD is equal to

! 'This is a form of the "ratio lemma" in Herz-Fischler, "Theorem XIV,**"  see his
pp- 7, 19-20.

2 By El II:8 AE2+4AB.BE = AH? and GZ*+4GD.DZ=GT? because EB=BH and
ZD=DT.
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the ratio of AE to GZ, and o@c& to the ratio of EB to ZD, V:18. That
is what we wanted.

H B E A
D B G A T D Z G
Book X111, prop. 14 Book XIII, prop. 10

14. If the side of the hexagon is divided in extreme and mean ratio,
its greater part is the side of the decagon®. Thus let AB be the side of
the hexagon. We divide it in extreme and mean ratio at G, let AG be
the greater part. I say that it is the side of the decagon. Proof: We
extend AB towards D, and we make BD equal to AG. Then AD is
divided in extreme and mean ratio, such that its greater part is AB,
XIIL:7 (=El. XIIL:5). But AB is the side of the hexagon. Therefore
BD, that is to say AG, is the side of the decagon, XIII:13 (=El
XI1T:9).
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