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1.
Introduction

T
he

constructiun
of

t’
m

e
roport

m
i

1
ii

v°n
lines

is
o
n
e

o
f

th
e

classical
probi

&
k

.
C

o
i

r
.i

hue
seg

m
ents

p
and

q
are

given
11

p
n

is
k

4traight

segm
ents

(
“

m
ean

p
ro

p
o
r

ion
)

\
a

nJ
i

tnc’h
w

av
th

at

p
:

x
=

=
x

q
In

m
odern

algebraL
eal

n
o

tatim
th

problem
is

eq
u
iv

alen
t

to
the

cubic
equal

im
i

p
iq

and
I her.’i&

rt
1 w

e
m

ean
p

ro
p

o
r—

tionals
cannot

in
general

be
constru

tm
d
b

cm
h

and
c

m
pm

si
T

he
G

reek

geom
eters

found
solution

e’
i

m
m

to
n

d
im

ents
or

using
conic

sections
or

othm
.

mc

S
everal

constructions
I

t
is

neamm
pr

port
m

is
c
c

am
n.nm

m
tted

from
G

reek
in

to
A

rabic
.

T
he

L
n
’4

m
e
te

r
o
t

mmn’dh
i

1
1lafl

lituined
to

w
rite

on
the

subject
but

n
nim

m
i

eases
th

rendered
the

solutiom
is

th
at

had
been

found
by

th
eir

G
nu

k
Pids

im
i

&
r
i

ahei
a

m
oxistruc—

tion
of

tw
o

m
ean

p
ro

p
o

rtif
i

sl
isi

i
n

t
I

mmd
i

(,r
lit(

rature,
and

w
hich

is
probably

of
A

r
ic

ii
.

It
1

a
c
a
fls

o
f

a

circle
and

a
parabola

found
in

ib
lh

ok
I.stc1n

ii
(1

r
tn

i
he

A
nda

lusian
geom

eter
Y

U
suf

alM
m

i
a
m

a
n

ibim
11(‘d

.
ho

is
a

I
m

e
ruler

of
S

aragossa
from

1081
—

1085
A

.
0
,

1
w

ill
argue

helen
th

at
.m

l.M
u

tanm
atm

w
as

the
au

th
o

r
of

the
co

n
stru

ctio
n
.

in
p
ro

p
o
sitio

n
1

of
the

(m
rs

c
i ion

I
he

Im
510

the
fifth

sp
ecies
3

“
of

th
e

Istik,nãl
at

l
i

t
it

a
n

press
is

f
nt

(
n
s

(I
m

ean
p
ro

p
o
rtio

n
als

betw
m

In
e
n

lin
e

I
1i

ii
S

lalm
o
ii

o
f

*
D

e
p
a
r
tm

e
n
t

of
M

.
1th

e
in

a
tirs.

B
u

d
a

1e
s
t1.

ic
i.

35
U

It
1

t
I

m
r

i
i

I
\

tIt
r

n
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G
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t rm
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o
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o
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W
a
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i
I’0101

1
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f’Iliil
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M
,
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pp.
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2
O

2.
O

n
A

lM
u

ta
m

a
n

S
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D
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3.
M
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inform

al ion
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th
e

dive.
i

1
I

1101
dl

mitt
I
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n
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2

•
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T
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H
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this
p
ro

p
o
s

aion
are

given
below

.
In

the
follow

ing
in

tro
d
u
cto

ry
analysis

the
co

n
stru

ctio
n
s

w
ill

be
labelled

(a)
,

(b)
,

(c)
and

(d),
being

the
order

in
w

hich
they

occur
in

the
Istikm

ãl.
A.com

parison
betw

eeii
tlI(’

IstikU
lol

and
o
th

er
G

reek
and

A
rabic

m
ath

e
m

atical
w

o
rk

s
slw

w
s

th
at

al_M
uD

Iam
an

to
o
k

m
an

y
th

eo
rem

s
and

co
n
stru

c
tions

in
the

Istikm
dl

from
other

s(o
lrces
4.

T
hese

sourets
m

ay
have

been
m

entioned
ii&

a
preface.w

hich
is

now
lost.

but
the

extan
t

p
arts

of
th

e
Istik—

m
al

con
ta

iii
o

itly
siraigli

I
m

ath
em

atics
in

the
style

of
Ew

e]id’s
E

lem
ents,

and
thus

the
tex

t
gives

no
explicit

inform
ation

on
the

o
r

ii
(f

(a),
(b)

,(c)
and

(d)
.

H
ow

ever,
constructions

(a)
(by

m
eans

of
tw

o
parabolas)

and
(b)

(by
m

eans
of

a
p
arab

o
la

and
a

hyperbola)
a
e

the
sam

e
as

tw
o

co
n
stru

ctio
n
s

in
th

e
com

m
entary

by
L

u
to

eju
s

(ca.
500

A
.

D
.)

on
p
ro

p
o
sitio

n
1

of
B

ook
II

of
O

n
the

S
phere

and
C

ylinder
of

A
rch

im
ed

es
5

.
In

construction
(a),

A
l-M

u
2-

tam
an

draw
s

the
p
aram

eters
of

the
tw

o
p
arab

o
las

in
a

very
p
ecu

liar
w

ay
as

segm
ents

of
the

axes
(A

B
and

A
G

in
F

igure
3)

o
u
tsid

e
the

p
arab

o
la,

in
th

e
sam

e
w

ay
as

E
utociiis

did
in

his
C

om
m

entary
on

B
ook

II
of

A
rchim

edes’
O

n
the

Sphere
and

G
ylinder.1ri

the
classicalA

pollonian
th

eo
ry

,the
p
aram

eter
of

a
p
arab

o
la

is
alw

ays
represented

as
a

segm
ent

perpendicular
to

th
e

a
x
is

6.
T

herefore
it

is
clear

th
at

A
l
-
M

u
2ta

m
a
n

took
(a)

from
th

eA
rab

ic
tran

slatio
n

of
E

utocius’
com

m
entary.

In
the

text
of

E
utocius

(a)
follow

s
(b),and

thus
it

is
plausible

th
at

A
l
-
M

u
3t
a
m

a
n

also
took(b)

from
E

utocius.
A

l
-
M

u
2t
a
m

a
n

did
not

copy
(a)

and
(b)

literally
,

hut
he

m
ade

a
num

ber
of

ed
ito

rialchanges.
H

e
handled

m
ost

other
m

aterial
in

the
Istikrnñl

in
a

sim
ilar

w
ay.

C
onstrnction

(d)
(by

m
eans

of
a

circle
and

a
hyperbola)

appears
in

m
any

slightly
different

form
s

in
the

A
rab

ic
trad

itio
n
.

T
his

construction
is

probably
of

G
reek

origin
,

and
its

au
th

o
r

m
ay

have
been

A
p
o
llo

n
iu

s
7

.
B

ecause
co

n
s

tru
ctio

n
(d)

is
found

in
several

ex
tan

t
A

rabic
sources

an
ted

atin
g

A
l-M

u
’

tam
an

,
it

is
lik

ely
th

at
(d)

w
as

n
o
t

his
ow

n
discovery.

I
have

not
been

able
to

id
en

tify
the

source
from

w
hich

he
took

(d).
I

now
present

a
p
arap

h
rase

of
(c)

,
referriu

g
to

F
igure

1.
I

render
the

argum
ents

in
the

sam
e

order
as

a
l
-
M

u
3t
a
m

a
n
,

so
th

at
the

p
arap

h
rase

can
fusie

t jon
as

a
cern

m
eala

r
(U

I
lii’

te
x
t

below
O

ne
is

asked
tO

find
tw

o
m

ean
in

o
p
o
rtio

n
als

betw
een

tw
o

given
seg

-
m

ents
A

R
and

B
G

.
S

uppose
th

at
the

angle
at

B
is

a
rig

h
t

angle
and

th
at

B
C

>
A

R
.

Join
A

G
and

circum
scribe

a
circle

around
triangle

A
B

G
(because

4.
See

lfogcrulijk
1.

5.
F

or
1ie

G
reek

te
i

o
f(a

)
an

d
(6)

see
u
n

berg.
A

rchim
edes.v

o
l.3

.
p
p
.7

8
84:

an
E

nglish
tra

n
s

latiori
,f

(6)
is

iii
R

ulm
er.T

husnzs
‘
I
.

t
.rn.

278
—

2
8
3
.

6
See

IIeaih
.

A
pollornus,

p
p
.

8
9.

7.
See

K
noer

3,
pp.

252
265,

305
.u

id
T

h
aer.

th
e

angle
at

B
is

a
right

angi
iG

is
a

diam
et

r
f

the
m

icle
).

D
raw

a
p
a
ra

bola
w

ith
axis

G
B

,
vertex

€
in

d
p
aram

eter
G

B
le

t
the

parabola
in

tersect
th

e
circle

at
D

.
D

raw
the

ordinate
D

E
(th

at
is

to
say

the
p
ern

en
d
icu

lar
to

th
e

axis).
T

hen
E

D
and

B
C

are
the

required
m

ean
proportm

oflals
.
th

at
is

to
say

B
C

E
D

=
E

D
: E

G
FG

lB

P
ro

o
f

L

D

K
A

_
L

N
t
i

5u
r
e

I

E
x
ten

d
D

A
and

G
B

to
m

eet
‘ti

Z
,

jorn
D

C

(A
lM

u
’tam

an
d
as

not
pi

);
h
at

D
A

d
G

B
e

t
‘

d
thu

the
point

of
intersection

Z
is

beyond
4

at
d

B
T

I
is

c
ii

I
e

pioved
a

follow
s:

C
o
m

plete
the

rectangle
A

B
G

K
an

I
I

i
B

I
m

e
t

the
r4

cia
t

C
T

hen
K

is
on

the
circle,

G
K

is
tangent

to
th

e
parabola

and
Ii)

A
pollonius

,
C

onies
1

: 11
w

e
have

L
B
2

B
C

B
(,

so
I

B
-

G
B

N
A

B
H

ence
L
i

outside
the

circle.
T

herefore
the

point
of

in
tersectio

n
I)

i
betw

een
and

A
,

so
D

A
B

.
T

hus
D

A
and

G
B

m
eet

b
c
o
n
d

A
and

B
.)

S
ince

point
D

is
on

th
circle

and
A

C
is

a
d
ian

ieter
an

k
’

Z
D

G
is

a
rig

h
t

angle
(E

uclid.
E

lem
ents

Ill
.31)

,
so

71’
E

l)
F

l)
B

C
by

sim
ilar

trian
g
les

(
E

lem
ents

V
I

:8
)

since
1)

is
on

the
p
arab

o
la

.L
D

B
C

.
E

G
(C

o
n
ie

s
1

:
11),

so
B

C
:

E
l)

F
l)

:
E

G
.

w
hich

is
th

e
first

eq
u
ality

to
he

p
ro

v
ed

.
T

h
u
s

Z
E

: E
D

B
G

:L
I).

so
Z

E
B

C
.
B

su
b
tractio

n
of

B
E

w
e

obtain
Z

R
=

E
G

.
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JA

N
P

.
ttO

G
E

N
D

IJK
F

O
U

R
C

O
N

S
T

R
U

C
1
IO

N
S

O
F

T
W

O
M

E
A

S
P
i

O
R

S
17

W
e

have
already

show
n

Z
E

E
D

—
E

D
E

G
.

B
y

sim
ilar

triangles
Z

B
B

A
Z

E
:E

D
.T

h
u
sE

D
:E

G
Z

B
:

B
A

=
E

G
:
B

A
,

q
.e

.d
.

F
rom

a
m

odern
m

ath
em

atical
point

of
view

construction
(c

)
is

closely
related

to
the

three
o
th

er
constructions

(a)
,

(6)
and

(d).
T

his
is

illu
strated

by
th

e
follow

ing
analysis,

referring
to

F
igure

2,
in

w
hich

th
e

sam
e

n
o
tatio

n
has

been
used

as
in

F
ig

u
re

1
.

T
he

analysis
d

s
not

tak
e

account
of

the
notation

used
in

(a),
(6)

and(d)
iiithe

Istikm
al.W

e
suppose

th
a
tp

rA
B

K
G

and
q

A
K

B
C

are
the

tw
o

given
segm

ents
,

and
th

at
A

B
G

K
is

a
rectangle.

S
uppose

th
at

the
tw

o
Illean

p
ro

p
o

rtio
n

als
are

Y
D

E
and

X
=

E
C

,
and

let
l)E

be
p
erp

en
d
icu

lar
to

B
C

.F
or

later
use

se
extend

A
D

in
both

directions
to

m
eet

G
B

extended
at

Z
and

G
K

extended
at

ill.

W
e

have
assum

ed

y
qx

,so
D

is
on

the
irab

(P
i

itli
ax

H
G

ertex
G

and
p
ara.

m
eter

q
(ef.

C
onics

1
11

=
py

,
so

1)
is

o
tt

t
i(

p
a
Ic

bob
i
)

I
o
x

G
tex

C
and

p
aram

eter
p

(cf
C

onics
I

:
11)

X
)

=
pq,

so
I)

is
on

ibi
1

ip
erh

o
la

(11)
vii

Ii
a

n
ip

t
K

(
a
t

d
G

B
and

passing
through

A
(e

f
C

n
Ii

1

W
e

can
easily

show
it

I)
also

t ii
ii

in
I lo

t
r vie

C
of

rectangle
A

B
C

K
,

if
w

e
kiani

th
at

1)
is

on
P

and
1

d
d

n
g

the
equations

of
th

e
parabolas

w
e

obtain
v2

1
2

4]X
pv

T
hio

x
p

r
=

iO
f
l

c
a
n

h
ere-

w
ritten

as
(x-

q
/

2)2
i

(y
p

2
)

(jc
q

/
I

h
id

i
the

n
a
tio

n
of

C
.

N
os

the
constructil

(s)
i
n

d
i

I
I

ii
t

sh
y

:
(a)

uses
P

i,P
::(b

)u
se

s
P

ill
:
(

U
S

(
l

1,
(

J(d
e
sl

C

‘l’he
preceding

an
ale-is

u
s
e
s

tin
ntoclern

aleliratc
not ation

w
hich

w
as

introduced
by

R
ené

I)
searti

a
in

his
G

(tm
etrii

(1(
l)

1
l

m
ath

em
a

tical
analysis

gives
a

m
ish

id
U

I
ii

p
r
is

s
u

r
o

f
1

r
i

(d)
for

it

seem
s

th
at

(d)
w

as
discov

d
in

I
en

d
ru

th
)

is
1)4

inferred

from
the

proofs
of

(d)
in

the
e
x
t
a
n
t

s
o
u

r
v

ia
It n

d
u

d
tt

lii
let

I m
dl)

T
hese

proofs
are

based
on

the
follow

ing
id

en
tities

Inch
do

not
ccl

u
r

in
the

p
re

ceding
analysis

n
r
i

p
Ia

i
I

b
th

asy
m

p

2.
M

K
.

M
G

—r
M

I)
M

A
,

because
Is

.G
.J)

and.
a
u

points
on

the

circle
(E

lem
ents

111
:

36).

3.
Z

B
Z

G
IA

y
e

unts
on

the

circle
(E

lem
ents

111
36

N
evertheless,

m
y

a
n
a
l

M
S

suggests
th

at
nec

(b
a
t

d
d)

are
know

n,

(c)
can

easily
be

discovered
b

s
o

m
e
o

n
e

w
hit

realizes
th

at
the

hyperbolas
in

(6)
and

(d)
are

th
e

sam
e

It
is

likely
th

at
this

is
w

in
t

attn
ill

happened.

T
he

identities
Z

E
B

i1
B

I
C

w
h

h
ii

tr
o
o
f

of
(c)

iii

th
e

IstikinJl
,

are
closely

latid
t

1
4

1)1/
ab

in
the

proof

of(d).
H

ence
the

au
th

o
r

of
(c)

probably
knew

th
at

I?
t

c
1

O
o

i the
hyperbola

in
(d

).It
is

tru
e

th
at

the
d

ox
c
r
y

o
f

Ic)
front

I)
an

sources
containing

(6)
and

d
r

it aiiab
k

t
t

a

8.
In

p
rin

cip
le

o
n
e

can
rep

h
rase

th
e

hole
argum

ent
144

the
tango

i
.e

uf
re

e
re

s
and

rectangles,

u
sed

in
an

cien
t

an
d

m
e
d

ie
a
l

m
ath

n
a
tie

In
this

e
a

the
e.euaunm

4
t

C
is

n
o
t

easily

d
tsco

v
ered

fro
m

th
e

eq
u

atio
n
s

of
l’

and
P2

MK

NF
igure

2

1.
Z

A
D

M
becau’

totes
K

G
and

G
B

(C
onic

II
P

p
:
x

=
x

:
v

V
:q

(1)

11
pi

u
p
p
O

5
c
S

th
at

r
H

ow
ever,

it

h
en

ce
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can
be
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c
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l-S
hanni

th
en

rend<
rs

th
e

y
n

t1
ic

is
o

f(a)
beginning

w
ith

“M
hnS

chm
us

said
”(m

s.
K

airo
,D

ãr
al-K
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m
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b
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.
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m
ad.

T
he
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eir

su
rfa

c
e
s

0
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b
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p
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h
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m
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the
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the
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the
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w
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.
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i
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b
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p
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p
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p
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p
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p
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p
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P
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w

e
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p
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p
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p
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r
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