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S
IM

IL
A

R
M

A
J
IM

l(S
IN

)1I
I

‘1
JA

M
S

H
T

I)
A

L
-K

A
S

N
I

L
U

D
O

I
P1

A
N

(
)

1
R

M
IN

A
I

determ
ination

of
a

I
‘,

Jar
isi

c
a

al
K

ashan
(died

1429)
2

41
K

Sshi
w

orld
r

I
adolph

V
an

(‘eulen
d

eterm
m

cd
st to

20
nals

in
his

v
des

(
a

he
sam

e
so

k

V
an

C
eulen

included
a

snlcnoos
nation

in
18

de
‘nods

Ii
sam

e
m

ethod

as
aIK

A
shT

,
V

an
C

eulen
did

not
knoss

aiX
äsh

t
s

w
a
tK

sah
d

h
r’m

ain
ed

u
n

k
n

o
sn

in
the

W
est

until
1925

2
he

curious
resem

b
lan

re
can

be
\p

laiL
cd

tw
the

fact
that

bath
m

ath
em

atician
s

‘sen
it

spired
hs

r
c
h
ir

d
c

ss
bias

(5
-tb

isirthdar
o
f

1-lossani
E

lkhadem
proviib

i
titm

st
occasion

a
a
n
n

I
tctcm

iin
atio

n
s

o
16

and
8

de
im

als
h5

illiat
I

ti
od

tinic

and
E

urope

2
A

1-K
äshi and

h
w

as

A
l—

K
ãshi

w
as

born
in

K
ashan

in
iran.

1
h

ra
Sam

arkand
to

w
ork

as
a

m
athem

atician
ansi

astronom
er

at
the

to
u

t:
ta

t
B

e
1-us

z—

d
eterm

in
atio

n
is

the
subleet

at
his

7 realise
a

tin
(

-w
a
te

rs
as

tai-R
isdla

al—

m
u
n
fiv

n
a
).

T
his

treatise
probabla

dates
hack

n.
the

period
sshot

ilK
a
sh

]
w

as
still

M
athem

atics
D

eoartnst5nt.
U

ltra
i

ait3
P

t)
1)

20
n

the
life

and
w

orks
i fal-K

llQ
[1

In
1593

the
B

elgian
niati

a
san

a

either,
published

ide
e

ninth
am

i

regular
15
22

4
-g

o
n

see
fl,

4
i
i

Rion
i

A
lK

äsht’s
w

ork
on

a
ass

f
a

it
ed

bs
t)

had
been

inform
ed

b)
Saith

M
ra

f
s

Istanbul.
K

sh
i’s

heatise
w

ere
brieth

n
o

ti
I

I
u

ck
e

P0.r
T

he
dale

of
his

m
ove

his
beet:

detenm
ned

bs
Q

orban

J
P.

1
lo

G
F

I
In

tro
d
u

ctio
n

O
ne

a
tha

h
j

lip
ttl

IL
R

IS
:

O
N

T
H

F

d2icn
is

t

I
0
5

A
\stb

rh
an

d
s,

0
Ii

a
s-s

s-i
t

S
stieS

Os.

-K
A

shi
S

ssoik
I

stasis
usit

p
a

o
n
]

22in240J,
50

is-i
(U

4s’s
and

al
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9
j

in
K

ashan,
because

it
does

not
contain

a
dedication

to
an

em
peror.

In
1953

the

treatise
appeared

in
a

posthum
ous

G
erm

an
translation

by
Paul

L
uckey

(1884-1949)

[10],
w

ith
an

excellent
A

rabic
edition

based
on

a
m

anuscript
in

Istanbul.
In

the

appendix
to

this
paper

I
w

ill
discuss

a
m

anuscript
of

al-K
äshi’s

treatise
w

hich
has

recently
been

discovered
in

M
eshed

in
Iran,

T
his

m
anuscript

is
a

direct
copy

of
a
l

K
ãshi’s

original
m

ade
by

the
m

athem
atician

B
aha’

al-D
in

al-’A
m

uli
(1547-1622

C
E

).
6

),k
.?

i&%j
.

‘
?
‘

V

r
i

-‘
9
,r

V
r

1
r

r

A

L
r
f
L
L

L
1r

r
V

r
‘
r
j
i
’

•
V

V
’1

I
I

4j

_
_
_

r
V
.r

9
r

4
’i.M

V
M

r
V

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_

—
—

B
ecause

al—
K

hshi
it

O
tt. c.

a
s

ro
t

U
at

ihi
in

m
n
tlisf

translation,

incorrect
statem

ents
abort

i
have

been
i tad

ii
ti

c’s
‘ii

liU
rature.

For

exam
ple,

a
recent

‘ur
r

det’rn
na

on
[3

st
e

in
d.

a
,

it
determ

ined
a

to
14

decim
als

T
his

s
ta

tc
rn

e
it

i
ea’ilv

ref
tm

by
i’

itu
r
r

oh
‘h

displays
a1

K
ãshi’s

“table
c
i

tie
r

ill
d
e
s

o
f

the
at

o
thr

cit
u
n

t”
r

n
c
r

aid
thc,

d
iam

eter”
7

in
the

M
eshed

m
anuscriot.

In
this

table.
s1K

’islii
list,

tO
m

o’lern
term

s
the

m
ultiples

of
2a

in
decim

al
nc

tation;
the

synih&
it

w
’is

n
u
t

a
t

usad
in

a1—
K

äshI’s

tim
e

O
n

the
tifth

line,
a!

K
hshi

w
n
ts

IO
n

is
I

‘I
5(

34,
So

SQ
?3

25.
Flere

w
e

see
the

first
16

correct
decim

als
in

the
d
e

i
n
o

!
e
v
f,in

t
o

n
o

t
‘
.
‘

3,14159
2

i535

89793
238

T
he

decim
al

sysie
ii

icr
frictions

w
as

di
ov

re
ha

of-
S 4

and
everal

other

authors
in

the
nie

cv
I

I
Lu

c
tad

tin
h

i
n
c

c
r

c
i

tic
iu

m
l

r
1-K

hsh”

m
ade

his
com

putations
ii

the
se

ag
‘sin

ii
sc

S
t

to
.

sit
‘It

had
hr

n
developed

it

ancient
B

abylo
,

d
a

In
it

w
is

w
ide!)

rsed
‘a

ted
cv’

1
1<

im
astronom

y,
in

his

?reatisc
on

tO
e’

(
tar’

ro
/

so
‘ace’,

al—
K

ftsht
sianted

it
cut’

putt
a

osith
such

a
i

accuracy
that

in
a

cite!
sith

tadius
equal

to
th<

radius
of

the
unlsc’rse,

the
m

axim
al

error
in

the’
c ircom

h’i
C

icr
s

I
is

hat
the

bic
trIll

c’
a

ii

A
l—

K
dshi

and
his

conteinport’ries
act

ep
t

d
tic

i
a

o
n
’

1’!
toic

u
s

(ca
150

C
E

,sec[1S
]),

vh
hr

cv
S

Fat
he

‘as
i

sa
a

Ic
I.’

ft
‘

cc.
tn

spher

if
th

e
m

o
o
n
,

M
ere

its
,

\‘c
iris

list,
su

, lv’
is

h
q

let
S

r
lit

ii
cc!

stars,
aid

by

an
c utcr

n
o
st

sp
it

to
at

at
I

h
i

I
liii

c
icr

is
a

‘t•
m

in
ed

th
e

d
is

anr.c

from
the

e
sriIt

to
thr

IO
in

in
tl

Itic
‘,u

t
c

ih
‘

ii
;

a
,’

tie’’
, or

‘l!ic’nis
of

ion’

paralla
and

tie
a

pa
‘at

i,
o

IL
in

us
ill

at
as

ci
t

e
itih

shadow
cliirint’

co
lo

r
a
n
d

lunar
ccip

s”
m

ethods
are

cc’i5
et

hi,
ltc

,
eye

accurate
T

hus,
a

relatively
sins’’

crrcr’t’
It’

n
ic’asu

!ca’en
t

a!
th

e
eat

s
induct

c
sciuced

a
dislanee

betw
een

the
ca

IL
ad

K
5W

w
i

cli
s

ni
Is

30
0

Ic
c

c
nrc

c
tin

P
to

le
m

y
assunted

that
thc,

m
ash

tal
dii

in
c

h
r

C
cc

fl
te

i’ll
a

d
tie

sun
ii

equal
to

thc
to

ni
a

n’
is

b
cc

n
it

0’
a

I
M

ar
I
7to

lcn
ia

c
m

odel

pm
uduces

cssenlia
Is

ott
ci

at’
s

I
d
a

eel
hi

it
x
i

a
!

a
n

ronitm
al

distr
aces

from
the

earth
t

c
i

il’
ct

Lu
or

th
is

us
t

clv
icr

th
in

s
‘Ives).

Front

the
supposed

m
inim

al
distance

ol
M

ar’
and

th
r

liii
h

‘tw
o

“t
its

m
inim

a
arid

m
axim

al
dista

cc
Ptolcm

utld
sow

fi
d

tI
m

a
il

n
il

O
s

anc.
of

M
ars,

w
hich

hi’

su
p
p
o
se

d
to

he
equal

to
the

nnnim
al

distance
ot’

lupili
r

<ous
s

on.
I’ m

oally,
he

assu
m

ed
that

the
m

axim
al

distance
of

Saturn
is

c.quril
to

the
m

inim
al

distance
of the

fixed
stars

P
t

lea
a

lie
eu

1h
a

al
‘ix

d
arc

e
S

u
c

cd
thi

sphere
w

hit

A
t—

K
tshi

actu
alh

m
esas

halt
the

1,atncte

In
his

table,
at —

KOshi uses
itudu—

A
t at ic

to
m

h
,,r’

h
i

n
o

d
e
n

t‘i
‘ti

tic.
4

s
It

decim
a

s
in

colunins
for

‘ten’,
‘ t

at
he

ciam
let

an
m

u
ipi

ot
It

at,
ii

d.a
l.c’

fo
r

<‘n
‘

16
[lii,

fifth
line

aetralls
end’

a
,t.

20.
lid

the
rest.

refers
a

it’s
m

ull
pie

S

Figure
1

O
n

al-’A
in

u
Il

ice
[13.

p.
160].

[17,
pp.

348-3501.
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a
very

slow
(precessional)

m
otion

w
ith

respect
to

the
outerm

ost
sphere

containing

the
celestial

equator.
T

his
outerm

ost
sphere

rotated
once

every
day

around
the

center
of

the
universe,

w
hich

coincided
w

ith
the

center
of

the
earth.

P
tolem

y

concluded
that

the
radius

of the
universe

w
as

approxim
ately

20,000
earth-radii.

O
n

the
basis

of
new

astronom
ical

observations,
the

m
edieval

Islam
ic

a
s

tronom
ers

changed
som

e
of

the
param

eters
in

Ptolem
y’s

m
odels,

but
they

com
puted

the
radius

of the
universe

along
the

sam
e

lines
w

ith
sim

ilar
results,

In
his

w
ork

S
tairw

ay
to

H
eavens

(sullam
al-sam

ã’,),
al -K

ãshi
stated

that
the

radius
of

the

universe
is

26,328
earth-radii

[2,
p.

251].
In

his
T

reatise
on

the
C

ircum
ference,

a
l

K
ãshT

required
that

in
a

circle
w

ith
radius

R
equal

to
600,000

earth-radii,
the

inaccuracy
in

the
circum

ference
2t’tR

should
be

less
than

the
breadth

of
a

hair.
T

hen

the
inaccuracy

is
m

uch
less

than
the

breadth
of

a
hair

for
all

circles
w

hich
can

exist

in
the

physical
universes.

For
the

approxim
ation

of
it,

al-K
äshi

used
a

m
ethod

of
A

rchim
edes,

w
hich

is

as
follow

s
in

m
odern

notation.
C

onsider
a

circle
w

ith
diam

eter
1.

T
hen

the

circum
ferences

of
the

inscribed
hexagon,

the
circle,

and
the

circum
scribed

hexagon

are
3,

it,
and

2q3
respectively.

T
he

circum
ference

o
f

the
circle

is
greater

than
the

circum
ference

of
the

inscribed
hexagon

and
less

than
the

circum
ference

of
the

circum
scribed

hexagon.
ih

u
s

3
<

it
<

=
346

U
sing

low
er

and
upper

bounds
of

the
sides

of
an

inscribed
and

circum
scribed

regular
n-gon,

A
rchim

edes

com
puted

low
er

and
upper

bounds
of

the
sides

of
the

inscribed
and

circum
scribed

regular
it-gon.

U
sing

the
hexagon,

he
approxim

ated
the

sides
of

the
inscribed

and

circum
scribed

regular
12-,

2
4
-,

48-,
and

96-goo.
From

the
96-gon

he
obtained

3
<

it3
Z

.

T
he

algebraic
expressions

of
the

sides
of

these
polygons

involve
irrational

num
bers,

w
hich

A
rchim

edes
avoided

by
m

eans
o
f

com
plicated

estim
ates

such
as

(in
m

odern
term

s)
265/153

<
‘5

<
1
3
5
1
/7

8
0

A
rchim

edes
did

not
use

a
decim

al
or

sexagesim
al

system
for

fractions.
9

A
l-K

äshi
m

entioned
A

rchim
edes’

approxim
ation

but
rem

arked
that

the
result

3
<

it
<

3
is

m
uch

too
inaccurate

for
his

purpose.
A

fter
the

96-gon
(96

3
.2

),

al-K
äshi

considered
24

m
ore

polygons,
nam

ely
the

192-gon,
the

384-gon,
and

so

on.
until

the
3
.
2

2
5

-
g
o
n
.

H
e

show
ed

that
the

circum
ferences

of
the

inscribed
and

circum
scribed

3
.
2

2-
g
o
n

of
a

circle
w

ith
radius

600,000
earth-radii

differ
by

less

than
a

breadth
o
f

a
hair,

so
his

approxim
ation

of
the

circle
by

one
o
f

these

circum
ferences

produces
a

sufficiently
accurate

value
o
f

it.

A
l-K

ashi
w

orked
in

a
circle

w
ith

radius
60

units,
as

w
as

usual
in

the

trigonom
etry

of
his

tim
e.

H
e

sim
plified

A
rchim

edes’
m

ethod
of

com
putation

in
the

S
tO

M
icr

iS
n

I
fe

fl
iii

193

follow
ing

w
ay

in
m

odem
term

<
T

he
sides

of
the

use
ec

m
ire

out
th

I
f.oi

in
ei

el
w

id
tad

us
60

are
given

by
the

form
r

las

o

8(1
15

ii
.1

—
S

A
l-K

S
shf

a
lso

sh
o
e
d

ilcit
th

e
c

nip
oat

n
s

ire
u
P

0
tie

fih
root

estractions
are

car
lc

d
o
t

it
t)

s
C

SI
m

l’
(its

.y
1

1
1’

1ionil,
Figure

2
is

L
uckey

s
n

ise
ipit

a
0.

p
U

n
U

I-L
ash

o
no

taiton
of

Fm
the

tra
n
sc

iiphon
of

se\aU
esm

rila
itum

hei
.

I
tic

Ihe
s:

ft’n
sI’

4
N

eugehauer,
in

w
hich

sem
icol

in
Is

C
l

m
it

s
n

1
is

ii
to

i
It

na
part

and

sexagesitnals
are

separ-sted
h

eom
nt’t,

in
titi

sy
stem

lO
t

ts
s

0
tI

a
-K

S
shi’s

com
putation

can
be

express
‘0

a

‘5o,o
1
,4

3
:5

n
,2

2
,8

,2
5

560,$4,25,l1
4

,t
aO

,”
&

1
8
,5

7
.,

(m
eaning:

1
60

43
.)

In
as

M
n

tiL
isl

did
not

use

H
indu—

A
rabic

num
ber

ho
the

aI’jad
ssstem

w
hich

s
i

irtirisr
iption

of
the

follow
ing

system
that

had
beet

used
by

P
to

Ien
i

and
his

fneek
o
e
c
e
s
s
o
rs

T
he

letters
of

the
G

reek
alp

al
I

e
ire

i
v

cc
.fl

.
0

9
,i

-

IO
,K

2
0
,

=
30.g

40.s’
50

P
tolem

y
w

rote
tht

num
hti

53
as

c
that

is
the

A
l-K

5shi
first

co
s

pu
1.

6,
,

I

180
120

C
O

S
—

The
rragm

tudes
k

satisT
s

tie
sim

pk
relation

1
(

a
consequence

ofthe
ii

ode
a

ft
nsiua

Ii
e
o
s

5j2
.:t

N
ote

that
e

60.
A

l-K
ishi

n
n

pm
ited,

it
m

odern
nor

itO
’

4
6
O

.
5
6
0
/:l

/-.
5
’
)
.

-‘s.
-
s
.

F
or

A
rchim

edes
m

ethod
see

[1,pp. 93-94],reprinted
in

[4,pp. 9-14J.
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A
1-K

ãshi
then

determ
ined

the
circum

ference
C

ot
the

circum
scribed

polygon
by

a
m

ethod
involving

sim
ilar

triangles,
equivalent

to
the

form
ula

(
1

120
A’,

for
n

=

In
this

w
ay

he
lot

d
u

p
p

r
dod

lo
r

boo
ds

for
ode

ference
o
f

the
circle

w
ith

radiu.
60,

po
,

k
11

‘ill
u

to
b

tands
for

2a.
2e

6:
16

9.
28,

34.
5

36
3,

,

2
z
>

6
,

16,
59,

28,
L

3
4

,
51,

46,
,

9
3,

°
.M

-K
Sshi upper

and
b
o

o
r

‘ot
ob

2
are

opus
us

to
4
:
)

4
t

7)
)9

a
314159

2653589793254
T

h
eav

rs
.3

265358L
342

“
ll(

1
67]

O
n

V
an

(onion
and

t
a

a’
6

1

letter
for

50
follow

ed
by

the
letter

for
3.

For
zero,

P
tolem

y
used

the
sym

bol
ô

(the
firs

t
letter

o
of

the
G

reek
w

ord
ou’de’n,

m
eaning:

“nothing,”
w

ith
an

overbar).
T

he
A

rabic
translators

substituted
for

the
different

letters
of

the
G

reek
alphabet

the
letters

o
f

the
A

rabic
alphabet

w
ith

the
sam

e
num

erical
values.

T
hus

a
becam

e
alif

/4
becam

e
/43’,

and
so

on.
T

he
translators

m
aintained

the
sym

bol
ö

for
zero.

B
y

m
eans

of
27

further
square-root

extractions
as

in
F

igure
2,

al-K
ashi

found
k3

2
1

0
,
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hence

the
circum
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f
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3
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2
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1.s.

die
5e5*o

dee
C

eganoung
des

S
eeb

t,b
(des

U
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s
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Figure
2:

L
uckey’s

transcription
of al-K

ashi’s
com

putation
of

(see
[10,p

121,
ai-K

Sshi’s
verification

by
com

putation
of the

square
has

been
om

itted)

initially.
at

K
aslaT

1
i

1
46

,L
he

las
x
ag

a
m

l
o

‘
boa’

bound
hut

h
then

estim
ated

the
r

x
e

r
I

Ia
i

1
ii

criec,ted
46

to
45.A

1-K
ãshi

chose
for

2
a

the
aserage

6
,1

6
,5

Q
,2

8
,l,3

4
,a

5,
4
6

lo,
0.

and
he

co
n

verted
this

num
ber

into
the

thoim
al

sastem
of

fr’,e’iono
,ca

2
8

C
8

S3071
9
5

8
6

5
an

m
odern

notatlo

3
L

udolph
V

a
a

C
cii

and
von’

a
do

irko

L
udoiph

V
an

C
eulen

w
a,

horn
in

IT
ildesheirn

iii
(or

‘o
a
tta

o
1540.

B
efore

1580
he

settled
in

Eboibat
.

saber’
he

iiiad
‘

hi’,
1

5115,t
S

IC
,5

,,’,
of’

arithm
etic,

surveying
and

Ic
p

01)
bum

r
p

i
V

seh
101

h

Lem
den,

to
teach

a
aths.

a
n

eh,
met

C
ii

In
584

and
1586,

Svm
on

van
der

t
aeke

pub
isbed

tv
t

et
.ad’a

urea
‘at

c
i’

sahich
he

had
obtained

ha’
w

rong
applications

of
the

m
ethod

mit
A

rchne’dc
a’

f,’aeuo’crnent
of

the
C

ircle
T

hese
tase

qaiadta
ii

are
,‘quis

abent
to

‘4°
11

‘
4

‘2
6
2

.
and

a
8(=

4460
7

34
1

V
‘oh

n
a ‘w

cia
sic

I
languages

and
A

r
h

in
V

m
t

1’
c

I
(a

ii
I

a)
a

and
G

reek,
but

has
tH

eist
Jan

de
root

iia
abate

el
te

\
4

it
tell

r
It iiim,see

the
preface

to
[6].

V
an

C
eulen

Uie’mc
publislitd

p
1
0
0

4
5

tba,mm
tb:

quarli
‘lures

of
S

im
on

san
dot

E
ck

e
w

ere
incorree’

‘a
in

(‘eulen
cC

1ttruC
d

his
o
0
It:f’u

tii
ha

increasing
the

num
bor

o
f

s
1
s

in
r

a‘ci
a

‘or.
i

rib
IV

In
1596

he
published

his
gr’a

I
e

It
‘o

tt
ii

)i
itok)

[8].
In

this
w

ork
he

dm
scu’,”e,

io
t

enba
a

cktern’ol
at

>
,

4
lie

on
aaerical

determ
ination

of
sides

of
arbitrary

polygons,
and

sine,
tan

C
o

t
and

interest
tables

V
an

C
eulen

eventualb\
found

3
decim

als
ol’

at
sahich

s
s

t”
brat

p
ahhshed

in
the

fo
rm

o
f

an
inscription

as
t

a
to

n
e

‘a
C

u
i 0

10
k)

in
I

ciden
T

h
e

to
m

b
w

as
d

estro
y

a
tin

t
a

h
v

te
a

‘ion
o
f

the
w

orld
m

athenaatio.’,
yeas

h
,

eonstr
soOt)

,e
inn.

t,u
p
laced

in
th

e
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church
[12].

f’gure
3

Partof V
an

C
eulen’s

com
putation

ofthe
side

ofa
3
2

3
1

-
g

o
n

in
[8, f.

13]. The

figure
displays

the
quantities

(
‘
i2

tie
n

2
0
.3

1
.

A
t the

bottom
V

an
C

eulen
printed

the
resulting

upper
and

low
er

bounds
ofa

In
V

an
den

(‘irkel,
V

an
(eulen

presents
four

different
a-determ

inations
to

12,

16,
18

and
20

decim
als,

using
inscribed

and
circum

scribed
polygons

w
ith

5
2

2
,

210,
3

2
n
d

15
‘°

id
cs

respectisel).
W

e
w

ill
only

pat,
attention

to
the

third
i
t

&
ti

rm
inatinn,

in
w

hV
li

V
an

C
eulen

uses
the

sam
e

regular
polygons

as
al-K

gshT.

ihere,
van

C
eulen

com
puted

for
n

-=
48,96

3
2

’th
c

quantity
c

2

cos( 180°/n)
(m

y
notation),

using
the

relationship
—

.Som
e

ofhis
results

arU
displayed

in
Figure

3.
A

s
w

e
have

seen
above,

al-K
ttshi

com
puted

Ic,
=

60e,,.

V
an

C
eulen’s

relationship
betw

een
e2

and
c,,

corresponds
to

a1-K
äshi’s

relationship
betw

een
k2

and
k
,

1
hus

the
tw

o
m

athem
aticians

im
proved

the

A
rchim

edean
m

ethod
in

essentially
the

sam
e

w
ay.

U
nlike

al-K
ashi,

V
an

C
eulen

used
algebraic

notation,
so

he
could

express
the

quantities
C

,
c
r

2.
.
.

algebraically
as
l3

,
etc.

(com
pare

[8,
£

3b]).
V

an

C
eulen

perform
ed

his
square-rout

extractions
in

the
decim

al
system

,
w

hich
had

been
developed

by
the

D
utch

m
athem

atician
Sim

on
Stevin

(1548-1620),

independently
of

al-K
ashi

and
other

m
edieval

Islam
ic

m
athem

aticians.
If

w
e

transform
V

an
C

eulen’s
num

bers
c

into
the

sexagesim
al

system
,

w
e

obtain
for

n
<

3.228
ail

sexagesim
als

of
al-K

kshii’s
num

bers
Ic,

T
he

fact
that

Ic,,
=

60c,,
causes

a

shift
of

one
sexagesim

al
position.

For
exam

ple,
on

une
28

in
Figure

3,
V

an

C
eulen’s

num
bu

2

is
in

sexagest
m

I
not

i

48,
37,49

54,
4(

K
A

shi’s
28-tb

squa
V

an
C

euten
tart

to

because
ht

us
d

determ
ining

it
to

8
d

A
l-K

Sshi
had

universe
V

an
C

r ulei
20

decim
als

“r
11

cirt
m

ud
not

too
ItOle

g
reater

tl
at

th
In

just
like

a
-K

asI
I

A
th

e
fo

llo
w

in
g

probl
n

piece
of

la”
A

rchim
edes’

vol
r

(c
u
le

n
say

s
tI

ot
I

3848510
ii

saya
that

ap
ii

of
guilder

itt
pt

12
decinals

(
suriiocr

a
a

it
is

toot
t)O

I
i

the
e
a

f
V

ia

iran
out

en
ii

grandsor
of

I
r

a
in

a
pa

sage
cit

I
show

n
lit

foil
iso

circum
ferenti.

is
I

approxiniattot
Ii

u
m

o
re

on
cu

rate
air

c

2
T

he
last

th
c
t

d
ru

ta
t

U
V

an
C

eulen
ohiatie

I
inaccuracy
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10

bu
II

14D
oordese

rrden
ku

i
t

(bij m
aniere

van
sprekcn)

A
erlric

‘S
eep

2
o

tt

9(49
)9

()

4
5)

I
rs

ste
I

it
td

i
I

C

ctinIi
a

at

C
(1

i
tit

i
t

i
t

U

It
I

1
0

1
,

hi
i’t

4
0

42
73

7
)2

4
2

12
(

so
esul

of
al

B
ecaus

gon),
and

i
teed

el
i

tit
s
it

o
tth

’
ft

o
ination

in
tither

to
cir

It’
rt

liii
‘

hit
O

t’tiontc
18]

c
i

actrt
at

‘
eo’d,,i

,
‘

o
rod

\
i

o
h

etso
ec

o
(eu

lci
I

cu
s’n

l
o

osticr
ognitttd

s
r

lb
alit

n
sa

1
0
,,)

,

Ii
1C

IIW
i

301
V

i
Ii,

ord
I

o
opt
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I

itro
,

U

ii
o

r
o

f
thu

o
ttn

d
i

1
i

os
tho

1
1
,

1
1
tr

t

sy
brre

r
g

leek
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else”
is

probably
V

an
C

eulen,
because

the
approxim

ation
is

expressed
in

the
sam

e

w
a
y

on
the

front
page

of
his

w
ork

(Figure
4).

T
he

late
professor

Q
orbani

considers

this
transm

ission
from

E
urope

to
the

Islam
ic

w
orld

as
the

event
w

hich
defines

the

end
of

the
m

edieval
Islam

ic
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m

athem
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p.

4j.

I
9
9
9
9
9
9
9
9
9
9
0
0
1
6
2
.7

4
5
4
2
.9

0
5
7
7
7
5
9
3
3

I

I 9
9
9
9
9
9
9
9
9
9
9
9
7
5
0
6
5
6
8
3

5
7
2
.6

).8
3
9
6
3
3

4
1

,

I9
9
9
9
9
9
9
9
9
9
9
9
9
3
7
6
’4

2
1
5
8
9
3

1
5
6
2
.5

1
7
7
1
0
.

!
p
9
9
9
9
9
9
9
9
9
9
9
9

84
4
1

60
5

3
9

7
3

l
9
0
1
4
7
7
9
l9

4
9

9
9

9
9

9
9

9
9

9
6

1
0

4
0

1
3493

3
1
Z

Z
4
6
S

1
4
0
4
.

I,,9
9

9
,9

9
9

9
9

9
9

9
9

0
2

1
6

0
0

3
3733

3
0
5
6
1
4
6
9
0
3
5
6
.

1999
9

9
9

9
9

9
9

9
9

7
5

6
5

0
0

8
4

3
3

3
l6

4
0

3
5

Z
4

3
5

4
3

.

Z
9

9
9

9
9

9
9

9
9

9
9

9
9

9
9

9
3

9
2
.5

2
.1

0
8
3
3
1
6
0
0
8
7
1
8
2
.4

2
.,

J’9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
8
4
7
8
1

3
0

2
.7

0
8

2
.9

0
0

U
7
3
7
7
0
1
.

9
9
9
9
9
9
9
9
9
9
9
9
9
6
1
9
5
3
2
.5

6
7
7
0
7
2
.5

0
5
4
3
0
8
0
6
.

999,9999999999999904883
1

4
1

9
2

.6
3

1
2

.6
3

5
7

4
5

1
.

9
9

9
9

9
9

9
9

9
9

9
9
9
9
9
C

9
9
7
6
1
1
0
7

85
4
81

7
0

3
1
5
8
9
3
4
8
.

A
p
p
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d
i.

N
e

in
I

om
al-

A
m

ok’s
m

am
as

‘rip
ol

ah
K

ish
I’s

tre
a
tise

In
198°.

the
em

inent
lran

an
historian

ot
m

ath
em

atie.
\.

,0
rh

2
n

i
drew

the
attention

to
the

m
anuscript

o
s.

s
3

9
in

the
[IcR

S
hrine

I
i’srars

li
M

esh
ed

°
T

his
m

anuscript
contains

al—
K

tsh
t’s

rw
aricr

o
r

tin
.

ax
n
e
s
is

i
ith

the
follow

ing
colophon:

“T
his

has
been

w
ritten

h
its

author,
the

m
ost

m
si’rn
0c
a
n

t
servant

of
G

od
M

ost
H

igh,
Jam

shid
ib

\Ias’O
d

ibn
M

ahm
dd

ibn
ylitharrrm

a.l.
the

P
hysician,

al—
K

ashäni.
called

G
hir

ath
iriax

G
od

treat
him

w
ell

in
th

m
iddle

o
f

the
great

m
onth

Shasãn
of

the
year

82’
of

the
H

ira’
(corresoond’ne

a’
tire

ad
o
f

Juls
1424

p1•
i
5

Q
o
rb

n
i

concluded
ft

m
this

onloption
that

the
iii,U

iiiS
tl
i
i

‘s
is

an
autograph

113.
pp.13

l-1
5
3

j.
P

rofessor
I..

N
enhauer

arid
I

S
eig

in
(I

ran
k
la’t)

have
pointed

out
to

m
e

that
the

handee
rtm

g
does

nor
resem

ble
tire

a
nI

it3eenth—
centurs

P
ersian

s
t

Ic.
T

he\
also

referred
to

the
follon

m
it

p1ssape
c
ii

tl’e
secn

d
pane

o
f

the

m
anuscrip:

(reproduced
I,:

p.
:

“T
he

1 ra
ii

r
el’

ir
u
rn

fe
re

ire
c
:

it
a

copr
of

the
original

in
th

-‘
,

tr’dw
riting

o
f

the
author

the
n
o

el
ortoits

and
m

ost

excellent
m

aster,
the

P
t

n
ct

hR
tim

e
our

m
aster

.ihrvdd
a

)tn
Jam

shid
a
l

K
i

5h
t
.

it
w

as
esritte’

d.c
o

\luiisrri
‘ta

il
13

h
i

i
I;

n
ru

ii,
T

h

M
eshed

m
anuscript

is
•re

,,l
e

c
ps

ot
th

‘rt:ttnG
‘

K
.

‘dii
b

B
ahd’

al—
D

in
ad

.rn
u

li,
w

ho
se’t

ese,’-kniw
ri

m
atnern’it

cron
Iii

r
II

itoh
w

ho
w

as
horn

in
B

aalhele
flow

ip
(
t

tn
J
r
r
’

it
h,i:_

tin
lO

t
K

in
tl’e

Istanhu,

m
anuscript

uced
by

1
itt

ire
m

a
is

a
r

tatit
j.

w
hich

I
uckey

m
ade

to
restore

ti

Figure
4. Part of the

front page
of

V
an

C
euten’s

w
ork

“V
an

den
C

akel”
(8].

A
l-K

A
shi and

V
an

(‘eulen
w

orked
in

very
different

m
athem

atical
com

m
unities.

V
an

C
eulen

w
as

w
orking
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a

period
in

w
hich

there
w

as
m

uch
interest

in
at

in

W
estern

E
urope.

H
e

and
som

e
of

his
contem

poraries
spent

m
uch

tim
e

in
refuting

the
w

rong
quadratures

that
w

ere
published.

A
s

far
as

w
e

know
,

none
of

al-K
kshi’s

contem
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w
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orking
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the
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ination

of
at.
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iizjãni (died
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al-B
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values
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t
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p
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atabal
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L
uckey

used
(see

the
facsim

ile
in

[161),
and

L
for

L
uckey’s

edition,’
9

translation

and
com

m
entary

[10].
A

notation
such

as
A

55:3
or

L
55:3

refers
to

line
3

of
A

or

L,
L

85n37
refers

to
footnote

37
of page

85
of

L.

B
ecause

the
M

eshed
m

anuscript
w

as
copied

from
alK

ashi’s
original

by
a

m
athem

atician,
it

is
unlikely

that
m

athem
atical

errors
w

ere
introduced

during
the

copying
process.

T
hus,

the
new

m
anuscript

A
suggests

that
the

follow
ing

inessential
m

athem
atical

errors
w

ere
already

found
in

al-K
gshT’s

lost
original:

(I)
L

78:1
=

I
2b:l4-l5

=
A

7:1-2.
T

he
text

contains
a

num
ber

“366
and

a

fraction,”
w

hich
L

uckey
interpreted

as
12O

it
w

ith
2t

approxim
ated

by
3
.

L
uckey

then
em

ended
the

text
to

“377
and

a
fraction,”

see
L

7n1,
L

55:8.
A

ctually
l2O

it=

376.99112...
so

the
“366

and
a

fraction”
m

ay
be

a
slip

of
al-K

shi’s
m

ind
for

“376

and
a

fraction.”

(2)
In

L
80:3

I
3
a:l0

-il
—

A
9:4-6

and
L

83:2
=

I
18a:2

A
40:3,

the

m
anuscript

gives
the

decim
al

expression
of

3,228
in

w
ords

as
800,

335,
168.

A
ctually

3,228
805,

306,
368,

as
noted

by
Q

orbäni
[13,

p.
148].

T
he

error
show

s

that
al-K

ashi
w

as
relatively

unfam
iliar

w
ith

com
putations

in
the

decim
al

system
.

A
l-K

hshi’s
sexagesim

al
expression

3,228
=

1,
2,

8,
16,

12,
48

(
L

6
0

5
+

2
6
0

+

8
6
0
...)

is
ofcourse

correct.

‘l’he
m

anuscript
A

suggests
that

som
e

sm
all

changes
be

m
ade

to
L

uckey’s

edition.
T

he
m

ost
im

portant
changes

w
ill

be
listed

here.
T

he
futility

of
these

changes
is

a
w

itness
of

the
excellent

quality
of

L
uckey’s

w
ork.

(1)
L
85:6

n
3
7
,

and
L

85:30n46
change

l.uckey’s
em

endation
w

a’I-nãqisa
to

aw
al-baqiya

as
in

A
44:2,

45:17
and

I
20a:i,

20a:20.
In

L
20:9

(title
o
f

C
hapter

7)

and
L

21:15
change

dherschie/Jenden
and

m
angeihajien

B
rO

chen
to

uberschieflenden
oder

ubrig
bleibenden

B
rdr

hen.

(2)
See

L
87:6-7,

L
22.

A
47:2

has
a

som
ew

hat
different

vocalization
of

the

A
rabic

m
nem

onic
verse

w
hich

al-K
hshi

com
posed

for
the

decim
al

digits
of

2a
=

6.28318
53071

79586
5,

see
[13,

p.
152].

T
hus

an
alternative

reading
o
f

L
22:1

is:

w
ah

,ã
/iahai,9

s
o

:
azath’

huw
ahhu.

In
al -K

hshT’s
P

ersian
verse

for
the

decim
al

digits
of

2it.
L

uckey
read

the
tw

o
w

ords
yek

rd
as

I
and

he
rem

arked
that

the

follow
ing

digit
7

is
m

issing
in

the
verse.

A
47:4

has
z
ã
’

instead
of

rã,
and

Q
orbani

points
out

[13,
p.

152
that

the
abjad

num
ber

zn
represents

7.

(3)
C

hange
L

89:5
=

I
19b

w
aqi

to
A

49:5
diqqa;

in
the

text
in

the
bottom

part
of

T
able

19a,
L

24,
change

the
last

w
ord

R
echenzeit

to
R

echengenauigkeit.

T
he

G
erm

an
translation

and
com

m
entary

of
al-K

SshT’s
T

reatise
on

the
C

ircurqference
[10]

by
Paul

L
uckey

(1884-1949)
appeared

posthum
ously

in
1953.

L
uckey

had
m

ade
a

handw
ritten

edition
of

the

A
rabic

text, w
hich

w
as

used
by

his
editors,Siggel

and
G

ieseke, to
prepare

the
A

rabic
edition

in
[10].

1

call
this

A
rabic

edition
“Luckey’s

edition,”
even

though
Luckey

did
not

intend
to

publish
a

critical

edition
because

he
only

had
access

to
one

m
anuscript

ofal-K
S

shi’s
treatise.

(4)
A

l-K
A

shi’s
T

u
at

a
he

nv
an/c

act
on

as
Inc

num
erical

tables.
In

the
first

row
of

table
22a,

righs
sidt.

approxim
ation

o
f

120
sin

I’
5
c

.v
ith

o
u
t

gisiit1
deta

Is
ab

at
i

ct

gives
the

value
0,

3
24

56,
8,

5
58

4
7

1
cc

so
r.

correct
value

of
120

sin
0
.2

is
0,

31,24,56,58,35,58,41
46

,i.u
ck

c
last

sexagesim
al

to
47

r10,
p

30].
M

anuscript
A

also
has

1”
w

e
l’av

as
the

eighth
sexagesim

il
a

h
is

s
ippro

in
s

a

w
ith

the
second

line
of

the
table

because
(0:

31.
4
.

56,
58,

5
‘8,

a!
26,

57,
15,

2.
9,

46,
0

as
in

the
second

line
o
f

the
table,

w
h
o

re
a

(tt:
3

3
5
,5

8
4
1
,4

7
)2

=
0
.1

6
26

1
2

46,
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