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Four constructions of two mean ?ovoao:m_w between
two given lines in the Book of Perfection [siikmal
of Al-Mu’taman Ibn Hud

Jan P. HocEnDIjr*

1. Introduction

The construction of two mean proportionals between two given lines
is one of the classical problems of Greek geometry. Two straight line seg-
ments p and ¢ are given . The problem is to construct two other straight
segments (> mean proportionals””) x and y in such a way that
p:x=x:%=y :q. Inmodern algebraical notation the problem is
equivalent to the cubic equation x* = p’q, and therefore two mean propor-
tionals cannot in general be constructed by ruler and compass . The Greek
geometers found solutions by means of more complicated instruments or
using conic sections or other curves.!

Several constructions of two mean proportionals were transmitted
from Greek into Arabic. The geometers of medieval Islam continued to
write on the subject , but in most cases they rendered the solutions that
had been found by their Greek predecessors. This paper is about a construc-
tion of two mean proportionals which is not found in the Greek literature,
and which is probably of Arabic origin . It is a construction by means of a
circle and a parabola found in the Book Isiikmal (Perfection) of the Anda -
lusian geometer Ydsuf al-Mu’taman ibn Had? , who was the ruler of
Saragossa from 1081 — 1085 A. D. I will argue below that al-Mu’taman was
the author of the construction.

In proposition 1 of the * first section of the first species of the fifth
species® ”* of the Istikmal al-Mu’taman presents four constructicns of two
mean proportionals between two given lines. The text and translation of

*  Department of Mathematics, Budapestlaan 6, 3508 TA Utrecht -The Netherlands.

1. A survey of the Greek constructions of two mean proportionals cau be found in Heath, HGM,
vol. 1, pp. 244 ~ 270 .

2. On Al-Mu’taman see Djebbar.

3.  More information on the division of the Istikmdl into species and sections can be found in
Hogendijk 2 , 4.

T I A Q 09_0%7_ 1004 - Ual 10 - nn 13 - 20 .



15
FOUR CONSTRUCTIONS OF TWO MEAN PROPORTIONALS

14 JAN P. HOGENDIjK

: ; is a diameter of the cirele ). Draw a para-
this proposition are given below. In the following introductory analysis the mbmF mﬁm.w_MuWEWW.MMMNQFMM&QMWME%Q GB . Let the parabola intersect
the constructions will be labelled (a) , (b) , (c) and (d), being the order in bola «ﬁmr mwcw Ummi the ordinate DE (that is to say , the wmnwon&oimu to
which they occur in the Tstikmal MWM M”mwvn Mrom ED and EG are the required mean proportionals , that is to
A comparison between the Istikmal and other Greek and Arabic mathe- say BG : ED = ED : EG = EG : AB.
matical works shows that al-Mu®taman teok many theorems and construc- Proof :
tions in the N,.v,:.NQ:& from other sources®. These sources may have been
mentioned inapreface, which is nosw lost, but the extant parts of the Istik- —I
mal contain only straight mathematics in the style of Euclid’s Elements,
and thus the text gives no explicit information on the origir cf (a), (b), (c) O
and (d) . However, constructions (2) (by means of two parabolas) and (b)

(by means of a parabola and a hyperbola) are the same as two constructions
in the commentary by Eutocius (ca. 500 A. D.) on proposition 1 of Book 1I
of On the Sphere and Cylinder of Archimedes® . In construction (a), Al-Mu>. >
taman draws the parameters of the two parabolas in a very peculiar way , _‘A

as segments of the axes (4B and AG in Figure 3) outside the parabola, in
the same way as Eutocius did in his Commentary on Book I of Archimedes’
On the Sphere and Cylinder. Inthe classical Apollonian theory, the parameter
of aparabolais always represented as a segment perpendicular to the axisS.
Therefore it is clear that Al -Mu’taman took (a) from the Arabic translation
of Eutocius’ Commentary. In the text of Eutocius (a) follows (b), and thus
it is plausible that Al-Mu taman also took (b) from Eutocius. Al-Mu®taman
did not copy (a) and (6) literally, but he made a number of editorial changes. o
He handled most other material in the Istikmal in a similar way.

o
T 6
@

Construction (d) (by means of a circle and a hyperbola) appears in many
slightly different forms in the Arabic tradition. This construction is probably , Figure 1
of Greek origin , and its author may have been Apollonius’ . Because cons-
truction (d) is found in several extant Arabic sources antedating Al-Mu®- Extend DA and GB to meet at Z, join DG .

taman, it is likely that (d) was not his own discovery. I have not been able d GB meet and that the point
3 ) . , Al-Mu’taman des not prove that DA an m ) )
@ identily the souree from hich he took @ o:nmmmmaomob Zisbeyond 4 and B. This can be proved as follows : Com

I now present a paraphrasc of (c) , referring to Figure 1. I render the plete the rectangle A BGK and let BA meet the parabola at H.. Hvom MAmMM
arguments in the same order as al-Mu®taman, so that the paraphrase can on the circle, GK is tangent to the parabola, and by »%o:wE:m ﬂmoﬂro
function as a commentary on the text below . 1:11 we have LB? = BG . BG,s0o LB — GB V AB. mozmu%“wwmm‘:“ Mwm.v

One is asked to find two mean proportionals between two given seg - circle. Therefore the point of Eﬂmmmm.MﬁonQNWw_mv between s
ments AB and BG . Suppose that the angle at B is a right angle and that AB. Thus DA and G B meet beyond 4 an > . e ZDC ic
BG > AB. Join AG and circumseribe a circle around triangle 4 BG (because Since point D is on the circle and AG is a diameter, angle

: = : by simil
right angle (Euclid, Elemenis, II1 : 31) , so ZE : ED = ED : EG by similar

. 2 .EG
£ See Hogendijh 4. triangles { Elements VI : 8 ) . Since D is on the parabola , ED BG

5. For the Greek text of (¢) and (b)sce Heiberg, Archimedes, vol. 3,Pp. 78 — 84; an English trans- Aﬁcz.mam 1: HHV so BG : ED = ED : EG , which is the first a@ﬁm.rﬁ% to T‘m
lation of (b) is in Bulmer-Thomas vol. 1 s PP- 278 - 283. d ‘H,r M«Mm :ED = BC : ED, so ZE =: BG . BY subtraction of B
6. See Heath, Apollonius, pp- 8 - 9. proved. us :

7. Sece Knorr 3, Pp- 252 — 265, 305 and Thaer. we obtain ZB = EG.
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We have already shown ZE : ED = ED : EG . By simi i
: = : . By similar triangles
ZB : BA = ZE : ED. Thus ED : EG — ZB : BA = EG : BA , m.a.w.

M

4
G E B 7

Figure 2

From a modern mathematical point of view construction (c) is closely
related to the three other constructions (a) , (b) and (d). This is illustrated
by the following analysis, referring to Figure 2, in which the same notation
has v.oo: used as in Figure 1 . The analysis des not take account of the
notation used in(a), (b) and{d) in the Istikmal. We suppose thatp=AB=K(G
.m:& q= AK = BG are the two given segments, and that 4BGK
1s a rectangle. Suppose that the two mean proportionals are Y = DE and
HN = EG, and let DE be perpendicular to BG . For later use we extend AD
in both directions 1o meet GB extended at Z and GK extended at M.

We have assumed

@“R”h.“)\”w\nm AHV
Hence
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y? = gx , 80 D is on the parabola (P,) with axis BG, vertex G and para-
meter q (cf. Conics I : 11) ;

x? = py , so D is on the parabola (P,) with axis KG, vertex G and
parameter p {cf. Conics I : 11)

xy = pq, 8o D is on the hyperbola (H) with asymptotes KG aud GB and
passing through A (cf. Conics 11 : 12) .

We can easily show that D is also on the circumscribed ecircle C of
rectangle A BGK, if we know that D is on P; and P,. Adding the equations
of the parabolas we obtain y? 4 x? = gx + py . This expression can be re-
written as (x— g/2)? -+ (y— p/2)* == (p* + ¢’)/4, which is the cquation of C.

Zciﬂr@oonquoiozmﬁnv?v?vmmmavomsvmmwgorom@mmm;nﬂmv
uses P, , P, ; (b) uses P, , H ;(c) uses P, , C and (d) uses H,C.

The preceding analysis® uses the modern algebraic notation which
was introduced by René Descartes in his Géométrie (1637) . My mathema-
tical analysis gives a misleading impression of the history of (d), for it
seems that (d) was discovered independently of (a) . This can be inferred
from the proofs of (d) in the extant sources (including the Istikmal) . These
proofs are based on the following identities , which do not occur in the pre-
ceding analysis :

1. ZA= DM because D and 4 are points on the hyperbola with asymp-
totes KG and GB (Conics Il : 8) . ,

2. MK.MG = MD . MA, because K, G, D and A are points on the
circle (Elemerus II1 : 36).

3. ZB.ZG = ZA .ZD because B, G, A and D are points on the
circle (Elements 111 : 36).

Nevertheless, my analysis suggests that once (b) and (d) are known,
(¢) can easily be discovered by someone who realizes that the hyperbolasin
(b) and (d) are the same. It is likely that this is what actually happened.
The identities ZE = BG and ZB = EG, which occur in the proof of (¢) in
the Istikmal , are closely related to ZA = DM, which is used in the proof
of (d). Hence the author of (c) probably knew that D is also on the hyperbola
in (d).

It is true that the discovery of (¢) from (b) and (d) presupposes that
sources containing (b) and (d) are available to the same person . However, it

8. In principle one can rephrase the whole argument in the language of squares and rectangles,
ased in ancient and medieval mathematics. In this way the equation of C iz not easily
discovered from the equations of Py and P;.
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can be proved that there were at least two capable geometers before al-Mu®-
taman who kunew (b) and (d) , namely Abd Jafar al-Khazin (early 10th
century) and Al-Sijzi (middle of 10th century) . Abl Jafar m_-Wrmme must
have known () , because he refers to Eutocius’ collection of constructions of
two mean proportionals; Abli Ja‘far also discussed (d) in detail® . In a

manuscript in Paris (Bibliothéque Nationale, Fonds Arcbe 2457 . 191b)
Al - Sijzi summarized the commentary of Eutocius, so he knew A.&v In
the same manuscript, al-Sijzi copied (d) in the version of his oouﬁoawo.ﬁmn

al-Haraw!; al-Sijzi also wrote an edited version of (d) . Finally it can VM
noted that Abu Sahl al-Kihi also knew ()", and that (b) €mwrno£= to
.L.E Gﬁr — century geometer Abfi ‘Abdallah Al-Shanni, who mentions in
his Disclosure of the fallacy of Aba’l - Jad (Kashf tamwih VE; - Jid): "the
book of ﬂsﬂoomﬁm who collected in it the statements of the ancients mn the
construction of two mearn proportionals between two given lines , and he
rendered in it two methods by Manachmus, in one of which he used w hyper-
bola and a parabola and in the second of which he used two @mamv&mmv“u ”

Here Al-Shanni refers to (b) and (a). .
To sum up : in the 10th century there were at least four geometers
who knew (d) and three geometers who knew (b} , and two geometers who
knew (6) and (d)"’ . However, (c)dews not appear in any known geometrical
work .arma was written in the entire Eastern Islamic world. We note that
mmﬁm.o_mzv\ the 10th-century Eastern Islamic geometers €mwm very fond of
finding new solutions to old problems, such as the trisection of the angle
and the construction of a regular heptagon, by means of conic moo&oMm
w.wmsg there would have been much interest in the 10th century in a mo_z..
tion (¢) of the prestigious problem of two mean proportionals by means of

9. Cf. Knorr 3, PP 311, 254 — 255.
10. Cf. GAS V,p. 130,a ; GAS VII, p. 409 no. 7.
11.  Cf. Knorr 3, pp. 252 - 265.
12.  Al-Shanni then renders the synthesis of (a) beginning with **Minachmus said’" (ms. Kairo , Da
al-Kutub Mustafa Fadil Riyada 41m , 132b, see Hogendijk 1, p. 277, M8). E.mrmmﬁm 89 ,arm-.
(a) was plagiarized by Aba’l -Jad in his work al-Handasiyyat Omeaﬁmnw:v iEor&m 3.
lost. The attribution of (a) to Menaechmus is of some interest. Construction (a) _mm nomohﬂ Mc.f
the Ownmr text and in the Arabic trarslation of Eutocius’ commentary as *’ mnmnrnn Snn _.J
( A::v:.," “ald wajh akhar in ms. Escurial 960/2 ), without reference to any author. Th E&M
ship of (a) has been repeatedly discussed in the recent literature ( cf. Toomer NA:.\..J M sm 3 N
Before these _Ew:g:c:m, modern historians assumed that (a) was by Zmaman.rn::m _umnwﬂp.o Anvv
W_:o:w @v. . which is attributed explicitly to Menacchmus. It is interesting to =o~oraru~
. Z.mm.::: maoi Yﬁrm same (natural but not logically necessary) conclusion.
. 0 m“w MT%E al-Tasi A A.D. 1201 - 1274 ) also knew (b) and (d) . In his edition of Archimedes
n the Sphere and Cylinder, al - Tasi mentions the commentary of Eutocius several times, so h
must have known (b) (ef. Tisi vol. 2, no. 5, p- 1 line 17, p. 89 line 14). Al-Tasi m:.nma:nm.ﬁv mM
~.wo same text (7dsi vol. 2, no. 5, p. 80 ~ 81, Knorr 3, p. 264). It seems therefore that he found (d)
simpler than the constructions (a) or () of Eutocius’ commentary.
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a parabola and a circle . Itis unlikely that such a solution would have van-
ished without leaving a trace in the quite considerable literature on conic
gections that has survived from this period’* . Hence it seems that (c) was
unknown to the 10th century geometers in the Eastern Islamic world.

The fact that there were competent geometers who knew (b) and (d)
but who did not know (c) shows that the discovery of (¢) is not a trivial ac-
complishment in the context of medieval geometry. Such a discovery pre-
supposes perfect insight into the ideas behind the constructions (b) and
(d) , independent of the notations that were used { compare Figures 4 and
6) , and good a knowledge of conic sections. Thus the author of (¢) must have

. been a capable mathematician .

Al -Mu’taman’s mathematical abilities are shown by the remarkable
simplification in the Istikmal of the difficult solution of the ” problem of
Alhazen ” found in Ibn al - Haytham’s Optics'® . Because Ibn al-Haytham
died around 1041, less than 45 years before Al-Mu’taman, and because no
other traces of the Optics are known in the entire Arabic tradition before
ca. 1300, itis practically certain that Al-Mu’taman was the author of these

_simplifications. As we have seen, it is unlikely that (c) was known to the

geometers of the 10th-century Eastern Islamic world . We can therefore
assume that al-Mu’taman was also the author of (c).

Text and translation of propoesition 1 of section 1 of species 1 of species
5 of the Istikmal.

The following edition of the Arabic text is based on the manuscript
Copenhagen, Royal Library, Or. 82,f. 104a - 165a'%. My own explana -
tory additions are in parentheses. The abbreviation ms. in the translation
indicates erroneous words or letters in the manuscript . Words and passages
in pointed brackets < >havebeen added by me in order to restore the text.
In the Arabic manuscript the scribe writes the full names of letters denoting
points in geometrical figures (for point A the name alif instead of the letter
alif ). In my edited text I write the letters and not the names.

Arabic text

tﬁb“ Qh & Pw)\ ﬂ,V.\.: Cruvk: & ﬂe)W

i L shay Sl BLSY 35U oIl i oo el 0
W shoy 7l Loiedl Sl Bl o g Oley ay am

14. See for example Knorr 3 and Hogendijk 1 .
15. See Hogendijk 3 , 5.
16. See COBRH 64 — 67 and Hogendijk 2 or 4.
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Translation

In the name of God > the Merciful , the Compassionate. God bless
Mubammad.

on the combination of solids and their surfaces. It is in two species .

. The first m_mumomom on the combination of solids with plane surfaces and
, R
their surfaces'” . The first species is divided into two sections : the first

section, on the preliminaries, which play a role in the theories that follow,
m:m. the second section on the combination of solids with plane surfaces and
their surfaces .

o (e 2 Qv : 130 (w)
4 ..B,V,t_uﬁ.vr.m..v
AL SN o Sl g e SN G i e ()
gl ds (hy)

17. A marginal note in a different hand adds - *” The second species, on the combination of
round solids and their surfaces. **
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G

Figure 3

D, E two lines parallel to lines 4E, AD meeting ai point Z, then the rect-
angle AB, AE is equal to the square of EZ. Therefore the parabola with
axis AF and parameter A B passes through point Z. Similarly , because the
rectangle AG , AD is equal to the square of ZD, the parabola with axis 4D
and parameter line AG passes through point Z. The two {conic) sections are
known in position, so point Z is known in position.

Synthesis : If we make line 4B the parameter of a (conic) section with
vertex point 4 and axisline AE , namely (conic) section 47, and if we draw
another (conic) section with parameter line 4G and axis line AD, then it
will meet (conic) section (ms. dizameter) AZ at point Z, and (if) we draw
from the common point Z two ordinates, namely lines ZE, ZD), then they
are the two mean proportionals. Proof of this : Since (conic) section AZ is
a parabola with parameter 4 B, the rectangle 4B, AF is equal to the square
of AD. Thus the ratio of AB to AD is equal to the ratic of AD to AE. Simi-
larly also , since the rectangle AG , AD is equal to the square of AE, the
ratio of 4D to AE is equal to the rutio of AE to AG. But the ratio of 4D
to AE is equal to the ratio of AB to AD . Thus the ratio of AB to AD is

equal to the ratio of 4D to AE and equal to the ratio of AE to AG .
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I

R D

Figure 4

A

(Figure 4) We can also find this by means of a parabola and ahyperbola.
Let us assume that this exists, by way of analysis, and let the ratio of 4B
to ED be equal to the ratio of ED to DB and equal to the ratio of DB to AG.’
Then the rectangle AB, BD is equal to the square of DE. Thus, if we make
line DE parallel toline AG, the parabola with parameter line 4B passes’
through point E. Since the rectangle AG, AB is equal® to the rectangle
ED, DB , therefore if we draw through point B line BZ parallel to line DE,
then the hyperbola drawn through point G with asymptotes lines AR , BZ
passes through point E. It (point E) is therefore assumed (i. e. given).

Synthesis : We assume two lines 4B, AG containing an angle. We
construct on line 4B a parabola with vertex point B and parameter line
AB'® . We draw from point B line BZ parallel to line AG, and we construct
on point G a hyperbola with asymptotes lines AB , BZ, namely (conic)
section GE, and let it meet the parabola at point E. Let us draw the ordi-|
nate DE. Then, since (conic) section GE is a hyperbola, the rectangle 4G ,
AB is equal to the rectangle ED , DB. Thus the ratio of AB to DEis equal
to the ratio of DB to AG. Since (conic) section BE is a parabola with para -
meter AB, the rectangle AB, BD is equal to the square of DE. Thus the
ratio of 4B to DE is equal to the ratio of DE to DB.

18.  The ordinates of the parabola are assumed to be parallel to AG . The angle is not necessarily
a right angle.
19. A marginal remark states : ’* this has been proven in the 19th proposition of the first section

of the third species of < the fourth species >. This (extant) theorem of the Istikmal includes the
equivalent of Conics 11:12. Point E is on the hyperbola by the converse of Conics [1:12 .
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(Figure5) We can also find this by meansof aparabola and a circle. Let
the twolines belines <A B>, BG, and they contain aright angle. Letusdraw
through points A,B,Gacircle. Let BGbethegreaterof the twolines, andletus
make </it>> the parameter and the axis of a parabola withvertexatpointG.
Let it meet the circle at point D . We draw from point D an ordinate DE.
I say that lines DE, EG are the two mean proportionals. Proof of this: We
join AD, and we extend it rectilinearly to meet line BG at point Z. We join
DG. Then, since the angle at point D is (a) right (angle), the ratio of ZE to
ED is equal to the ratio of ED to EG . Since BG is a parameter of (conic)
section GD, the rectangle BG, GE is equal to the square of DE, so the ratio
of BG to DE is equal to the ratio of DE to EG. Thus line BG is equal to
line ZE. If we subtract the common (part) BE,ZB is equal to line EG .
Thus the ratio of ZE to ED is equal to theratio of line ED toline EG, and the
ratio of line EZ to line ED is equal to the ratio of line BZ to line BA . Thus
the ratio of line BG to line ED is equal to the ratio of line ED to line EG,
and equal to the ratio of line EG to line AB.

D

A

Figure 5

(Figure 6) This can also be demonstrated by means of a hyperbola and
a circle. That is: if we let lines 4B, BG (ms. AG) contain a right angle, and
(if} we complete parallelogram A BGD , and construct on it a circle, and
construct on point 4 a hyperbola with asymptotes lines BG , GD , and let it
meet the circle at point E . We join AE aud extend it to mectlines GB, GD
at points Z , H. Then 1 say that lines BZ, DH are as we wished.
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Figure 6

Proof of this: Since line AZ isequal to line EH < the rectangle AZ,ZE
is equal to the rectangle AH, HE, so > therectangle GZ, ZB is equal to
the rectangle GH, HD . Thus the ratio of GH to GZ, which is equal to the
ratio of AB to BZ , and equal to the ratio of HD to DA , is equal to the ratio
of BZ to DH . Thus the ratio of AB to BZ is equal to the ratio of BZ to

DH , and equal to theratio of DH to DA . Thatis what we wanted to
demonstrate.

20. T have tentatively reconstructed the incomplete text. A marginal remark states that '* this
has been provedin the 18th proposition of the first section of the third species of the fourth
species’’. The theorem in question includes Conics I1:8, which is to the effect that 4Z = EH
because points 4 and E are on the hyperbola and Z and H on its asymptotes . There are more
marginal remarks at the top of f. 105a, but I was not able to read them because most of the
text has been destroyed by worms. Because A, E, G and B are on a circle we have
AZ.ZE = GZ . ZB by Euclid , Elements, I11 : 36, and similarly AH . HE = GH . HD

because 4 , £, G and D are on a circle .
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