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1. Introduction

One of the highlights of the medieval Islamic mathematical tradi-
tion is the determination of 7 to 16 decimals by Jamshid ibn Masid
al-Kashi or al-Kashani (died A.H. 832/1429 CE).! He spent the first
half of his life in Kashan in Iran, where he observed a lunar eclipse in
AH. 808/1406 CE. In A.H. 824/1421 CE he moved to Samarkand to
work as a mathematician and astronomer at the court of Ulugh Beg.
The symbol 7 is of course modern; in the terminology of al-Kashi and
his predecessors, 7 corresponds to the ratio between the circumference
and diameter of a circle. Before al-Kashi 7 had been determined with
an accuracy equivalent to seven decimals in China, and less in other
cultures.

Al-Kishi published his determination of 7 in an Arabic treatise enti-
tled al-risala al-muhitiyya, Treatise on the Circumference. Manuscript
no. 5389 in the Holy Shrine Library in Meshed? is one of the eight
manuscripts of the treatise which are known to exist to date. This
manuscript was studied for the first time in the book Kashani-nameh
by the Iranian historian of mathematics A. Qorbani, with facsimiles of
six pages [19, 124-130]. On the last page of the manuscript, the follow-
ing is stated: “This has been written by its author, the most insignifi-
cant servant of God Most High, Jamshid ibn Mas‘dd ibn Mahmud ibn
Muhammad, the Physician, al-Kashani, called Ghiyéth, may God treat
him well, in the middle of the great month Sha‘ban of the year 827 of
the Hijra” (corresponding to the end of July 1424 CE).Thus Professor
Qorbani believed the manuscript to be an autograph by al-Kiashi.

* Mathematics Department, Utrecht University, P.O. Box 80.010, 3508 TA Utrecht,
Netherlands, www.math.uu.nl/people/hogend

! On the life and works of al-Kashi see, e.g., [29), [2], and [16, 1:480-486).

% The date of his move has been determined by Qorbani in [19, 7-9].
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Shortly before his death,® Professor Qorbani kindly made available a
photocopy of the Meshed manuscript, in order that it could be published
in facsimile.

The Meshed manuscript is of good quality; the figures are drawn
carefully, and there are few scribal errors in the numerical tables and in
the letters designating points in the geometrical figures. The colophon
does not prove that the manuscript is an autograph, because colophons
were often copied by scribes; that the manuscript cannot be an auto-
graph by al-Kashi is shown by errors which will be discussed below.
The following is stated on the second page of the Meshed manuscript,
which is the cover page of the Treatise on the Circumference:> “The
Treatise on the Circumference; it is the original text in the handwriting
of the author, the most glorious and most excellent master, the Ptolemy
of his time, our master Ghiyath al-Din Jamshid al-Kashi; it was edited
by the poor Muhammad Bah&’ al-Din al-‘Amili.” This mathematician
was well-known in Iran in the tenth/sixteenth century, and his irrigation
system can still be seen in Isfahan.® Al-‘Amili cannot have been the
scribe because the owner’s marks on the next page of the manuscript in-
clude the statement that “it (i.e., the manuscript) was transmitted to me
(intagala ilayya) ... Bahd al-Din al-‘Amili.” In any case, the Meshed
manuscript must be old.

The good quality of the Meshed manuscript is a sign of the compe-
tence of the anonymous scribe, and the manuscript is probably as close
as we will ever get to the original text of al-Kashi’s work. A facsimile
of this important document can be found in the appendix to this paper,
and al-Kashi’s computation is introduced in Section 2 below.

Because al-Kashi’s text is not yet available in an English translation,
incorrect or confused statements often appear in the Western literature
on the history of 7. Al-Kashi is not mentioned at all in Petr Beckmann’s
popular A History of Pi [5], in which Islamic mathematics is placed in
the chapter “Night”, between the chapters on “Dusk” (late antiquity)
and “Awakening” (the European Renaissance). The recent survey of -
determinations [4] is more accurate, but states that al-Kashi computed 7
to 14 decimals, and that 15 decimals were found by Romanus (Adriaan
van Roomen) in 1593. Actually, al-Kashi’s world record was broken
in 1596 by the Dutch mathematician Ludolf van Ceulen in his work

4 See the obituary by M. Bagheri in Historia Mathematica 29 (2002), no. 3, pp.
244-246,

5 See for a reproduction of this page (19, 125].

6 On al-‘AmilT (A.H. 953-1031/1547-1622 CE) see [19, 160].
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Vanden Circkel. The interesting similarities between this work and the
computations of al-Kashi will be discussed in Section 3 of this paper.
Van Ceulen was unaware of the work of al-Kashi, which remained un-
known in Europe until the twentieth century.

In 1925, al-Kashi’s m-determination was menticned for the first time
in the Western literature by David Eugene Smith [27, I1:238, 240].
Smith had been informed by the Turkish scholar Salih Mourad, who
had apparently studied the manuscript of al-KashT's Treatise on the
Circumference in Istanbul, Askeri Miize 756. The historian of math-
ematics and Arabist Paul Luckey prepared a German translation with
commentary of al-Kashi's Treatise on the Circumference, published
posthumously in 1953 in [15]. The editors of [15] also printed the
Arabic text which Luckey had prepared for himself on the basis of the
Istanbul manuscript only. Luckey did not plan to publish a critical edi-
tion, because he did not have access to the manuscripts in Iran.

By means of the Meshed manuscript, which is reproduced in the
present paper, the Arabic edition of al-Kashi's textin [15] can be slightly
improved. Changes to the Arabic text will be listed in Section 4, and
the corresponding changes to the German translation can be found in
Section 5. On the basis of the imperfect Istanbul manuscript, Luckey
made conjectural restorations to the text, and as we will see in Section
4, many of his conjectures are confirmed by the Meshed manuscript.

More than half of al-Kashi’s Treatise on the Circumference con-
sists of a series of 28 large tables for successive square-root extrac-
tions. These tables have never been published in full. In his translation,
Luckey included only the first, second, fifteenth and 28th of these ta-
bles and he omitted the rest. Only the first two tables are printed in the
Arabic edition in [15, 81-82], and in the Russian translation with com-
mentary which was published in 1956 by B.A. Rosenfeld [24, 265-308,
367-375]. In[24, 383-424], Rosenfeld included a facsimile of the Istan-
bul manuscript, but the photos are so vague that many numbers in the
tables are illegible. In the facsimile publication in the present paper,
the tables, which form the core of al-Kashi’s computation, are much
clearer. This new material will facilitate future research of al-Kashi's
computational methods.
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2. Summary of al-KashT's treatise

The decimal system for fractions was not well-known in the time of
al-Kashi. Al-Kashi made his computations in the sexagesimal system,
which had been developed in Babylon, and which was widely used in
later Greek and medieval Islamic astronomy. Al-Kashi probably be-
lieved that it is impossible to find an exact numerical expression for
what is now called 7, i.e., the ratio beween the circumference and di-
ameter of a circle.”

The purpose of al-Kashi's Treatise on the Circumference is to com-
pute 7 with such an accuracy that the resulting uncertainity in the cir-
cumnference of the largest circle in the physical universe is less than
the breadth of one hair. Al-Kashi and his contemporaries accepted the

cosmological ideas of Ptolemy (ca. 150 AD, see [21]), who believed
that the earth is surrounded by the concentric spheres of the moon,
Mercury, Venus, the sun, Mars, Jupiter, Saturn, the fixed stars, and
by an outermost sphere. To a modern reader, the geocentric models
of Ptolemy and the medieval Islamic astronomers may appear primi-
tive. However, these models are mathematically equivalent to the later
Copernican models [22], and they enabled the astronomers to predict
the celestial phenomena with such an accuracy that the errors could
hardly be noticed by the naked eye. Ptolemy and his Islamic succes-
sors determined the distance from the earth to the moon and the sun on
the basis of measurements of lunar parallax and the apparent sizes of
the moon, the sun, and the earth shadow during solar and lunar eclipses.
These method is mathematically correct but sensitive to observational
errors. The Greek astronomy made a small error in the measurement
of the earth shadow. The resulting value for the distance between the
carth and the sun is only 1/20-th of the actual value.

Ptolemy assumed that the maximal distance between the earth and
the sun is equal to the minimal distance between the earth and Mars.
The Ptolemaic model produces essentially correct ratios between the
maximal and minimal distances from the earth to any planet (but not
the values of the distances themselves). From the supposed minimal
distance of Mars, and the ratio between its minimal and maximal dis-
tance, Ptolemy could now find the maximal distance of Mars to the
earth. He then assumed this distance to be equal to the minimal dis-
tance of Jupiter to the earth, and so on. Finally, he assumed that the

7 The fact that 7 is an irrational number was proved in 1766 by the Swiss mathe-
matician Lambert [7, 141-6].
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maximal distance of Saturn to the earth is equal to the minimal dis-
tance of the fixed stars to the earth. Ptolemy believed that all fixed stars
were attached to a thin sphere which had a very slow (precessional)
motion with respect to the outermost sphere containing the celestial
equator. This ninth sphere rotated once every day around the center of
the universe, which coincided with the center of the earth. In this way
Ptolemy concluded that the radius of the universe was approximately
20,000 earth-radii.

On the basis of new astronomical observations, medieval Islamic
astronomers changed some of the parameters in Ptolemy’s models, but
they computed the radius of the universe along the same lines with
similar results. In his Sullam al-Sama’ (“Stairway to Heavens”), al-
Kashi assumes that the radius of the universe is 26,328 earth-radii {3,
2511

Al-Kashi’s computation will now be summarized in modern alge-
braical notation, which was unavailable in his time. In his Treatise on
the Circumference, al-Kashi requires that in a circle with radius E equal
to 600, 000 earth-radii, the inaccuracy in the circumference 27 K should
be less than the breadth of a hair. Then the inaccuracy is much less than
the breadth of a hair for all circles which can exist in his physical uni-
verse.

For the approximation of , al-KashT uses a method of Archimedes,
which is as follows in modern notation. Consider a circle with an in-
scribed and circumscribed hexagon. If the diameter of the circle 1s 1,
the circumferences of the inscribed hexagon, the circle, and the circum-
scribed hexagon are 3, 7, and 2+/3 respectively. The circumference of
the circle is greater than the circumference of the inscribed hexagon and
less than the circumference of the circumscribed hexagon. Hence we
obtain 3 < 7 < 2v/3 = 3.46..... Using lower and upper bounds of the
sides of an inscribed and circumscribed regular n—gon, Archimedes
computed lower and upper bounds of the sides of the inscribed and
circumscribed regular 2n-gon. Thus he approximated the sides of the
inscribed and circumscribed regular 12-, 24-, 48-, and 96-gons, and he
finally obtained 318 < = < 33.

The modern algebraic expressions of the sides of these polygons in-
volve irrational numbers, which Archimedes did not use. His estimates
of the ratios between the sides of inscribed and circumscribed polygons
and the diameter of the circle boil down in modern terms to inequali-
ties such as 265/153 < /3 < 1351/780. Archimedes did not use a
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decimal or sexagesimal system for fractions.®

Al-Kashi mentions Archimedes’ approximation but remarks that the
result w.w.m <7< ww is much too inaccurate for his purpose.

After the 96-gon (96 = 3-2%), al-Kashi considers 24 more polygons,
namely the 192-gon, the 384-gon, and so on, until the 3 - 2%8_gon. He
shows that the circumferences of the inscribed and circumscribed 3 -
228_gon of a circle with radius 600,000 earth-radii differ by less than
a breadth of a hair, so his approximation of the circle by one of these
circumferences produces a sufficiently accurate value of 7. .

Al-Kashi works in a circle with radius 60 units, as was usual in
the trigonometry of his time. He simplifies Archimedes’ method of
computation in the following way in modern terms: . .

The sides of the inscribed and circumscribed n-gons in a circle with
radius 60 are given by the formulas

180° 180°

, 120 tan .
n 7

Al-Kashi first computed, for n = 6,12, ..., 3 - 2%,

180°
k., = 120 cos .
n

The quantities k, satisfy the simple relation

120 sin

kon = 1/60(120 + kr),

equivalent to the modern formula

MOOmW =+/2 4+ 2cosa.

2

Thus, al-Kashi computes, in modern notation:

ke = 60v/3, k1g = 601/2 + V3, kyg = 60\/2 + /2 + V3, ..

up to ka.p2s.

Al-Kzshi shows that the computations are sufficiently accurate if the
root extractions are carried out in 20 sexagesimals (two integer and 18
fractional). On fol. 11 of the facsimile of the Meshed manuscript, the
reader will find al-Kashi’s computation of v/3 - 60? =

_ 1,43;55,22,58,27,57,56,0, 44,25, 31,42, 1,56, 22, 42,48, 58,57

8 For Archimedes’ method see [1, 93-94], reprinted in [7, 9-14].
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(meaning: = 1-60 + 43 + Ww + wwmq ...). Figure 1 is the transcription
of this computation by Luckey {15, 12].

By means of 27 further computations of this type, al-Kishi finds
k3.92s. Then the circumference I of the inscribed regular 3 - 2%8-gon is

J=3.28x

120% — k2 00 = 3 2%8 % /7200 ~ kg qor.

Al-Kasht then determines the circumference C' of the circumscribed
polygon by a method involving similar triangles, equivalent to the for-
mula C/I = 120/k, for n = 3 - 2%, In this way he finds upper and
lower bounds for the circumference of the circle with radius 60, corre-
sponding to the following upper and lower bounds for 2

27 < 6,16,59,28,1,34, 51,46, 14, 50, 15
27 > 6;16,59,28,1,34, 51,46, 14, 49, 45

(here 6;16,59 ... means 6 + % + mwmm Co)

Initially, al-Kashi finds 46 as the last sexagesimal of the lower bound,
but he then estimates the next sexagesimal place in all his computations,
and corrects 46 to 45.

Al-Kashi chooses for 27 the average 6;16,59,28,1,34,51,46,14,50,
and he converts this number into the decimal system of fractions as
6.28318 53071 79586 5 in modern notation.’

Al-Kashi then presents tables for integer multiples of 27 in sexa-
gesimal and decimal numbers. The table for decimal numbers (on fol.
46 below) is especially interesting because it contains on the fifth line
the multiple 5 - 2 = 10m = 31.4159265358979325; thus the reader
can see the successive decimals of 7 in a direct copy of al-Kashi’s own
handwriting. Because the decimals are written in Hindu-Arabic num-
ber symbols, they can be recognized without knowledge of the Arabic
language.!?

Al-Kidshi concludes his treatise by an analysis of the less accurate
w-determinations by al-Biizjani (328/940 - ca. 388/998) and al-Biriini
(362/972 - 440/1048).

® Al-Kishi indicates only 16 decimals, but his upper and lower bounds of 27 are
equivalent to 3.14159 26535 89793 230 < 7 < 3.14159 26535 89793 254.

The average w = 3.14159 26535 89793 242 is correct to 17 decimals [15, 67].

%11 the table, Hindu- Arabic numbers are used, but no decimal point. The decimals
appear in columns for “tens,” “times the diameter,” and multiples of 107" times the
diameter for 1 < n < 16. The fifth line actually ends with 255, but the last 5 refers to
the multiple 5 - 2.
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3. Al-Kashi, Adriaan van Roomen and Ludolph van Ceulen

Archimedes’ Measurement of the Circle was known to Regiomon-
tanus in 1461; the Greek text was printed in 1544 in Basel and a Latin
translation by Commandinus appeared in 1558. Soon afterward, sev-
eral European mathematicians started to improve the Archimedean es-
timate w% < m < mw using inscribed and circumscribed polygons.
In 1579 (28], Frangois Vigte (1540-1603)!' computed the circumfer-
ences of the inscribed and circumscribed regular polygon of 3 - 217 =
393,216 sides in a circle with diameter 100,000, and he found the ap-
proximation 314, Hm@%o%qwm@ for the circumference of the circle. The
first nine decimals of 7 are correct; only the last decimal 6 should
be 5. Independently of Viéte, the Belgian mathematician Adriaan van
Roomen (1561-1615)'? considered a circle with diameter divided into
2,0000,0000,0000,0000 parts in his notation. He computed the circum-
ferences of the inscribed and circumscribed regular 15 - 2%¢ =
251,658,240-gon, and showed that the circumference of the circle is
less than 6,2831,8530,7179,5863 and more than 6,2831,8530,7179,5861
parts in his notation. This is equivalent in modern terms to the approx-
imation 7 = 3.14159 26535 89793 1, of which the first 15 decimals are
correct, and only the last 1 should be 2. Van Roomen actually prints
these decimals in his approximation of the area of the circle, but he
does not use a symbol equivalent to the modern decimal point.!* Thus
van Roomen did not break al-Kashi's world record.

In 1596, however, van Roomen’s friend Ludolph van Ceulen (1540-
1610)'* published a determination of 7 in 20 decimals in a Dutch work
entitled “Vanden Circkel” (On the Circle) [11], which was published
in Delft. The (striking) similarities between van Ceulen’s work and al-
Kashr’s treatise were briefly noticed by Luckey {15, 54]. Because the
work by van Ceulen is not easily accessible in English, I will present
some details here, in modern notation.

Van Ceulen computed for n = 48,96, ..., 3- 2% the quantity ¢, =
2cos(180%/n) (my notation), using the formula ¢y, = /2 + c,. His
results are displayed in Figure 2. As we have seen above, al-Kashi
computed &, = 60c,. Van Ceulen performed his computations in the

" On Vigte see {10}

2 On van Roomen see [9].

13 See Liber Tertius, Tabulae Quartae Pars Vigesima Quinta in {23, 971, and also the
summary on the last page of the introduction in [23].

™ On van Ceulen see [13].



82 JAN P. HOGENDUK

decimal system, which had been developed by the Dutch mathemati-
cian Simon Stevin (1548-1620), independently of al-Kashi and other
medieval Islamic mathematicians.

By transforming the number ¢, of van Ceulen into the sexagesi-
mal system, we obtain the number £, in al-Kashi’s computation. The
multiplication by 60 causes a shift of one position in the sexagesimal
system. Thus, on line 28, van Ceulen’s number c3 925 = 1 99999 99999
99999 98478 13027 08290 02173 7702 corresponds to the number
1 59; 59 59 59 59 59 59 59 50 47 52 12 30 48 37 49 54 40 at the
end of al-Kashi's 28th computation. !>

Because van Ceulen carried the computation three steps further (to
a 3. 231.gon), and because he used 39 decimals in the final part, his
computation produces 7 to 18 decimals.’® He then continued by re-
peating the whole computation fora 15 - 2%2.gon, and determined 7 to
20 decimals. After Vanden Circkel was published in 1596, van Ceulen
continued his computations, and he eventually found 35 decimals of 7.
The 35 decimals were published posthumously on his tomb in a church
(the Pieterskerk) in Leiden. The tomb was destroyed in the nineteenth
century, but a replica was placed in the church on the occasion of the
‘World Mathematics Year 2000, see [18].

Al-Kashi and van Ceulen found their approximations of 7 by taking
the average of the circumferences / and C of an inscribed and circum-
scribed polygon of the same number of sides. Neither al-Kashi nor van
Ceulen realized that the weighted average ww.~ + wQ leads to a much
better approximation of . This method was first published in the Cy-
clometricus by the Dutch mathematician Willibrord Snel in 1621 (see
[61).

Van Ceulen’s approximation of 7 to 20 decimals in [11] apparently
became known in Iran one century after his death. The Iranian au-
thor Muhammad Bagir Yazdi, grandson of the famous mathematician
Muhammad Baqir Yazdi, says around A.H. 1100/1700 CE in a passage
cited by Qorbani [20, 5] that some mathematician from Europe had
shown the following: if the diameter of a circle is 100,000,000,000, the
circumference is 314 159 265 481. I have been unable to identify the
author of this approximation, which could have been found by means

3 The conversion of van Ceulen’s number produce further sexagesimals 26, 21
... after al-Kashi's last sexagesimal 40. The last decimals 702 of van Ceulen’s number
are incorrect and should be 692.

16 van Ceulen obtained an estimate of 7 between ...238 and ... 239, see the bottom
of Figure 2. The inaccuracy is 107, but the computation did not show whether the
18th decimal is 8 or 9.
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Figure 2. Van Ceulen’s computation of the side of 2 3.2% .gon in {11, 13). Lines 4-31
display the quantities ¢z on forn =4... 31. At the bottom one can read the resulting

upper and lower bounds of 7.
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| of an inscribed and circumscribed 2% = 65536-gon.’

_ Muhammad Bagqir Yazdi then says that someone else found by a
more accurate computation: if the diameter is 1 followed by 20 zeros,
the circumference is between 314 159 265358 979 323 847 and . . . 846.
The “someone else™ is probably van Ceulen, because the approximation
is expressed in the same way in [11], even on the front page (Figure 3).
The late professor Qorbani considers this transmission from Europe to
the Islamic world as the event defining the end of the medieval Islamic
period in mathematics {20, 4].

To explain the mathematical similarities between the methods of al-
Kashi on one hand, and van Ceulen and van Roomen on the other hand,
it is not necessary to assume that al-Kashi's work was transmitted to
Western Europe. When van Roomen completed his work [23], he and
van Ceulen did not even know the above-mentioned 7-determination
of Frangois Viete, let alone al-Kashi’s work. Between 1580 and 1600,
there was a general interest in Western Europe in the ancient Greek
problem of the quadrature of the circle. Some European scholars arro-
gantly claimed that they had found exact methods, which implied exact
values for 7 (such as m = +/10). For van Ceulen and van Roomen, it
was a pleasure to refute false quadratures [8, vol. 1, p. 173-175]. In
this way, increasingly accurate determinations of 7 were discovered in
the late 16th and early 17th centuries.

Al-Kashi, however, was not in such a fortunate situation. As far as
we know, none of his contemporaries was working on the same prob-
lem. In the Islamic tradition before al-Kashi, very little attention had
been paid to the determination of 7. The values of 7 that had been
found by al-Biizjani and al-BirGni were by-products of computations
of the sine of one half or one-quarter of a degree, involving a regular
i polygon of at most 720 sides. In the determination of 7, and in compu-
~ tational mathematics as a whole, al-Kashi was a pioneer.

avw«ﬂ??a 100 4 .. LM
5 ont b Rm #% :
QMUQ.M L2008 whuwww»mo mmﬂqo@n.mmm.f\.m:u,% ,

nW&muS: ek onde na a&wx S?.&% .Ea 100, :a. 3

e a&

'7 The difference between half the average of the inscribed and circumscribed n-
gon in a circle with diameter 1 and #, that is half the circumference of the circle, is

approximately %Mm. Assuming that only polygons were used whose number of sides
was 2.3 27,5 2" and 15 - 2%, only the 65536-gon comes close; the resulting ap-
Figure 3. 7 on the front page of van Ceulen’s work Vanden Circkel (11]. proximation is 314 159 265 479 .
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4. Al-“Amilt’s manuscript and Luckey’s edition

In this section the following abbreviations will be used:

A: Manuscript Meshed, Holy Shrine Library, 5389, see the facsimile
below.

I: Manuscript Istanbul, Askeri Miize 756, which Luckey used; a
poorly legible facsimile is found in [24, 383-424].

L: The Arabic text which was prepared by Luckey on the basis of I,
and which the editors Siggel and Gieseke included in the posthu-
mous publication [15]; also Luckey’s translation and commen-

tary in {15].

A notation such as A 55:3 or L 55:3 refers to line 3 of page 55 of
A or L; L 85n37 refers to footnote 37 of page 85 of L. The notation I
1b:5 means line 5 of folio 1b in the Istanbul manuscript; some of the
line numbers in the Istanbul manuscript are indicated in the margin of
the Arabic edition in L. -

A detailed investigation of the relations between A and I is prema-
ture because the other extant manuscripts of the Treatise on the Circum-
ference should be involved as well. Here I only make a few remarks on
the text in A.

A contains some corrections to the text and a number of marginalia
in the same hand as the main text. These corrections and marginalia
must be due to the scribe. Examples: he corrected the word akthar
“more” in A 52:9 to agall “less”, as in L 91:16 and I 21a:8. There
are four instances where he changed the word hinds, “Indian” from the
masculine form to the feminine form Aindiyya.

We will see below that the quality of A is much superior to that of
1. But it is interesting that there are a few errors in the numerical ta-
bles in A which do not appear in I (note that the numbers in the tables
are written in abjad-notation): In L 13, Table 4a, in the column of the
“Undezimen,” the seventeenth number is 14 (bd) in A 12, although it
should have been 11 (ba) as in Luckey’s transcription and in 1 4a. In LL
23, the second row of the table at the bottom, A has incorrectly 44 (md)
instead of the correct number 45 (mh) in L and 1 19b. These errors ap-
pear in the middle of computations, which continue in the correct way.
A possible explanation is that the two manuscripts A and I are based
on different autographs of the text by al-Kashi. According to the date
in A, al-Kashi must have been in Samarkand when he wrote the (lost)
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autograph manuscript on which A is based. Because the Treatise on the
Circumference does not contain a dedication, he may have written the
very first autograph of the treatise before his arrival in Samarkand.

An interesting error is in A 53, second line from the bottom of the
table, where the scribe put the wrong diacritical marks on a word which
appears as yalth. The context requires thaldtha, “three” (as in I 22a:16
and L 94, row 17 of the right column of the table), and this is cer-
tainly what al-KashT must have written. The scribal error confirms that
manuscript A is not an autograph.

Of course, al-Kashi was not infallible. The following errors are
common to A and I and therefore may be oversights by al-Kashi: In
L 87:19n51 the word nisf, corresponding to Hélfte in L 23:10, is neces-
sary but missing in A 47:22 and in I 20b:25; in L 89:9n54, the passage
wa-nisf dhir@ corresponding to L 24:7 [und eine halbe] is missing in A
49, fourth line from bottom, and also in I 19b:4; in L 92:24n64 and L
92:25n65, the word tamam, corresponding to [Ergdnzung] in L 28:27,
L 28:30, is missing in A 54:3 and A 54, margin, and also in I 21b:5
(two times). The following two inessential mathematical errors in A
and I are also due to al-Kashi:

1. L 78:1=12b:14-15= A 7:1-2. The text contains a number “366
and a fraction,” which Luckey interpreted as 1207 with 7 ap-
proximated by ww. Luckey then emended the text to “377 and a
fraction,” see L 7nl, L 55:8. Actually 1207 = 376.99112.. .,
so I believe that the “366 and a fraction™ in the text is a slip of
al-Kashi’s mind for “376 and a fraction.” This interpretation is
rejected by Luckey on the grounds that 120 - w% > 377, but I
think that al-Késhi did not have the estimate 7 = ww in mind in
the particular passage of the text.

2. In two instances, namely L 80:3 =1 3a:10-11 = A 9:4-6 and L
83:2=118a:2 = A 40:3, al-Kashi gives the decimal expression of
3-228 a5 800, 335, 168. Actually 3-228 = 805, 306, 368, as noted
by Qorbani {19, 148]. The error is not essential because al-K&shi
computed in the sexagesimal positional system. His sexagesimal
expression 3 - 2% = 1,2,8,16,12,48 (= 1605 4 2. 60% +
8-603...)1s of course correct.

Manuscript I contains numerous errors which are not found in A,
and many corrections which Luckey made to the manuscript text in
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I are confirmed by A.'® These corrections are a witness of Luckey’s
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excellent editorial skills.
I have collated manuscript A with the printed Arabic text in L. Here

is a list of (minor) corrections to the printed text suggested by the read-
ings in A:

I1.
12.

L 75:8 =11b:5 change hadhayn to A 1:12 hdadhayn al-migddarayn.
L 75:10 =1 1b:7 change wa-mashkika to A 1:15 aw mashkitka.
L 75:20 =1 1b:15 change wa-kasr to A 2:9 wa-kasran.

L 75:29 =1 1b:22 change mukhila to A 3:4 mukhialla.

L 76:4 =1 2a:2 change wa I-wahhab to A 3:11 al-wahhab.

L 76:11 =1 2a:9 change mutashabihayn li-muthallath adb to A
4:4-5 mutashabihayn wa-mushabihayn li-muthallath adb.

L 76:15 =1 2a:14 after mutasawiyatan, A 4:12 inserts ytj g (i.e.,
magqala), which is a reference to prop. 19 of Book III of the El-
ements, corresponding to Elements 1H:20 in the Greek [12, 218-

221].

L 76:16 =1 2a:15 after wa-dil‘ay A 4:13 inserts kw a g, which is
a reference to prop. 26 of Book I of the Elements [12, 62-67].

L 80:11 =1 3a:21 yahsulu : A 9:18 has la-hasala.

L 80:16 the reading sahw wa-yushra (cf. I 3a:25, L 80n20) is
uncertain; A 10:5 has sahw aw-yasri (7)

L 80:17 = I 3a:26 change yahtdj to A 10:12 nahudj.

L 83:5-6. Here I 18a:5-7 and A 40 have four small Hindu-Arabic
numbers in the text: 1 before hada [-muhit, 2 above fadl, 3 above
nisf, and 4 above fadl in the last line of the second table (Tafel
18a, 9ff.). Since the numbers occur in both manuscripts I and
A, they were probably used by al-Kashi, in order to indicate the
first second, third and fourth terms in a proportion of the form
a:b=c:d.

'8 These are the emendations to the Arabic text in L 75-95 indicated by notes 2, 15,
17, 22,25, 27, 28, 29, 31, 33, 34, 35, 42, 43, 47, 50, 56, 58, 60, 61, 62, 67, as well as
the following corrections to the tables: L 80 note 4 to p. 81; L 80 notes 1, 2,4, S to p.
82; L 83 note 1; L 90 notes 1,2, 3 4; L 93 notes 1, 2, 3; L 94 note 1.

13.

14.

15

16.

17.
18.

19.
20.

21.

22.
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L 83. In the second row of the header of the first table, A 40
writes (correctly) al-madrib fihi instead of the vertically printed
al-madrib in L. This confirms Luckey’s conjecture on p. 37 that
the fThi had dropped out in the heading of his Tafel Blarr 18a
rechts.

L 84:2n24 change al-gisma to A 41:3 gismatuhu (I 18a:10 has
gismat).

L 85:6n37, and L 85:30n46 change Luckey’s emendation wa I-
nagisa to the manuscript text aw al-bagiya in A 44:2, 45:17 and
120a:1, 202:20.

L 85:11 =1 20a:4 after bi-mirhlihi add al-kasr, found in A 44:9
below the line.

L 85:12 change bagiya to yabga as in I 20a:5 and A 44:11.

L 85:18 =120a:10 after wa li-I-sabi* ‘ashara add z&’id as in A
45:1. The word z&’id disappeared at the end of a line in I 20a: 10.

L 85:23 =120a:14 change al-z@’idat to z&@idat as in A 45:7.

L 86, in line 4 of the text between the two tables, Luckey deleted
wa-li-suhilat al-‘amal bihi aydan from I 20b:2, but this passage
is genuine because it also occurs in the margin of A 46.

In the header of the second table, change al-quir to wa I-gugr as
in A 46 and I 20b. In the second table, change khams marrat in
I to mukarrar khams marrat as in A 46, see the third row of the
second column to the right.

L 87:4 = 1 20b:9 change akhadhna to akhadhnaha as in A 46,
line 2 from bottom.

See L 87:6-7, L 22. A Note that 47:2 has a somewhat different
vocalization of the Arabic mnemonic verse which al-Késhi com-
posed for the decimal digits of 27 = 6.28318 53071 79586 5, see
also [19, 152]. In al-Kashi’s Persian verse for the decimal dig-
its of 27, Luckey (L 22) read the two words yek ra as 1 and he
noted that the following digit 7 is missing in the verse. A 47:4
has za instead of rd, and Qorbani points out [19, 152] that the
abjad number zda represents 7.
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24.
25.
26.
27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.

39.
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L. 87:13 =1 20b:20 change lam yahtaj to A 47:13 lam nahtaj.
Change L 89:5 =1 19a line 1 from bottom wagt to A 49:5 digqa.
L 89:9 =1 19b:4 change yaktafi to A 49:22 yaktafi bihi.

L 89:12n55 change al-maratib to A 50:4 maratibihi, I 19b:6 has
mardtib.

L 90 = I 19b, in the header of the second table, add the words
al-kusar above 125 and al-sihah above 0650844 asin A 51.

L 90 =1 19b, in the right column of the second table, change
‘ashardtuhu to to ‘ashardt al-uliif as in A 51.

L 91:7n57 Change al-a‘dad to li-l-a‘dad in A 51, margin,

L 91:16 =1 21a:7, between md’it and wa-sab‘in add sab‘a as in
A 52, margin.

L91:17 =X 21a:9 add an between min hidhd ‘ulima and idha, as
in A 52, margin. »

L 92:5=121a:13 change dz to A 52:18 zd.

L 92:20n63 has dil° where I 21b:1 has watar dil° Note that A
53:19 also has watar dil°, although the terminology “chord of the
side” is odd.

L 92:23 =1 21b:4, change bayyana to A 54:2 yubayyina.

L 93 =1 21b, right column of table, in row 4 change bagiya to
yabga as in A 54.

L 93 = 1 21b, right column of table, in row 17 change watar to
watar g‘z, i.e. the chord of 177 in abjad-notation. See the left
side of the table in A 54.

L 93, bottom row, change ramayyuzan to tamyizan as in A 54,
last line.

L 94, in the right column of the table: row 6, change bagiya to
yabqa as in I 22a and A 55; in row 13 change al-rafadul as in I
22a to al-tafadul baynahumd as in A 55.

Al-Kashi's Determination of 7 91

40. L 95:10 = I 22b delete tamma I-kitab bi-‘aun Allah al-wahhab.
The passage is missing in A, so it was probably added to the text
of I by the scribe.

5. Changes to Luckey’s translation

Some but not all changes in the Arabic text entail a change in the
German translation by Luckey. The changes in the translation are as
follows, using the same numbering as in Section 4:

1. In L 3:12 change [Briichen] to Grossen.
2. In L 3:14 change und unsicher to oder unsicher.

6. In L 4, line 3 from bottom, change die dem Dreieck adb to die
einander und dem Dreieck adb

7. In L 5:6, between gleich and ; also, insert: nach dem neunzehn-
ten (Lehrsatz) des dritten Buchs (der Elemente). This theorem
corresponds to Elements II:20 in the Greek version [12, 218-
2211.

8. In L 5:8 after einander gleich sind insert: nach dem sechsundzwan-
zigsten (Lehrsalz) des ersten Buchs (der Elemente).

12. In L 17, in the text after Table 18a and in the last line of Ta-
ble 18a, Zeile 9, add the numbers 1, 2, 3, 4 as follows: ist das
Verhdltnis (1) dieses Umfangs zum (2) Uberschuf3 der Summe
... gleich dem Verhdlinis der nachfolgend angegebenen (3) Hiilfte
... zu folgendem (4) Uberschup. . ..

15. InL 20:9 (title of Chapter 7) and L 21:15 change iiberschiefienden
und mangelhaften Briichen to iiberschieflenden oder iibrig bleiben-
den Briichen.

16. In L 20:18 change den gleichen Betrag to den gleichen Bruch.
18. In L 20:30 change [iiberschiessend] to iiberschiessend.

20. In L 21:30 delete the two pointed brackets around ebenfalls zur
Erleichterung der Rechnung mit ihm.
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21.

22

24,

25.

35.
37.

40.
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In Table 20b on L 22 delete the parentheses around wiederholten.

In L 21 line 4 from bottom, change fingen wir bei einem Aus-
gangspunkt (oder: Nenner) an to haben wir sie mit einem Aus-
gangspunt (oder: Nenner) angenommen.

In L. 23:1 change keine Verfeinerung notig to wir keine Verfeinerung
brauchen.

In L 24, in the text in the bottom part of Table 19a, change the
word at the end, Rechenzeit, to Rechengenauigkeit.

In L 26 add to the header of Table 19a Ganze Zahlen (above
0650844) and Briiche (above 125).

In L 26:13, change [sieben] to sieben.
In L 27, line 14 from bottom, change dz to zd.

In L 28:18, delete the pointed brackets around the word Sehne;
the terminology is odd but genuine.

In L 28:25-26 change bewies er to wird . .. bewiesen.

In L 29, fifth row from the bottom of the table change die Sehne
[von 177] o die Sehne von 177.

In L 31 delete the last line: Es endet die Schrift mit Hilfe Gottes,
des Freigebigen. This passage is probably an addition by the
scribe of L.
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APPENDIX

Al-Kishi, Treatise on the Circumference
Facsimile of Manuscript Meshed,

Holy Shrine Library, 5389, pp. 1-56.
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