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4 JAN P. HootNDun

Shortly before his death,4 Professor Qorbani kindly made available a

photocopy of the Meshed manuscript, in order that it could be published
in facsimilc
The Meshed manuscript is of good quality; the figures are drawn

carefully, and there are few scribal errors in the numerical tables and in

the letters designating points in the geometrical figures The colophon

does not prove that the manuscript is an autograph, because colophons
were often copied by scribes; that the manuscript cannot be an auto

graph by al-KOshI is shown by errors which will be discussed below.

The following is stated on the second page of the Meshed manuscript,
which is the cover page of the ‘ea!ise on the Circu,,erence.5 “The
Treatise on the Circumference: it is the original text in the handwriting

of the author, the most glorious and most excellent master, the Ptolemy

of his time, our master GhivOth al-Din JamshTd al-Kashi; it was edited

by the poor Muhammad Bahã’ al-Din aI-’AmilT.” This mathematician

vas well-known in Iran in the tenth/sixteenth century, and his irrigation

system can still be seen in Isfahan,6 A1-Arnili cannot have been the

scribe because the owner’s marks on the next page of the manuscript in

clude the statement that “it (i.e., the manuscript) was transmitted to me

(in/aqala ilayya) . . BahO’ al-Din al-<ArnilL” In any case, the Meshed

manuscnpt must be old.
The good quality of the Meshed manuscript is a sign of the compe

tence of the anonymous scribe, and the manuscript is probably as close

as we will ever get to the original text of al-KAshi’s work A facsimile

of this important document can he found in the appendix to this paper,

and al-Khshi’s computation is introduced in Section 2 below.
Because al-Kãshi’s text is not yet available in an English translation,

incorrect or confused statements often appear in the Western literature

on the history of rr. Al-Kãshi is not mentioned at all in Petr Beckrnann’s

popular A History of Pi [5], in which Islarruc mathematics is placed in

the chapter “Night”, between the chapters on “Dusk” (late antiquity)

and “Awakening” (the European Renaissance). The recent survey of ar

determinations [4] is more accurate, but states that al-Käshi computed it

to 14 decimals, and that 15 decimals were found by Romanus (Adriaan

van Rootnen) in 1593 Actually, al-Kashi’s world record was broken

in 1596 by the Dutch mathematician Ludolt van Ceulen in his work

See the obituary by M Bagheri in Hictoria Mathernatica 29 (2002) no. 3, pp.
244 246

See tar a reproduction of ibis page (19, 125J.

On ai°AmiIi (A.H. 953-1031/1547-1622 CE) see [1, 160).
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2. Summary (fJ al-Kashi’I treatise

The decimal system for fractions v. as not well-known in the time of

al-Khshi Al-KhshT made his computations in the sexagesimal system.

which had been developed in Babylon, and which was widely used in

later Greek and medieval islamic astronomy Al-Käshi probably be

lieved that it is impossible to find an exact numerical expression for

what is nos called it, i.e., the ratio hesveen the circumference and di

ameter of a circle,7
The purpose of al-Khshi’s 7)’eatise on the Circumference is to com

pute it with such an accuracy that the resulting uncertainity in the cir

cumference of the largest circle in the physical universe is less than

the breadth of one hair. Ai-Khsht and his contemporaries accepted the

cosmological ideas of Ptolemy ca. 150 AD, see [211), who believed

that the earth is surrounded by the concentric spheres of the moon,

Mercury, Venus, the sun Mars, Jupiter, Saturn, the fixed stars, and

by an outermost sphere. To a modem reader, the geocentric models

of Ptolemy and the medieval Islamic astronomers may appear pnmi

live However, these models are mathematically equivalent to the later

Copernican models [22], and they’ enabled the astronomers to predict

the celestial phenomena with such an accuracy that the errors could

hardly be noticed by the naked eye. Ptolemy and his Islamic succes

sors determined the distance from the earth to the moon and the sun on

the basis of measurements of lunar parallax and the apparent sizes of

the moon, the sun, and the earth shadow during solar and lunar eclipses.

These method is mathematically correct but sensitive to observational

errors. The Greek astronomy made a small error in the measurement

of the earth shadow. The resulting value for the distance between the

earth and the sun is only 1/20-tb of the actual value,

Ptolemy assumed that the maximal distance between the earth and

the sun is equal to the minimal distance between the earth and Mars.

The Pi.olemaic model produces essentially correct ratios between the

maximal and minimal distances from the earth to any planet (but not

the values of the distances themselves). From the supoosed minimal

distance of Mars, anti the ratio between its minimal and maximal dis

tance, Ptolemy could now find the maximal distance of Mars to the

earth. He then assumed this distance to be equal to the minimal dis

tance of Jupiter to the earth, and so on Finally, he assumed that the

I’he fast that is an irrational runibet was proved in 1766 by thu Swiss mathe

rnaticiaii Lamberi 7, 141-6].
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decimal or sexagesimal system for fractions
AkKäshl mentions Archimedes’ approximation but remarks that the

result 3 < r < 3 is much too inaccurate for his purpose.
After the 96-gon (96 32), al-Käshi considers 24 more polygons,

namely the 192-gon, the 384-gon, and so on, until the 3 228-gon. He

shows that the circumferences of the inscribed and circumscribed 3
22Hgon of a circle with radius 600,000 earth-radii differ by less than

a breadth of a hair, SO his approximation of the circle by one of these

circumferences produces a sufficiently accurate value of is.
Al-Käshi works in a citcic with radius 60 units, as was usual in

the trigonometry of his time. He simplifies Archimedes’ method of

computation in the following way in modem terms:
The sides of the inscribed and circumscribed 0-gons in a circle with

radius 60 are given by the formulas

IRO°
120 sin — 120 tan —

7? ii

AI-Kdshi first computed, for n 6, 12, ., ,3

1800
— 120 cm —--•—-.

11

I he quantities k7, satisfy the simple relation

equivalent to the modern formula

2eos fosn

Thus, al-KOshi computes, in modem notation:

1

—60v’3. k59 GOy’2 + v3 km = 60V2 + V2 +

up tok3.22s.
A1-Khshf shows that the computations are sufficiently accurate if the

root extractions ate carried out in 20 sexagesimals (Iwo integer and 18

fractional). On fol. 11 of the facsimile of the Meshed manuscript, the

reader will find al-Kãshi’s computation of \/io2

1,43:5% 2L58.27 57,560,44 231,42,1,56,22,42,48,58,5

los Archimedes’ method sec [1,93 94], reprintcd in [7 9-14]
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decimal system, which had been developed by the Dutch mathemati
cian Simon Stevin (1548-1620), independently of al-KSshi and other
medieval islamic mathematicians,

By transforming the number r of van Ceulen into the sexagesi
mal system, we obtain the number k in al-KAshi’s computation. The
multiplication by 60 causes a shift of one position in the sexagesimal
system. Thus, on line 28, van Ceuien’s numberC322s = 1 99999 99999
99999 98478 13027 08290 02173 7702 corresponds to the number
1 59, 59 59 59 59 59 59 59 50 47 52 12 30 48 37 49 54 40 at the
end of al-KishI’s 28th computation.
Because van Ceulen carried the computation three steps further (to

a 3 231-gon). and because he used 39 decimals in the final part, his
computation produces to 18 decimals.16 He then continued by re
peating the whole computation for a 15 .232-gon, and determined r to
20 decimals. After Vanden Circkel was published in 1596, van Ceulen
continued his computations, and he eventually found 35 decimals of ir
The 35 decimals were published posthumously on his tomb in a church
(the Pieterskerk) in Leiden. The tomb was destroyed in the nineteenth
century, but a replica was placed in the church on the occasion of the
World Mathematics Year 2000, see [18.
A1-Kdshi and van Ceulen found their approximations of it by taking

the average of the circumferences I and C of an inscribed and circum
scribed polygon of the same number of sides. Neither al-Käshi nor van
Ceulen realized that the weighted average I ± leads to a much
better approximation of ir. This method was first published in the Cy
clometricus by the Dutch mathematician Willibrord Snel in 1621 (see
[6]).

Van Ceulen’s approximation of ir to 20 decimals in [11] apparently
became known in Iran one century after his death. The Iranian au
thor Muhammad Baqir Yazdi, grandson of the famous mathematician
Muhammad Baqir Yazdi, says around A.H. 1100/1700 CE in a passage
cited by Qorbani [20, 5] that some mathematician from Europe had
shown the following: if the diameter of a circle is 100,000,000,000, the
circumference is 314 159 265 481, 1 have been unable to identify the
author of this apptoximation, which could have been found by means

The convercion of van Ceulen’s number produce further sexagesimals 26. 21
after al-Kishi’s last sexagesimal 40. The last decimals 702 of van Ceulen’s number

are incorrect and should be 692.
Van Ceulen obtained an estimate of ii between .238 and ,. 239, see the bottom

off igure 2. The inaccuracy is lO ‘, but the computation did nol show whether the
18th decimal is 8 or 9.
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4. Al-’.4mili’c manuscript and Luckey’s edition

In this section the following abbreviations will be used’

A: Manuscript Meshi d, Holy Shrine Library, 5389, see the facsimile
below.

I: Manuscript Istanbul, Asken Mflze 756, which Luckey used; a
poorly legible facsimile is found in [24. 383-424].

L The Arabic text which was prepared by I uckey on the basis of 1,
and which the editors Siggel and Gieseke included in the posthu
mous publication [15]; also Luckey’s translation and commen
tary in [15]

A notation such as A 55:3 or L 55:3 refers to line 3 of page 55 of
A or L; L 85n37 refers to footnote 37 of page 85 of L. The notation I
lb:5 means line 5 of folio lb in the Istanbul manuscript; some of the
line numbers in the Istanbul manuscript are indicated in the margin of
the Arabic edition in L.

A detailed investigation of the relations between A and I is prema
ture because the other extant manuscripts of the Treatise on the Circum
ference should he involved as well. Here I only make a few remarks on
the text in A.

A contains some corrections to the text and a number of marginalia
in the same hand as the main text. These corrections and inarginalia
must be due to the scribe. Examples: he corrected the word akthar
“more” in A 52:9 to aqali “less”, as in L 91:16 and I 21a 8, There
are four instances where he changed the word hindi “Indian” from the
masculine form to the feminine form hindiyya

We will see below that the quality of A is much superior to that of
I. But it is interesting that there are a few errors in the numerical ta
bles in A which do not appear in I (note that the numbers in the tables
are written in abjad-notation): in L 13, Table 4a. in the column of the
“Undezimen,” the seventeenth number is 14 (bd) in A 12, although it
should have been 11 (ha) as in Luckey’s transcription and in I 4a. in L
25, the second row of the table at the bottom, A has incorrectly 44 (mc?)
instead of the correct number 45 (nih) in L and I 1 9b. These errors ap
pear in the middle of computations, which continue in the correct way
A possible explanation is that the two manuscripts A and I are based
on different autographs of the text by al-Kãshi. According to the date
in A. al-Kãshl must have been in Samarkand when he wrote the (lost)

autograph Inanusci 1pm a’ ‘ehich A s h iNed Bec ase mOe
Cm’uneren does n nta,ri a I ‘eion, i his

y first t c ph itis hic md.
A intisi A

L It, whet a sri 1 a i I whi I
aPpears as i alth, ‘1 La L r t v maclull S nuthth a I 22a: In
and L 94, ross 17 at mh right caiu vu of the Pie.. this iN cer
tainly what al-KOshT niism have ss ripen, I lie scriP ci enfilmN that
manuscript A K not an at
Of rout se ii KS sli , not 0’ ‘1’ vs am
inmon to A 1 1 ‘1K ii’ 1

1 81 l9n5 ht n s ‘ ccc
‘ur) hut ii i si in A and ii Ona’ assat
wa-nisfdhi, a correua I ne 1, 2 o’ . 0, ,‘ c.,. s ,ns in A
4th fourth line from hot, am and also I’m 1 1 OP,o: a 0 K24n64 and L
92:25n65, the woid r mJnn. onespoadmne to I’ una in L 28:27.
L 28:30. is missinp in - p45 and - 54, nari .-i i ‘i 1 2105
so times ihe Julio two ir ii n t s in A
anliare Os t to

reject l.a r to,
thimkth 1<
the I a ltrp

2. In two instana-’N ine1m L K I K’i r ‘-( kind L
83:2 = I 18a:,i A ‘ OaK. i1 00K i aires th, arena-I .. \pi’ass:orc or
3,228 as 800, 1K ilK Aatuai]s I , a 1 , is noted
by Qornoni 1111 1 I ha errs not ‘is - I 52

compi ii thi snna vi 1 1 ts iota
xji ‘a K
0-

Manuscript 1 cm .1 urmiero,rs r WN a 1- i ‘ lii A
and many correcim:. s P 1 lI’ke\ nad’ ci ‘I-;o mm am text in

a VI’ cu 1/ic’

lien tht

I I liii

L S 0 Ic..
and ILIum’ m Luck mIen leti
proximated 01 I u -Las the-i -:15 ride-
fraction,” see L Ku, 1. 55:5, ,\rtuullv 0
so I believe that uK “SOP and ‘rmt an
al-Kashi’s nor : f ‘ 3 6 and I

‘ii

‘Pm’ 9 St
I, III’

‘36
1 ‘1’ ap

‘‘° and a
i4ji 12
15 1’ slip of

lion IN

hut I
-I

4
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I are confirmed by A.’8 These corrections are a witness of Lucke’s
excellent editorial skills.

I have collated manuscript A with the printed Arabic text in L. Here
is a list of (minor) corrections to the printed text suggested by the read
ings in A.

1. L 75:8 = I lh:5 change hddhavn to A 1:12 hddhavn aT.miqdaravn.

2. L 75:10 = I lb:7 change tia-niashkOka to A 1:15 aw niachknka.

3. L 75,20 = I lh’15 change wa-kasi to A 2.9 wa-kasran

4. L 75.29 = I lh.22 change n,ukhila to A 3 4 mukhtalla.

5. L 76:4 1 2a:2 change isa l-wahhdb to A 3:11 al-wahhdb.

6. L 76:11 = 1 2a:9 change mutashabihayn li-muthallathadh to A
4:4—5 n,utashdbihavn v’a—mushãbihavn li-muthallath odh.

7. L 76:15 = I 2a: 14 after ,nutasdwivarãn, A 4:12 inserts vrj q (i.e.,
maqãla), which is a reference to prop. 19 of Book III of the El
ements, corresponding t Flements 111:20 in the Greek [12, 218—
221]

8. L 76:16 = I 2a:15 after wa-th1ar A 4:13 inserts Ins a q, which is
a reference to prop. 26 of Book I of the Elements [12. 62-67].

9. L 80:11 = 1 3a:21 vahsulu : A 9:18 has la-hasala.

10. L 80:16 the reading sahw wa-yushra (ef. I 3a:25, L 80n20) is
uncertain; A 10:5 has sahw aw-yasrI(?)

11 L 80.17 = I 3a:26 change yahtdj to A 10.12 nahtaj

12. L 83:5-6. Here I 1$a:5-7 and A 40 have four small Hindu-Arabic
numbers in the text: 1 before hada 1-muhit, 2 above fadl. 3 above
nisf and 4 above fadi in the last line of the second table (Tafel
18a, 9ff.). Since the numbers occur in both manuscripts I and
A, they were probably used by al-Kashi, in order t indicate the
first second, third and fourth terms in a proportion of the form
a,he:d

These are the emendations to the Arabic text in L 7_95 indicated by notes 2. i5.
17. 22. 25. 2’, 28, 29. 31, 33, 34, 35, 42, 43, 47, 50, 56, 58, 60, 61, 62, 67, as well as
the foltowing corrections to the tables: L 80 note 410 P 81; L 80 notes 1. 2.4, 5 to p.
82: L 83 note 1:1.90 notes 1,2,3.4:1.93 notes 1,2,3: 1.93 note 1.

6 LbS 12 Ii i Ii ii
he1o\ the ha

17. L 85:12 chet;ea baa$a to a : I 4r, 5 44,11

1) 852 ‘0

1), L 86, i line if I I ml hal s s th ‘ t s , ks s Icleted
aa-li-suh0lar a? an ai 4:6: cn’a a ito;: I :, N.. thiN passage

‘1. in the hmdet 01 ii cona lab ha:;m t arias
in A 1 1 20 it’ se iNc. a ñî in
t k ,, i ftl

secc t t Tin Fit

_2 L 8:4 I 20h.N i nge aaIa a: to a
line 2 from bottom

23. See L 8’6’7. N 2 & \oie tl. -i’ h
vocalir, n ,0 iN N,,’ cnn ic a
ose 1 0 d: its
5) ] iii

. (1
its o uc ki ) rens ‘ci
noled tnat the loll ne daib miss e
has cc’ instead of , and Qot a; .n D0;fltN
abjad numbe, ,:i rap vsents 4

13. L $3 In th ct’o’,rd ross 01 iF heath:; , t i a; a h]e, A 40
vrite rIe’1ll a’ drdI
al i ti I nfl i
1:1 1

ied s

istea 1

11
id

cnN I rinteci
I ti
t IC

14. L 84:2n24 aaan’. ;nOsotO a’ i1: s a!: 1 1 a: 10 has

15. L 85:6n3’ wiu I,
nag i hc it
121

Itt-IA) 14t I

“1 te 5:,

ja. id iii at ira 4
‘7 ott I

:11

iS. L 85:18 ‘ 1 2 Ia,’ ‘let’ tin 0 an
45:1 1 otd

‘
,apJ) iNc

1 1 ‘75 in A
Ni a It)

N genuine bmauce i also am am ifl the ‘ri:;m a \ 16,

a
a

.ift’erent
I

Sec

d lie
mc A 47 a

that the
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24. L 87:13 = I 20h:20 change lam yahtaj to A 47: 131am nahtj. 40 L 95:10 I . deft t,m / / ii S ft’l, 0/’ a i/nib.
The passace is inio.inc :n A. so a isos mob ix eel to ‘he text

25. Change L 89:5 = I 19a line 1 from bottom waqr to A 49:5 diqqa. of I rj rj

26. L $9.9 I 19b:4 change yaktajI’ to A 49:22 ‘yaktaftbihi.

27. L 89:12n55 change ai-mardtib to A 50:4 maratibihi, I 19b:6 has
njarãtib.

28. L 90 = I 19h, in the header of the second table, add the words Sc’ but i all irg i ih nOn I nie the
al-kusur above 125 and al-sihdh above 065O8 as in A 51 C rrnei at s

.

follow isin he so ‘eu iv vu
29. L 90 = I 19h. in the right column of the second table, change

‘asharatuhu to to ‘asharät al-ulaf as in A 51 1 in L 312 chance 111 ii lion to (S/ne

30. U 91:7n57 (Thange al-aft/ad to ii 1-a’dãd in A 51, margin. 2 in I I Ii

31. L 91:16 = 1 2 la:7, between md’it and wa-sob’ in add sab’a as in 6. in L 4, line 3 a bittern, haie: n’ t
A 52, margIn. cinander end 1J in I )x’,e I

32. L 91: 17 = I 21a:9 add an between miii had/id ‘uii,na and id/ia, as
in A 52, margin. t L 1 i d I in

33. L 92:5=1 21a:13 change dz to A 52:18 ad.
spc illS b Skn s 111: 0 (. i 1

31. U 92:20n63 has dii’ where I 21b:l has watar dii’ Note that A
53:19 also has wows dii’ although the terminology “chord of the

Ii U o:8 tim 1 iOU vS in :iu ii “mu no

side’ is odd

35. U 92:23 = 1 21h:4, chance bavvana to A 54:2 vubavvina.
12 In L 1 in ha nat a eu Tabie ‘: line a Ta
1e 1 $a. Lode , ‘he eauu’a: ft aS u dos

36. L 93 1 21b, right column of table, in row 4 change haqiya to V’rhdIto (1) ‘5, 7,10 7 710

yabqd as in A 54.
,uj nd I [

37. U 93 = I 21b, right column of table, in row 17 change watar to
walar q’z, i.e. the chord of 177 in abjad-notation. See the left 15. in L 20:9 (title’ (laipter one 1, 2 ‘1 :!‘ni ‘e a cSic4h uith a
sideof the table in A 54. undman’I.’ h’’’ 0 OL ‘ rn .‘ i’d ‘Sm.

dm11
38. L 93, bottom row, change tamayyuzan to tarnyizan as in A 54,

last line. 16. in I. 20.ia eh’ ‘ ‘Ii ( I SC

39. U 94, in the hght column of the table: roxx 6. change baqiya to 1$ loU 2030 a: :: .

yabqd as in I 22a and A 55; in row 13 change al tafaul as in I 0 Ii 1 122a to ai”tafadul baynahurna as in A 55 , IC

I ouch in, 11 no i.’
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21. In fable 20b on L 22 delete the parentheses around wiederholten.

22. In L 21 line 4 from bottom, change fingen wir hei aneni Aus
gangspunkt (oder. Nenner) an to hahen wir sir mit rznein Aus- 1] i .

gangspunt (otter Nenner) angeno,nm F re s

24. Tn F 23:1 change keine Vefeinerung ntThg to wir keine Verfemerung 1 M B’ p1
brauchen. ) Jo c i I a i

25. In F 24, in the text in tie bottom part of Table 19a, change the
11

word at the end, Rechenzeit, to Rechengenauigkeit
e r n

28 In L 26 add to the header of Table l9a Ganze Zahien (above [31 M B
k

0650844) and Brhche (above 125)
ma

31 In L 26:13, change [iebenj to zeben H u 11 1
33, In F 27, line 14 from bottom, change dz to zd t 1 5(

34 In L 28:18, delete the pointed brackets around the word Sehne; 51 P t B I H ss
the terminology is odd but genuine. I 71

35. In F 28:25-26 change hewie,c er to wird. . bewiecen. [ 1 it Bt k
sate A

37. In F 29 fifth iow from the bottom of the table change dii feline
[von 177] to die Sehne son 177

T. ema
40. In F 31 delete the last line: Es cadet die Sc.hrift mit Flilfe Gottes, N

des Freigebigen. This passage is probably an addition by the
scribe of I. [8] A V Ilsi A

ieL s pp
‘Ieulnc )
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