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f
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conjec
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JA

N
P,

FIO
G

E
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D
IJK

rrces
th

in
proposition

2
of

book
111

of
the

G
eom

etrical
E

lem
ents,

but
he

does
not

give
the

solution
by

M
enelaus,

A
lB

iru
n
i

says
that

A
bü’l4üd

(ca.
A

.D
.

970)6
w

rote
a

treatise
on

this
problem

,
w

hich
w

as
criticized

by
al-Sijzi,

w
hn

solved
the

prnblem
in

an
easy

w
ay.

T
his

is
all

inform
ation

on
the

G
eom

etrical
E

lem
ents

that
can

be
extracted

from
the

published
references,

In
this

paper
I

present
som

e
new

inform
ation

on
the

G
eom

etrical
E

lem
ents

ofM
enelaus

and
its

influence
in

the
m

edievalIslam
ic

tradition.
M

y
sources

are
tw

o
unpublished

texts
by

al-Sijzi,
A

bO
Sa’1d

A
hm

ad
ibn

M
uham

m
ad

ibn
cA

bdaliajil
al-S

ijzI
7

w
as

a
very

productive
geom

eter
and

astrologer,
w

ho
originated

from
Sijistan

in
S

outh-E
astern

Iran,
and

w
ho

w
as

active
in

the
second

half
of

the
tenth

century
A

.D
.

S
ection

3
is

about
a

new
trace

ofthe
G

eom
etricalE

lem
ents

ofM
en

e
laus.

in
al-Sijzi’s

hitherto
unpublished

T
reatise

on
the

P
roperties

o
fthe

P
erpendiculars

D
raw

n
From

a
G

iven
P

oint
To

a
G

iven
E

quilateral
T

ri
angle,

B
y

W
ay

o
fD

eterm
ination.

T
his

text
show

s
that

in
the

beginning
of

the
G

eom
etrical

E
lem

ents,
M

enelaus
studied

the
sum

(or
difference)

of
perpendiculars

draw
n

from
a

given
point

to
the

sides
of

a
given

eq
u
i

lateral
triangle.

In
S

ection
4,

I
discuss

the
relation

betw
een

G
eom

etrical
E

lem
ents

111:2
and

al-Sijzi’s
hitherto

unpublished
L

etter
to

A
bü

‘A
lt

N
az’f

ibn
Y

um
n

the
P

hysician
on

the
C

’onstruction
o
f

an
A

cute-A
ngled

T
riangle

From
Tw

o
D

ifferent
S

traight
L

ines
In

this
letter

aI-S
ijzi

presents
a

ruler-and-com
pass

construction
ofcertain

triangles,
as

an
im

provem
ent

over
the

construction
by

his
contem

porary
A

bü
Sacd

al
‘A

la’
ibn

Sahl,
w

ho
had

used
an

ellipse.
T

his
construction

is
to

be
found

in
T

ext
3.

T
hus

G
eom

etrical
E

lem
ents

111:2
w

as
related

to
a

series
of

studies
by

geom
eters

in
the

A
rabic-islam

ic
tradition.

In
S

ection
5,

I
w

ill
use

the
new

evidence
to

disprove
a

suggestion
by

the
late

W
ilbur

K
norr

that
the

G
eom

etrical
E

lem
ents

contained
a

trisec
tion

ofthe
angle

by
m

eans
ofconic

sections.
T

he
G

eom
etricalE

lem
ents

seem
s

to
have

been
a

collection
of

elem
entary

theorem
s

and
problem

s
on

straight
lines,

circles
and

triangles
in

the
plane.

T
he

A
rabic-Islam

ic
geom

eters
w

ere
very

interested
in

such
theorem

s
and

problem
s,

and
the

influence
of

the
G

eom
etrical

E
lem

ents
of

M
enelaus

in
the

A
rabic

Islam
ic

tradition
w

as
probably

m
uch

m
ore

extensive
than

the
few

extant

6
O

n
A

bti’l-JO
d

see
G

A
S

V
353—

355,
M

atvievskaya
and

R
osenfeld

vol.2,
pp

26D
262,

on
his

date
see

H
ogendijk

1,p.
243

O
n

ai-S
ijsisee

G
A

S
V

,329
-334,

G
A

S
V

I,224—
226,

G
A

S
V

II,
177—

182
409-410

al-Sijzi
pp.

vii—
ix

references
suggest

h
rth

texts
m

ay
w

ell
revea

m
e

one
cannot

excluds
lb

s
I

teal
F

lem
ent’

w
ill

he
Ii

T
he

A
ppendix

hi
translations

of
the

o
1

T
ext

1.
A

l-S
iyi

s
T

e
D

raw
n

F
ron

a
B

y
W

ay
ofD

very
large

gee
@1

less
thai

46
P

0

T
ext

2
A

l
Sijzi

sI
(o

tis
:?

u
c
ti

n
i

Straight
1,i

-

T
ext

3.
A

1 ragm
en

o
W

hich
W

en
I)

s
u

and
K

hora
by

A
bu

Sa
I

N
’

e
p

lic
tre

re
n

e

in
ancient

G
reek

tcx
s

sources
s’hich

have
ht

referen
ces

ii
A

rahi
erern

es
in

the
G

reek
w

orks
by

M
enelaus

h
concern

thr
G

e
t’

m
e

8
fo

r
exam

ple
n

h
B

(G
A

S
V

2
5
1
n

)il
Ia

rhc
I

anu
M

u
s
t

sa

L4J
j
L

L

T
his

constn
cti

1%
0

presented
it

n
ah

o
o
k

F
Ii

fo
llo

that
this

book
a

it

sam
e

as
that

by
A

rchyi
ver

n
in

the
com

m
nt

II

aIi(gitit

‘ien
1

in

I
t

a
says

1
si

tie
A

b
hi

f.It
P

t
II

ttx

C
1-4

t
tg

a

is

I
A

t(to
a

h
s

I
S

I

C
1
1

k

in
s
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t
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1,
T

he
bio-bibliographer

Ibn
al-N

adim
(ca.

970)
says

in
the

Fihrisr
that

M
enelaus

w
rote:

C3
D

i±
fl

I)
r

Jy
.o

h
S

“T
he

book
on

the
E

lem
ents

of
G

eom
etry,

w
hich

T
hãbit

ibn
Q

urra
m

ade
(i.e.

edited)
in

three
treatises

(i.e.
B

ooks);
the

B
ook

of
the

T
riangles,

of
w

hich
a

sm
all

part
cam

e
out

in
A

rab
ic.”

9
In

a
passage

quoted
below

,
al-B

irO
nisays

thatT
häbit

ibn
Q

urra
com

m
ented

on
the

G
eom

etricalE
l

em
ents.

T
hus

it
is

likely
that

T
hA

bit
revised

the
existing

translation
of

the
three

B
ooks

of
the

G
eom

etrical
E

lem
ents

and
added

his
ow

n
co

m
m

entary.
T

he
reference

to
the

B
ook

on
T

riangles
show

s
that

M
enelaus

w
rote

other
w

orks
on

elem
entary

plane
geom

etry
as

w
ell.

2.
A

round
A

.D
.

1000
A

bü
N

a
r

ibn
‘Iraq

w
rote

a
letter

to
al-B

irüni
in

w
hich

he
corrected

som
e

errors
in

the
A

stronom
ical

H
andbook

o
fthe

P
lates

(Z
ij

al-S
afãih)

by
A

bü
Ja’far

al-K
hãzin

(ca.
A

.D
.

9
5
0
))°

A
bti

N
asr

says
that

even
excellent

m
athem

aticians
can

m
ake

m
istakes,

and
he

gives
the

follow
ing

exam
ple:

J5
p

_
,Il

A
J
IZ

J
4
-
j

“A
nd

A
bti

Jacfar
al-K

hãzin
him

self
corrected

a
m

istake
or

om
ission

w
hich

M
ãnãlãnãw

us
(i.e.

M
enelaus)

happened
to

m
ake

in
his

book
called

the
G

eom
etrical

E
lem

ents.”
l I

U
nfortunately

A
bti

N
asr

does
not

give
us

m
ore

inform
ation

on
A

ba
Jafar’s

criticism
s.

12

3.
In

the
E

xtraction
o
f

C
hords

al-B
irüni

m
entions

the
G

eom
etrical

E
lem

en
ts

of
M

enelaus
in

the
follow

ing
passage:

L
.

J
lJ

J
ljl

l
J
l
W

,
y

j
’

U

S
ee

al-N
adim

p.
327.

O
n

A
bQ

N
asr

ibn
‘Iraq

see
G

A
S

V
338

341,
G

A
S

V
i,

242—
245,

the
letter

in
question

is
m

entioned
in

G
A

S
V

I,
243

no.
3.

A
m

anuscnpt
of

the
ZTj al-S

afä’ih
has

been
found

recently,
see

S
am

só,
pp

594—
601.

A
bu

N
asr

no.
3,

p. 3,
lines

13—
14,

12
T

he
other

references
to

M
enelaus

in
this

lettet
by

A
bC

N
asr

concern
the

Spheric.c
(al

K
uriyyat)

(see
A

bC
N

asr
no.

3,p. 5, line
10)

“b
construct

tw
o

lines
1

i
tw

o
assum

ed
joints

t
P

lines)
contain

a
assum

ed
angle

and
their

sui
its

equ
line.

M
enelaus

w
anted

to
show

in
the

seco
n

d
1oposit1

I

book
ofhis

G
eom

etrical E
lem

ents,
how

w
e

in
scrib

e
ii

p
i

i

a
broken

line
w

hich
is

equal
to

a
given

line
but

he
uset

m
ethrd.

T
hen

T
hãbit

ibn
Q

urra
constructed

it
sshen

I
t

ii
itt

on
this

book,
by

m
eans

of
construction

of
the

sam
e

c
i

atit
the

construction
of

M
enelaus.

B
y

m
eans

o
f

the
ah

o
se

m
enti

sued
p

is
serts

of
the

broken
line

in
the

concavity
of

any
arc,

the
consirut

0
0

0
of

vchat

M
enelaus

w
anted

is
easy,

and
it

is
general,

fot
all

arcs
of

thi
rJi

not

only
for

the
sem

icircle.
A

bti’l-Jtid
devoted

a
treatise

to
this

prohle
sand

he
solved

it
in

an
outrageously

long
and

difficult
w

ay.
\h

e
n

A
be

S
ield

al-S
ijzi

saw
it

(the
treatise),

he
solved

it
(the

p
ro

b
lem

)
in

an
extrem

ely

easy
w

ay.
O

ur
solution

w
ill

not
he

less
(easy)

than
his.

C‘S
N

F
ig

u
re

1

T
he

problem
s

m
entiont d

by
abB

irim
i

can
be

illustrated

1
aid

2.
In

F
ig

u
c

1
‘15

is
the

diam
eter

of
a

sem
ici

e

cons
ructed

a
‘broke

e
A

t
B

w
ith

C
on

the
sea

A
C

‘B
‘S

U
i

0
i

n
length

S
ince

an

r
b.

B13
B

irun
no

pp
/

I
I is

Ira
isiattor

0

cu
io

u
srisar

(
2

pp.
II

32,
T

acO
0

0
V

i
C

hord
M

enelaus
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JA

N
P

H
O

G
E

N
D

IJK
Iraces

ol
tie

nenO
of

is1
nd

sem
icircle

ifand
only

if
/A

C
B

=
9O

°,’
the

problem
can

also
be

stated
thus:

to
construct

tw
o

lines
A

C
,

B
C

from
tw

o
assum

ed
points

(A
,

B
)

such
that

they
contain

a
right

angle
(L

A
C

B
)

and
their

sum
is

equal
to

a
given

line.
In

the
beginning

of
the

quoted
passage

aI-B
irünT

m
entions

a
m

ore
general

problem
.

w
hich

can
also

be
stated

in
tw

o
equivalent

form
s

(Figure
2):

(a)
L

et
A

and
B

be
tw

o
given

points.
T

o
construct

point
C

such
that

A
C

+
C

B
is

a
given

length
and

L
A

C
B

is
a

given
angle

(w
hich

need
not

be
a

right
angle);

(b)
L

et
A

and
B

be
tw

o
given

points
on

a
given

circle.
To

construct
point

C
on

the
circle

such
that

A
C

+
C

B
is

equal
to

a
given

length.
T

he
tw

o
form

s
of

the
problem

are
equivalent

as
a

consequence
of

E
uclid’s

E
lem

ents
I1

I:2
6
2
7
)6

I
w

ill
discuss

a
l

Sijzi’s
solution

of
this

problem
in

S
ection

4
of

this
paper

T
he

treatise
by

A
bU

’l-Jüd
is

lost,
but

the
story

that aI-S
ijzicriticized

him
is

plausible
because

he
and

al-S
ijzi

w
ere

enem
ies

and
al-S

ijzi
also

criticized
him

elsew
here.’
7

3. A
new

trace
o
fthe

G
eom

etrical
E

lem
ents

o
f M

enelaus

A
new

trace
of

the
G

eom
etrical

E
lem

ents
of

M
enelaus

is
to

be
found

in
al-Sijzi’s

T
reatise

on
the

P
roperties

of
the

P
erpendiculars

D
raw

n
From

a
G

iven
P

oint
To

a
G

iven
E

quilateral
T

riangle,
B

y
W

ay
o
f D

eter-
initiation,

that
is

T
ext

I
in

the
A

ppendix
to

this
paper.

A
l-S

ijzi
begins

T
ext

I
by

saying
that

“M
ayãlãw

us
m

entioned
in

the
beginning

of
his

book
on

the
G

eom
etrical

E
lem

ents
the

property
of

equality
(resulting)

from
draw

ing
the

perpendiculars
in

an
equilateral

triangle
to

its
p
erim

e
ter.

H
e

follow
ed

in
this

the
m

ethod
of

division
(of

the
problem

into
special

cases)
but

the
necessary

division
w

as
not

exhaustive.
So

I
in

tended
to

follow
in

this
the

m
ethod

of
division

(into
cases)

according
to

the
(different)

position
of

the
points.”

M
ayalA

w
us

L
.

4
is

evidently
an

error
for

M
anãlãw

us
caused

by
m

isplacem
ent

of
one

diacritical
m

ark,
but

w
e

do
not

know

E
lem

ente
gebist

hat,
m

ull
aber

doch
etw

as
anders

gelautet
haben,

denn
so

n
st

kC
nnte

er
kaum

‘cinen
sehr

langen
W

eg’
fU

r
die

I
Ltsung

gebrauchi
haben”

Perhaps
S

iter
thought

that
a

G
reek

geom
eter

could
not

give
a

long
solution

of
an

easy
problem

See
how

ever,
Section

4
for

a
conjecture

about
a

problem
w

hich
m

ay
have

been
treated

in
the

G
eom

etrical
E

lem
ents

and
for

w
hich

proposition
2

of
B

ook
III

m
ay

have
been

a
prelim

inary.
E

uclid,
E

lw
nents

111.31, H
eath

vol
2

pp
61-63.

H
eath

vol
2,

pp.
56-59

O
n

the
relations

betw
een

A
bu’l-Jud

and
al-Sijzi

see
H

ogendijk
1

C
hapter

5

w
hen

and
by

w
hom

the
en

ade,
and

til-S
izi

rnia
e
d

that
M

ayalaw
us

w
as

the
right

spelling.

In
the

res
f

‘Tex
I

th

tance
from

any
poin

i

P
is

inside
the

triangle
e

the
su

s

tances
is

constant
am

eq
i

d
of

the
to

P
Q

+
P

R
+

P
S

=
A

H
e

d
ii

Cs
ti

cases
(1

)
P

is
an

angul
the

triangle,
( ‘I

I
of

the
triangle,

(3)
P

is
on

at
I

de
f

the
triangle

(4
1

the

triangle
but

not
on

an
altituds

\i-S
ijzi

also
discusses

the
e

re
P

is
outside

the
triangle,

as
in

F
igure

4:
in

that
case

the
sum

of
t o

p
er

pendicular
distances

m
in

u
s

the
third

distance
IS

equal
to

the
altitude

of

the
triangle,

that
is

to
say

P
Q

-4-
P

R
—

P
S

11).
H

ere
al-S

i
Z

i d
istin

guishes
7

cases.
A

l-SijzT
tacitly

assum
es

that
point

P
is

inside
c

or
of

the

angles
of

the
triangle:

F
igure

4
is

draw
n

for
the

case
w

here
I

s
tnside

angle
B

A
G

,
w

ith
A

B
and

A
G

extended
indelinitel’

\e
tim

utse
the

question,
w

hich
cases

w
ere

treated
by

M
enelaus

in
his

lost
t

inca!

E
lem

ents.
A

l—
Sijzi’s

preface
h

o
i

that
M

enelaus
pw

vec
I

rem

at
least

for
points

P
instF

a
gle

as
in

F
igute

3
F

tent

or
m

edieval
m

athem
atic

n
tk

csith
tie

s

the
generalization

of
th

)
its

P
outstc

F
tg

u
e
4
isio

ta
ta

l
S

i
S

t
1i
t
h

a
d

s

eral
ation,

Ie
w

ool
p

tS
al

A

S
P

P

S
D

Figure
3

G

In
othe

w
orks,

at
S

veo
m

inor
m

odification
I

of
lbs

angle
by

m
eans

K
t

pp
293-

3(19,
1disag

Sir
sd

cx
s’m

tpis
It

S
h

t
it

K
u

‘pest
oss

S
5pp
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JA

N
P.

H
0
G

E
N

D
IJK

aces
of

the
L

ost
(

1.6
,o

e
n
I

t
M

“the
necessary

division
(of

cases)
w

as
not

exhaustive”
suggests

that
his

ow
n

contribution
consisted

of
the

elaboration
of

cases
w

hich
M

enelaus
had

not
treated

explicitly.
I

conclude
that

M
enelaus

stated
and

proved
the

theorem
in

som
e

form
for

points
P

outside
the

triangle,
but

that
he

did
not

m
ake

the
explicit

distinction
into

7
cases

w
hich

al-S
ijzim

ade
in

T
ext

1.
If

point
P

is
inside

an
A

angle
opposite

to
one

of
the

angles
of

the
triangle,

Q
as

in
F

igure
5,

w
e

have
P

Q
—

P
R

—
P

S
=

A
D

,
A

l-S
ijzi

m
issed

the
th

eo
rem

for
this

case.
It

s
N

likely
that

M
enelaus

did
—r

B
not

treat
the

theorem
ex-

e
”

//
G

D

plicitly
for

this
case;

he
N

.
/‘

m
ay

have
m

issed
it

as
R

w
ell.F

orpoints
P

inside
the

Figure
5

triangle
as

in
Figure

3,
the

theorem
is

also
stated

and
proved

in
an

ancient
G

reek
treatise

w
hich

su
r

vives
in

an
A

rabic
translation

under
tw

o
different titles,

nam
ely

the
B

ook
o
f the

G
eom

etrical
E

lem
ents

of
(P

seudo-)A
rchim

edes,
and

B
ook

o
f A

s
sum

ptions
of

A
q
atu

n
.

1
9

M
y

conclusion
that

the
G

eom
etrical

E
lem

ents
of

M
enelaus

contained
the

theorem
for

F
igure

4,
agrees

w
ith

the
co

n
clusion

of
Y

vonne
D

o
ld

-S
am

p
lo

n
iu

s
2°

that
M

enelaus
is

not
the

sam
e

author
as

A
qãtun

or
P

seudo-A
rchim

edes,
w

ho
did

not
give

the
theorem

for
P

outside
the

triangle.
Ibn

al-H
aytham

(ca.
960—

ca.
1040)

proved
the

theorem
for

points
P

inside
the

equilateral
triangle

and
he

generalized
the

theorem
for

points
P

inside
an

isosceles
trian

g
le.

2
1

Ibn
al-H

aytham
did

notdiscuss
the

case
w

here
P

is
outside

these
triangles,

so
it

is
likely

that
he

did
not

know
the

G
eom

etrical
E

lem
ents

of
M

enelaus.

4.
A

l-Sijzi’s
L

etter
to

b
U

A
li

N
azit

ibn
Y

unm
and

the
G

eom
etrical

E
lem

ents
of M

enelaus

A
l-B

irüni’s
discussion

of
(e

ta
m

etrical
E

lem
ents

111:2
has

been
quoted

in
S

ection
2

of
this

i
p

T
here

al-B
irüni

discussed
1cm

w
hich

is
as

follow
s

A

em
notation

(F
gure

6)’
1

B
be

tw
o

given
points,

length
(1

e
line

segm
ent)

given
angle

1o
construct

C
such

that
A

C
+

C
B

=
.

and
/A

C
B

=
.

M
enelaus

solved
this

problem
for

=
900,

that
is

to
say

thatC
is

on
the

sem
icircle

w
ith

diam
eter

A
B

.
A

1-B
irünI

says
that

al-S
ijit

an
easy

w
ay

ft
is

not
difficul

from
the

indications
given

h
by

al
Sijzi,

such
as

T
ext

2
i

C
onstruct the

circular
i

equal
o
.

T
his

arc
i.

X
on

one
side

of
1

ne
A

of
this

cucula
are

is
exp

uclid’s
L

.t

d
ra

the
c

rcle
w

ith
centre

(
radius

,
let

sect
the

iu.
P

.
To

avoid
confusion,

the
c.ircle

ith
centre

A
ane

a
d
iu

a
not

draw
n

in
F

igure
6,

but
its

point
of

intersection
P

ssi
Ii

circle
1%

B
is

displayed.
D

raw
P

A
.

D
russ

the
circular

arc
through

4
and

P
and

“containing”
an

angle
o.

L
et

4
P

intersect
this

aic
at

(
and

draw

C
B

and
P

B
.

Since
A

C
B

C
P

B
+

C
B

P
4

C
B

u
,

an
d

L
A

P
B

=
.

it follow
s

that
C

B
P

-
I

L
(P

R
.

Sc
I

(
B

I’hus
A

C
+

C
B

A
C

+
C

P
11

,as
req

tired
n

it
‘ti

n
a

22
‘p

e
censtruct

on
is

also
fo

W
ere

D
iscu.ssed

b
H

it
and

ration
G

A
S

V
c
o
n
stri. ction

in
roer

i
in

sr
s
o

lu
tio

n
of

this
problem

w
as

i

39a:3Q
—

39b
4

M
S

Istanbul,
R

ati
2

H
caih

sd
2.

p
p
.

6
7

70

A
B

F
iu

n

solved
the

prohiem
for

aoho
rats

a
in

to
‘onstruct

al—
Sijr

s
lu

ion
.uhe

m
l

him
self

u
a

cx
as

foll
6)

A
ilB

w
a

n
s,

he
I

A
X

B
nsirti

i

trisection
is

an
adaptation

of
the

irisection
in

P
appus

of
A

lexandria’s
M

athem
atical

C
ollection

IV
:43.

iS
S

ee
H

erm
elink

and
D

old-S
am

plonius,
propositions

8
10,

pp.
21—

23
20

S
ee

D
old-S

am
plonius

p.
12

21
See

H
erm

elink.

atisS.
ira

w
,

yen
p..

Se
M

S
D

t
39a

20
t9b

a

Ha

h
i
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JA

N
P

H
0G

E
N

D
U

K
e
e

f

I

B

possible
if

c
2A

Q
,

w
here

A
Q

B
is

the
isosceles

triangle
w

ith
A

B
as

base
and

IA
Q

B
=

a
(dotted

lines
in

F
igure

6).
F

o
re

<
2
A

Q
the

tw
o

solutions
C

are
located

sym
m

etrically
w

ith
respect

to
Q.

T
ext

2
in

the
A

ppendix
is

al-Sijzi’s
hitherto

unpublished
L

etter
to

A
bü

“A
llN

azifibn
Y

um
n

the
P

hysician
on

the
construction

o
fan

A
cute-

A
ngled

T
riangle

From
Tw

o
D

fferent
S

traight
L

ines
(G

A
S

V
,

332
no.

13).
N

azif
ibn

Y
um

n
w

as
a

C
hristian

theologian,
physician

and
m

ath
em

atician
w

ho
lived

in
B

aghdad
(G

A
S

V
.

313—
314).

A
lthough

T
ext

2
does

not
contain

an
explicit

reference
to

the
G

eom
etrical

E
lem

ents
or

to
M

enelaus,
the

text
is

of
interest

here
for

tw
o

reasons.
First,

its
m

athem
atical

contents
are

closely
related

to
al-Sijzi’s

solution
outlined

above,
and

hence
to

the
theorem

w
hich

M
enelaus

solved
in

G
eom

etrical
E

lem
ents

111:2,
T

hus
T

ext
2

m
ay

shed
light

on
the

possible
context

of
this

problem
.

Secondly,
since

T
ext

2
w

as
w

ritten
A

,H
.

359
/

A
,D

.
970,

it
is

likely
that

al-S
ijzi

had
read

the
G

eom
etrical

E
lem

ents
by

that
tim

e
T

his
inform

ation
w

ill
be

useful
in

Section
5

of
this

paper.
In

T
ext

2,
al-S

ijzi
discusses

the
construction

of
an

acute-angled
tri

angle
from

“tw
o

different
straight

lines”
A

B
and

A
G

,
w

ith
A

G
>

A
B

T
his

is
a

triangle
A

B
Z

w
ith

acute
angles

such
that

A
Z

+
Z

B
=

A
G

(see
F

igure
7)

S

ilc
B

(
i

1
L

I
A

C
1

m
l

g
es

B
/u

l
d

c
i

/

l
y

o
fo

ic

C

F
r

any
point

oa
a

have
Z

A
E

B
<

4
5

A
l

S
and

he
show

s
that

/A
90

If
point

F
1

csk
extended,

the
angle

all
possible

acute
angi

by
this

m
ethod

T
b

pros
des

allacute-sngled
A

Z
<

/B
A

tnangle
construct

and
triangles

can
he

construe
ted

ii
th

T
ext2

is
really

abou
th

such
that

A
Z

4
lB

triangle
A

Z
B

such
ha

can
take

the
isoscel

s
o

not
ieed

al-S
iyi

s
so

u
lex

t
2

is
in

toe
olk

problem
in

G
eom

eti
c

choose
F

T
F

w
e

av
e

A
T

w
ill

/C
90

C
of

M
enelaus

for
F

K
fibure

A
/B

-
a
9
0

the
iru

ar
a

t
ru

k
i

as
a

point
of

interse
i

radiis
,

tha
is

circ
the

correspond
t

p
i

re
ated

to
al

S
iy

i
s

ol
W

e
noss

discus
hr

al-S
jri

says
that

h
ang

ed
triangle

from
s

ana
that

he
had

also
o

los
bu

k
a
o

n
o

had
als

bee
so

e
d

e
l
i

1s
e

A
l

Sijz
dis

ano
her

unpublishe
i

this
paper

as
T

ext

4N
o

te
h

M
e

ci
c

lb
N

d
im

h

A
l-S

ijri
draw

s
the

seg
m

ent
A

G
perpendicular

to
A

B
.

H
e

constructs
the

circular
arc

through
points

A
,

B
,

“containing”
an

am
gle

of
45

degrees.
H

e
draw

s
perpendiculars

B
I)

and
A

H
to

intersect
this

arc
at

I)
and

H
and

he
notes

that
A

l)
is

a
d

iam
eter

of
the

circle
to

w
hich

this
arc

belongs.
(N

ote
that

A
B

D
H

is
a

square,
/A

D
B

=
45’,

and
A

G
>

A
H

)
H

e
then

draw
s

a
sec

ond
circle

w
ith

centre
A

and
radius

A
G

.
In

F
igure

T
E

G

D

K
C

z

B
A

Figure
7

A

tea

1
4

1
I
t

II
1

1

p
d

a
S

1
ii

I
I

Ii
:

3
(

S

r
s

‘
iti

I

f

(
h

aSwA

[
I

in

7
the

tw
o

circles
intersect

at
tw

o
points

K
and

I,
hut

it
is

also
possible

that
the

tw
o

circles
are

tangent
at

D
or

do
not

intersect
A

l-S
ijzi

gives
figures

for
these

three
cases,

see
the

A
ppendix,

F
igures

1l—
13
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5.
T

he
G

eom
etrical

E
lem

ents
did

not
contain

a
trisection

of the
angle

by
m

eans
o
f conic

sections

In
T

extual studies
in

A
ncient and

M
edieval

G
eom

etry,
pp.

219,
288-.

289,
the

late
W

ilbur
K

norr
suggests

that
the

G
eom

etrical
E

lem
ents

of

M
enelaus

contained
a

trisection
of

the
angle

by
m

eans
of

a
circle

and
a

hyperbola.
K

norr
argued

that
this

trisection
w

as
adapted

from
this

w
ork

1
the

angle
IS

11CC
[C

.

10I

ii
C

by
T

hãbit
ibn

Q
urra

in
his

ow
n

tre
a
tise

on
the

trisection
(G

A
S

V
271

n
o

16)
I

w
ill

a
rgue

that
is

s
u

g
g
e

by
m

eans
of

T
exts

1
and

2
r

‘71’s
Ic,’

I
C

In

angle
(G

A
S

V
,331

o
)

su
in

n
h

his
edition

of
the

h
g

bra
ir

al-K
I

m
.

I
follow

s.

In
the

notations
of

M
L

z
F

igure
7,

the
idea

is
B’

,
.
.
,

A
’

as
follow

s
(see

F
igure

-
—

-

s
e
i
t
a

_
_

N,,
B

and
m

ajor
axis

c
>

A
B

,
draw

the
sem

icir-
B

A

cle
w

ith
diam

eter
A

B
,

and
draw

perpendic-
‘

____z’

ulars
A

A
’

and
B

B
’

to
m

eet
the

ellipse
at

—

points
A

’
and

B
’.

If
FigureS

point
Z

is
on

arc
A

’B
’

of
the

ellipse,
but

outside
the

circle,
triangle

A
Z

B
w

ill
be

acute-angled
and

A
Z

+
Z

B
=

c,
as

required.
T

he
intersections

L
,

M
of

the
ellipse

and
the

sem
icircle

provide
the

solutions
to

the
problem

of
M

enelaus
to

construct
a

“broken
line”

A
L

B
equal

to
c

in
the

sem
icircle.

A
gain,

w
e

see
that

alcA
lã

dealt
w

ith
the

construction
of

all
triangles

A
Z

B
such

that
A

Z
+

Z
B

=
c.

T
he

relations
betw

een
T

ext
2,

al-Sijzi’s
solution

of
the

problem
of

M
enelaus,

and
the

textof
al-’A

lã
suggest

that the
problem

“to
construct

the
(i.e.

every)
acute-angled

triangle
from

tw
o

different
straight

lines”

m
ay

have
occurred

in
the

G
eom

etrical
E

lem
ents

as
w

ell,
and

that
G

e

om
etrical

E
lem

ents
111:2

w
as

a
prelim

inary
to

the
solution.

A
l-B

irüni

inform
s

us
that

the
solution

by
M

enelaus
(probably

by
ruler

and
co

m

pass)
w

as
com

plicated,
and

therefore
al-A

lã
m

ust
have

preferred
his

ow
n

elegant
solution

by
m

eans
of

the
ellipse.

A
l-S

ijzi
then

show
ed

that
a

sim
ple

ruler-and-com
pass

construction
w

as
possible,

although
he

did
not

w
ork

out
all

details
in

a
satisfactory

w
ay.

T
hus

the
G

eom
etri

cal
E

lem
ents

of
M

enelaus
m

ay
have

stim
ulated

an
interesting

series
of

investigations
by

A
rabic-Islam

ic
geom

eters.

T
ext

1
show

s
that

al-Sijzi
knew

the
G

eom
etrical

E
lem

ents
c’t

M
ene.

laus
at

som
e

stage
in

his
career,

and
T

ext
2

strongly
inggesls

that
he

knew
this

w
ork

in
A

]).
970

/
359

H
.

In
the

treatise
o
t

thi
tisection.

al-S
ijzi

cites
the

w
ork

of
al-B

u
rn

,
w

ho
w

as
oni

m
A

)7
)

/
l(2

I
T

he
reatise

on
the

t
isectio

1
crefo

late
x

t
ii

probably
also

m
uch

lat”
tfi’

t
in

v
t

a
al-Si

ziknew
the

G
e
rie

tiu
rents

M
Ian.

e
a

s
treatise

on
the

tnsection
of

ii
igle

In
the

treatise
on

the
trisection

of
the

angle,
ahS

ij
says

that
the

ancient
geom

eters
w

ere
unable

to
trisect

the
angle,

ann
that

the
only

m
odem

geom
eters

w
ho

could
solve

this
problem

acre
T

liãhit
+

n
Q

urra
and

A
bü

Sahi al-K
ühi

In
the

sam
e

text,
al-S

ijiirenders
‘

iposition

by
T

hãbit
ibn

Q
urn.

T
his

0
ition

is
illy

1/
111

1’
it

s
texton

the
thsection

o
t

e
11,1

f
1

w
I

al
w

’
trisection

by
m

e’
ns

of
d

a
hyp’

hC
nd

(I
i

correctsolution.
H

M
enelaus

e
rnctrw

a
n

e
n

is
i

m
cd

th
I

C

trisection
as

T
hãbit’s

text,
as

suggested
by

K
norr,

or
any

othir
in

section
of

the
angle

by
m

eans
of

conic
sections,

al-S
ijzi

w
ould

not
hase

said
in

his
ow

n
treatise

on
the

trisection
of

the
angle

that
th—

ancients
a

crc
unable

to
trisect

the
angle

I
conclude

tha
the

G
ion’

E
lm

enrs

of
M

enelaus
did

not
ontam

“cO
on

annie
‘ n

o
e

sections
Ihas

there
is

no
cv

let
i

Ie
(

al
u

a
t

anyt
ung

else
than

ruler—
an

pass
cc

i
ictions

heoi
straight

lines,
triangles

and
circles

in
plane

geom
etry

2
5

se
e
w

o
e
p

c
k

e
,p

p
117

ItS



142
JA

N
P

H
oG

aN
1)11K

,ces
I

ii
e

L
o,r

ui
I

ne;
t

M
ec

A
ppendix:

A
rabic

texts
and

translations

Text
I

T
reatise

of
A

hm
ad

ibn
M

uham
m

ad
ibn

A
bdaljalil

al-SijzT
on

the
Properties

of
the

P
erpendiculars

D
raw

n
From

a
G

iven
P

oint
T

o
a

G
iven

E
quilateral

T
riangle,

B
y

W
ay

of
D

eterm
ination.

T
he

follow
ing

edition
and

translation
is

based
on

the
m

anuscripts

D
ublin,C

hesterB
eatty

L
ibrary

3562,
if. 66b—

67b
(A

rberry
vol.3,

p. 60),

and
Istanbul,

S
uleym

aniye
L

ibrary,
R

eit
1191,

if.
l24b—

125b
(G

A
S

V

333
no.

19).
T

he
D

ublin
m

anuscript
is

dated
F

riday
7

R
am

adän
611

H
.

=
January

9,
1215

A
.D

.
T

he
m

anuscripts
contain

num
erous

scribalerrors,and
som

e
passages

had
to

be
restored

to
m

ake
m

athem
atical

sense.
Such

passages
appear

in
angular

brackets
<

...>
in

the
text

and
the

translation.
T

he
text

is
fo

l

low
ed

by
a

critical
apparatus,

in
w

hich
I

have
indicated

the
m

anuscripts

by
the

sym
bols

s
(for

D
ublin)

and
(for

R
eit).

I
have

m
ade

som
e

changes
in

the
orthography,

but
I

have
not

corrected
gram

m
atical

errors

in
the

text.
O

nly
the

D
ublin

m
anuscript

indicates
by

slashes
the

letters

in
the

text
referring

to
points

in
geom

etrical
figures.

M
y

ow
n

explanatory
additions

to
the

translation
are

in
parentheses.

T
he

m
anuscript

contains
11

figures
(m

y
F

igures
9—

I
to

9—
X

I),
d

is

playing
special

cases
of

the
theorem

in
the

text.
T

he
R

om
an

num
bers

I,

II
X

I
w

hich
appear

in
these

figures
and

in
the

text
are

m
y

transcrip

tions
of

the
A

rabic
alphabetical

num
bers

in
the

figures
in

the
D

ublin

m
anuscript.

T
hese

11
figures

are
derived

from
an

enorm
ous

com
posite

figure
at

the
end

of
the

text
(Figure

10).
T

his
figure

is
special

because

no
less

than
46

points
are

labelled
by

a
letter,

A
l-S

ijzi
first

used
single

letters
of

the
A

rabic
alphabet

to
label

these
points.

H
e

used
these

let

ters
roughly

in
order

of
increasing

num
erical

values,
w

ith
W

=
6

and

Y
=

10
as

ex
cep

tio
n
s.

2
6

I
now

list
the

letters
of

the
A

rabic
alphabet

and
their

num
erical

values,
together

w
ith

the
transcriptions

I
have

used,

follow
ing

the
system

of
E

.S.
K

ennedy.
=

1
=

A
,
,

=
2

=
B

,
.

=
3

=

26
T

he
letters

and
w

ere
infrequently

used
in

diagram
s

in
A

rabic
texts,

perhaps

because
the

correspondlng
G

reek
letters

digam
m

a
(=

6)
and

iota
(=

10)
occur

only

rarely
in

G
reek

m
athem

atical
diagram

s.
T

he
im

popularity
of

5
=

6
in

diagram
s

m
ay

also
be

due
to

the
possible

confusion
w

ith
the

A
rabic

w
ord

,

m
eaning

‘an
d
”.

F
or

details
on

the
correspondence

betw
een

A
rabic

and
G

reek
letters

in
geom

etrical
figures,

see
T

oom
er

vol.
1,

pp.
xci—

xcui

G
.4

=
D

,3
=

E
,s

6
-
W

,j
7

=
1
0
=

Y
,=

2
0
=

K
,j.z

3
0
=

L
,4

0
M

,5
0
-
y
,

=
6

0

=
S

,—
7

0
O

8
0

F
,

9
(

C
It

()
F

1?

=
3
0
0
=

X
,

00
tiC

F

=
8
0
0
=

,i.=
9

0
0
=

V
,=

l0
0
0
=

I.

A
fter

he
had

ex1auste
the

A
ahic

aiphab
ni-S

ii&

tw
o-letter

com
binations

V
3
/

C

com
binations

have
num

tr
a!

v
ucs

1
12.

and
I-n

ity,
1

have
used

the
sym

bols
x
,

/3,
y

and
S

instead
ol

I
V

A
l-S

ijzi
then

abandoned
the

principle
of

num
erical

saluns

sy
m

o
ls

E
1

K
K

,
IL

M
I

c
i

tI
ta

x
p

he
needed

P
erhaps

ht
se

‘c
dxx

Ic
s

au

binations
do

not
look

the
sam

e
as

the
tw

o
single

letteis
in

exam
ple,

‘
is

not
the

sam
e

as
o

plus
s,
‘
is

not
xhn

salon

etc.
I

have
transcribed

ti
loulIs

lette
by

1
w

er
s.

for
K

K
,

£
lot

L
I

z
o

C.
1’!

t

c’iL
...

4
L

L
4J

stL
.

,z.’cai
5

i.o
ad.

4
a

&
‘5

L1
‘
‘
J

1
la

2
-

V
-

L

H
s

L
5
-
-
5

d

j
I
:I

i
5I5i

L
;,>

tj
_IW

s
jt’

i.r.s
?
l

.5
P

,C.’

I
U

t
w

ith
h
s

lke
C

a
t

B
I

C
Y

D
.

rid
used

the
it

tel’

lC
.

(
rEt

cab
a

F
or

‘iS
23

pius
,t),

t
tu

s
k
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1

M
ayaliiw

us
m

entioned
in

the
beginning

of
his

book
on

the
G

eonier
neat

E
lem

ents
the

property
of

equality
(resulting)

from
draw

ing
the

perpendiculars
in

an
equilateral

triangle
to

its
perim

eter.
H

e
follow

ed
in

this
the

m
ethod

of
division

(of
the

problem
into

special
cases)

hut
the

necessary
division

w
as

not
exhaustive.

So
I

intended
to

follow
in

this
the

m
ethod

of
division

(into
cases)

according
to

the
(different)

p
o

sition
of

the
points,

and
to

prove
that

in
an

easy
w

ay,
in

one
figure

(F
igure

10),
so

that
the

position
of

the
points

can
be

seen
by

the
eyes,

and
the

properties
of

the
perpendiculars

w
hich

occur
according

to
the

(different)
positions

of
the

points
becom

e
easy

for
som

eone
w

ho
studies

this
(m

atter).
S

uccess
is

w
ith

G
od

O
n

H
im

1
count,

verily,
H

e
is

the
T

rustw
orthy.

T
hus

let
the

given
equilateral

triangle
be

A
B

C
and

let
the

p
erp

en
d
ic

u
la

r
2
7

draw
n

from
angle

A
to

the
base

B
G

be
perpendicular

A
D

.
R

equired
(to

prove):
if

from
any

given
point

inside
the

triangle,
or

at
an

angle
(i.e.

angular
point)

of
it,

or
on

one
of

its
sides,

perpendiculars
are

draw
n

to
the

three
sides

of
the

triangle,
they

(i.e.
their

sum
)

are
equal

to
perpendicular

A
D

.
If

the
point

is
assum

ed
outside

the
triangle

and
the

three
perpendiculars

are
draw

n
to

the
sides

of
the

triangle
or

their
rec

tilinear
extensions,

then
the

tw
o

perpendiculars
draw

n
to

the
tw

o
sides

of
the

equilateral
triangle

or
their

extensions
exceed

perpendicular
A

D

by
the

perpendicular
draw

n
to

the
base

of
the

triangle
or

its
rectilinear

extension.
T

hus
let

us
enum

erate
the

positions
of

the
points.

W
e

say
the

point
can

fall
w

ith
respect

to
the

triangle
at

an
angle

(i.e.
an

angular
point,

Figure
9—

1)
of

it,
or

on
a

side
(Figure

9—
Il)

of
it,

or
inside

the
triangle

(Figures
9—

111,
9—

IV
),or

outside
it

(F
igures

9—
V

to
9—

X
l),

If
it

(the
point)

falls
inside

the
triangle,

it
falls

on
perpendicular

A
D

(F
igure

9—
111)

or
not

on
perpendicular

A
D

(Figure
9—

IV
).

If
it

(the
point)

falls
outside

the
triangle,

it
falls

(i.e.
the

feet
of

the
three

perpendiculars
are)

either
on

its
three

sides
(F

igures
9—

V.9—
V

I,9—
V

II),or on
the

rectilinear
extensions

of its
sides

(F
igure

9—
X

), or
som

e
of

them
fall

on
the

sides
and

the
others

on
the

rectilinear
extensions

of
the

sides,
that is

to
say,

either
the

(i.e.one)
perpendicular

falls
on

the
base

of
the

triangle,
that

is
line

B
C

,
and

the
tw

o
rem

aining
perpendiculars

fall

on
the

rectilinear
extensions

of
sides

A
B

,
A

G
(F

igure
9—

V
IlI),

or
the

(i.e.
one)

perpendicular
falls

on
one

of
the

sides
A

B
,

A
G

and
the

tw
o

rem
aining

perpendiculars
fall

on
the

rectilinear
extension

of
the

base

27
T

he
A

rabic
uses

the
sam

e
w

ord
(‘am

id)
for

altitude
of

a
triangle

and
perpend

cular

to
a

stiaight
line.

B
G

and
the

rectilinear
extension

of
one

of
the. sides

A
R

,
16

(F
i,m

e
B

IX
),

or
the

tw
o

(i.e.
tw

o)
perpendiculars

fall
on

base.
B

C
and

one
of

the

sides
A

B
,

A
G

and
the

rca
‘m

ap
ierpendicu

r
F

l
on

re
lint

extension
of

one
of

the
si

e
A

C
F

igi
1.

(F
igure

9—
1)

If
the

point
falls

at
an

angle,
as

point
B

tht
i

let
us

draw
B

L
to

one
of

the
sides

of
triangle

A
B

C
[‘hen

line
R

I
is

equal
o

perpendicular
(i.e.

alt’tude
A

l)
II

(Figure
9

II)
I

the
n

s
a
t

es
h

ii

as
point

E
,

then
let

us
draw

perpendiculars
1

41
1

to
de’.

,
B

.4
6

N
o

third
perpendicular

c
a
n

be
draw

n
T

hen
since

E
M

is
a

perpcndic

ular
(i.e

altitude)
of

an
eq

later
triangle

A
th

sil
B

suP
‘V

is

perpendicular
(i

e..alti
uce

i
i.

Li
‘a

I
A

P

ratio
of

E
M

to
B

E
is

as
the.

rata
of

1,
to

I.
,
,

ann
as

t
m

u
of

A
D

to
8
G

.
B

y
ad

d
itio

n
,

2
8

the
ratio

of
E

M
(plus)

E
N

to
R

I
(plus)

I
C

is

as
the

ratio
of

A
D

t
B

C
So

‘nes
F

A
l

(p’us)
I

B
2
t

‘q
u

H
a
’

A
D

.111.
(F

igure
9—

Ill)
If the. point

ails
on

line
A

D
,

a
u

,.tI
en

let
us

draw
perpendiculars

Z
S

,
7

0
to

sides
A

B
,

A
G

.
T

hen
let

u,
draw

line

Z
Y

parallel
to

line
B

C
l’hei

ltnes
IS

(plus)
0

a
t

‘q
u

t
h

i

A
?

T
hus

lines
IS

p
u

C
p

s
D

or
cc

Z
D

,
that

is
line

A
D

IV
.

(F
igure

9—
IV

)
If

the
poin

falls
in

the
area

A
B

C
t

n
n
d
e

th
e

triangle)
as

point
H

ther
let

us
lrass

line
1
IF

an
1

a
‘i

B
C

,

andletusdraw
theperpen

i
a

I’
I

)
t

I.
B

T
hen,

as
w

e
have

proved,
In

as
ii

i
(ph

s
H

n
ire.

t
ia

i
is

w
ip

e
.

o
o
.
m

a
r

(i.e.
altitude)

A
Z

and
line

ii
()

s
parallel

to
line

71)
and

equal
to

it.

T
hus

lines
H

F
(plus)

H
G

plus
H

Q
ire

eq
lIt)

tiC
/

/
)

that
is

inc
A

D
V

.
(F

igure
9—

V
)lfthe

tntfn
Isoutside

th
Ii iat

pie
I

us
d

ss
ft

iii

points
B

,
G

perpendiculars
B

T
C

T
to

side’.
A

R
6

C
u

xtend

A
B

,
A

G
indefinitely

and
at

us
‘xtend

8
1

(
I

to
tue

11
11

it

points
V

1,29
1.et

is
c

m
i

P
a

point>
falls

at point
1

,I sa
thatthe

iw
perpe

idici
ars

1
1

xee
d

perpendicular
A

D
by

perpendicular
T

i).
P

inuP
Pbs’

rain
a’

1(1
o
G

l)

is
as

the
ratio

of
A

T
‘o

I’
out

IC
is

‘w
ice

1)
u

‘
“
.
‘
.

F

28
H

ete
al-S

ijzi
uses

L
uclid

‘
Ic

ou
e
’

V
L

to
if

c
effect

nit
cd

Sail
icE

ifa
:b

=
c
:d

=
e
:f,tlic

n
ic

;
0

p
d

)
‘c

’j
seeffeath

,co
pp

‘.‘.i6
O

29
T

he
text

m
eans:

L
et

us
e

icd
B

ff1
is

m
c,

t
1ff

cx
‘oded

K
1

n
o

led

ii
p5

nts
I

V
respecti

e
.0

P
oints

and
c

0cc
I

to
I

I’
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F

iem
ena

o
M

enek
so

155

y

Is
t

2

01

L
Y

-“a
H

so
B

T
(plus)

T
G

are
equal

to
A

T
,

so
they

exceed
A

D
by

line
D

T
,

T
he

proof
for

this
Figu

v
ill

..X
l

h
a

iugh

V
I,

(Figure
9—

V
I)

If
the

point
falls

at
perpendicular

D
T

,
such

as
point

a
line

paralle
t

ie
B

G
to

c
lit

point
K

,
w

e
draw

perpendiculars
K

R
,

K
X

.
T

hen
lines

K
R

,
K

X
fall

perpendiculars
asS, afl

equc
he

p
p

die
a

in
the

equilateral
triangle

w
ith

perpendicular
(i.e.

altitude)
A

K
,

<
thus

the
triangle,

so
they

exceed
peipt.

idieulai
I)

by
pe

n
d
a’u

sy
as

they
are

equal
to

line
A

K
,

so
they

exceed
perpendicular

A
D

by
per-

w
e

have
show

n
before.

pendicular
K

D
.

A
nd

if
the

point
falls

at
line

G
T

,
such

as
point

Y
,

w
e

In
cases

other
than

in
this

determ
ination

(of
possible

C
ase’C

,
the

draw
perpendiculars

Y
U

,
Y

e.
T

hen
lines

Y
U

,
Y

G
fall

in
the

equilateral
property

is
not

found
at

ll
‘11121

ts
w

hat
e

w
ants

t
deni

‘trate.

triangle
w

ith
perpendicular

A
K

,
>

31
thus

they
are

equal
to

line
A

K
,

so
E

nd
f

the
treata

e
.

3
6

they
exceed

perpendicular
A

D
by

perpendicular
K

D
.

L
ine

Y
G

is
equal

to
line

K
D

SO
they

exceed
line

A
D

by
line

Y
O

.
V

II.
(Figure

9—
V

u)If the
pointfalls

inside
triangle

B
G

T
,

as
point

W
,

then
let

us
draw

perpendiculars
W

I],
W

X
,

W
Q.

W
e

draw
W

i
parallel

to
B

G
.

T
hen,

since
the

perpendiculars
W

I],
W

X
fall

in
the

equilateral
L

etter
by

A
hm

ad
ihn

M
u
lam

m
ad

ihn
cA

bdaljal
I

at
iI

Z

triangle
w

ith
perpendicular

(i.e.
altitude)

A
J,

they
are

equal
to

perpen-
to

A
bü

‘A
li

N
azif

ib
\u

m
n

a
Physici

a
it

th
I

cc

dicular
A

J,
but

W
Q

is
equal

to
D

J,
so

they
exceed

perpendicular
A

D
a

A
c

ite
A

ngled
glc

f
f

re

by
perpendicular

W
Q

.
V

III.
(F

igure
9—

V
IlI)

If
the

point
falls

betw
een

lines
im

T
fe,

the
The

follossing
edit

0
1

and
islation

T
ext

S
5

is
a

thc

resulting
perpendiculars

m
eet

side
B

G
and

the
rectilinear

extensions
of

m
anuscript:

Paris, B
ibliothèque

N
ationale,

IH
onds

A
rahe

l5
.

136b—

sides
A

B
,

A
G

,
that

is,
B

y
,

G
I;

forexam
ple

p
o
in

ta
and

perpendiculars
l3

7
a
,

3
7

O
n

the
date

in
this

m
anuscript

difterent
view

s
lsas

been
P

m

asS,
a’y

a8
.

posed;
K

unitzsch
and

L
oath

assum
e

that
the

m
anuscript

W
as

a
u

to

IX
.

(F
igure

9—
TX)

If
the

point
falls

betw
een

(i.e.
inside)

triangle
graph

of
al

S
ijzi

hut
S

p
a

a
r

a
C

iA
1

192
the

i
script

G
il,

the
resulting

perpendiculars
m

eetthe
rectilinear

extension
of base

is
a

13th
centur)

cop
I

v
it

11
i

B
G

,
that

is
G

y,
and

the
rectilinear

extension
of

side
A

G
,

that
is

G
i,

gin
view

i
il-Sijzi

I
ie

S
,vell

‘
.

a
rihi

and
side

A
B

;
for

exam
ple

point
a

and
perpendiculars

asS,ay
,

afl.
errors

have
been

corrected
in

thc
W

paratu
.
M

013
x

p
h
u

isi
addi

X
.

(F
igure

9—
X

)
<

lfthe
pointfalls

betw
een

lines
ef

1k,the
resulting

tions
to

the
translation

are
in

parentheses.

perpendiculars
m

eet
the

rectilinear
extension

of
base

B
G

,
that

is
G

y
,

and
the

rectilinear
extensions

of
sides

A
B

,
A

G
,

that
is,

B
V

,
G

I;
for

exam
ple

point
a

and
perpendiculars

asS, ay
,

af)
>

32

X
I.

(F
igure

9—
X

I)
If

the
point

falls
betw

een
(i.e.

inside)
triangle

T
G

f,
the

resulting
perpendiculars

m
eet

the
base

B
G

,
side

A
B

and
the

rectilinear
extension

of
side

A
G

,
that

is
G

I;
for

exam
ple

point
a

and
.

U
I

II
eH

d
I1

I
L

,.s.
c
e
i..

H
perpendiculars

asS, ay
,

afi.
-

-

‘
[his

line
i

not
draw

s
l,s

tigus
the

toes

P
5nhs

f
se

n
,

X
i

to
w

I
have

restored
a

lacuna
in

the
m

anuscript,
w

hich
m

ust
have

occurred
because

the
in

it
C

m
poslt

F
ig

irs
I

eye
o

f
the

scribe
m

oved
from

one
passage

“in
the

equilateral
triangle

w
ith

perpendicular
‘I his statem

‘at is
im

sic
ahoy

u
i

I
I

P

.4
K

”
to

the
next.

I
have

also
restored

perpendicular
Y

H
in

F
igure

9—
V

I.
I

assum
e

that
A

D
T

his
can

be
proved

h
ic

sans
asoning.

Y
K

and
G

B
are

parallel,
so

that
Y

O
K

D
.

36
T

he
D

ublin
m

anusci
ipt

c
n
d

sib
the

rem
ark.

Ihe
fim

.
ilsis

m
ets.

A

32
1

have
tentatively

restored
the

m
issing

passage
describing

the
case

of
F

igure
9

(w
orks)

of al-S
ijzihasbeen

co’npIcted.
i

the
m

orm
nszo

I
ridai

.ic
s
e

ntis
iiam

adãrs

X
.

T
he

figure
appears

in
the

m
anuscript,

and
the

case
is

m
entioned

explicitly
in

the
of

the
year

611
Icorresponding

so
lanua

9
A

t).
121)

beginning
o
f

the
text

e
S

ian
412,

G
A

n
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L
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L
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4

)
y
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i
L
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4

1
ç
$
l

Z
4J1
3

J
1

J
L

J
i

U
I
l
b

A
J
1

L
4
J

1
j

J
°

L
1
j

1
4

L
f
J

A
L

X
j

J
J
1

1
i

)
k

L
5

f
y
-

)L
il
i

l
a
j

.)
Jc

J
1

J
t

l
JH

}
c
}

l
l
i

1
1

4d
j
c

>11
aU3

1b)1
,lL

1
J
1

1

15J
l

L
J
Z

9
’
d

I,

L
r
)

y
/J

i
2

J
i

-
-
-
-
-
‘
1

>
-
-

L
a
L

i
JL

L

A
pparatus

fo
r

Text
2

boo
s/anon

of
ix

r

In
the

nam
e

of
G

od,
the

M
erciful,

the
C

om
passionate.

L
etter

by
A

hm
ad

Thu
M

uham
m

ad
ibn

‘A
bdalalT

l
p
z
t

\b
h

‘A
ll

N
azif

ibn
Y

um
n

thL
P

hsstcian
on

the
(‘onstru

non
t

L
u

te
A

ngled
T

riangle
From

.R
so

D
ifferent

Straight
L

ines
Y

ou
asked,

m
ay

G
od

m
ake

your
happiness

os
erlasti

I.
m

t
con

tructron
of

thL
aeutL

angled
triangk

from
tw

o
diff

e
I

te

lines,
and

you
m

cn
to

i
d

that
A

bu
Sa’d

nl-’A
hi’

Thu
S

I
tb

t
b”

‘v
em

e
and

proposilt
rn

5lhenaiuscipt
i

a
the

urn
of

the
focal

dix
V

u
taecke

pit
I

a3rranusr
o

I

spac
litic

In
C

m
e

i

of
ethpse

is

tints
0

the
text

V
H

409
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JA

N
P.

H
O

O
E

N
D

IJK
T

ra
c
e
s

of
tie

lem
i’n

of
M

i
59

the
B

ook
of

A
pollonius

on
the

cone
(i.e.

his
C

onics).
Y

ou
m

entioned
that

I
solved

this,
and

that
is

in
our

book
O

n
T

riangles,
but

w
hat

w
e

presented
in

our
book

w
as

not
in

the
w

ay
of

determ
ination

(of
possible

and
im

possible
cases).

T
herefore

I
solved

it,
in

the
w

ay
of

division
(of

the
problem

into
cases)

and
determ

ination
(of

possible
and

im
possible

cases)
by

m
eans

ofthe
first and

third
B

ook
ofE

uclid’s
E

lem
ents,

in
order

to
m

ake
clear

to
m

y
L

ord
(i.e.you),

m
ay

G
od

help
him

, thatpropositions
by

easy
w

ays
and

sim
ple

principles
from

E
uclid’s

E
lem

ents,
are

to
be

preferred
over

(solutions
by)

difficult m
ethods,

especially
from

the
B

ook
of

C
onics.

P
roblem

s
w

hich
cannot

be
solved

by
m

eans
of

the
E

lem
ents

can
b
e

related
to

strange
and

deep
m

ethods,
and

w
e

do
not have

to
clarify

the
reason

for
this

because
it

is
clear,

O
ur

success
is

by
G

od.
T

he
question.

W
e

w
ant

to
construct

from
tw

o
assum

ed
straight

lines
an

acute-angled
triangle.

T
he

answ
er,

T
here

are
three

cases
for

this
triangle

L
etthe

assum
ed

straight
lines

be
lines

A
B

,
A

G
,

W
e

w
ant

w
hat

w
e

have
said.

W
e

draw
a

circle
on

chord
A

B
in

such
a

w
ay

that
arc

A
D

B
contains

half
a

right
angle,

nam
ely

circle
A

D
B

.
W

e
draw

B
D

perpendicular
to

A
B

to
(m

eet)
the

circum
ference

of
the

circle.
W

e
join

A
D

.
T

hen
it

is
clear

that
A

D
is

the
diam

eter
of

the
circle.

W
e

draw
w

ith
centre

A
and

distance
A

G
an

arc
of

a
circle

G
K

.
E

ither
it

is
tangent

to
circle

A
D

B
at

point
D

as
in

the
first

(figure)
(F

igure
11),

or
it

in
tersects

it
at

tw
o

places,
as

in
the

second
(figure)

(F
igure

12),
at

T,
K

,
or

it
falls

outside
the

circle
as

in
the

third
(figure)

(F
igure

13).
If

it
falls

outside
the

circle,
let

us
extend

B
D

tow
ards

T
and

let
us

join
A

T
If

it
intersects

it,
as

in
the

second
(figure),

let
it

intersect
it

at
tw

o
points,

on
both

sides
of

diam
eter

A
D

,
(nam

ely)
points

T
,

K
,

and
let

us
join

A
I.

If
it

is
tangent

to
it

as
in

the
first

(figure)
it

m
ust

be
tangent

to
it

at
point

D3
9

B
y

E
lem

ents
111:16,

H
eath

vol.
2,

pp.
37—

39,
the

tangent
is

the
perpendicular

to
the

diam
eter

through
the

point
of

contact

I
say

that
the

a
n
g
le

4
t

h
chord

is
line

A
R

aiw
a

tw
een

(i.e.
inside)

sector
G

A
D

in
the

first
(figure).

and
betw

ec
i

i
c

inside)
sector

G
A

T
in

the
second

an
d

third
(fig

u
re)

4
and

(that
I

neans
of

the
tw

o
lines

draw
n

from
points

A
,

B
to

arc
G

E
D

and
h

draw
ing

a
(new

)
line

from
point

B
to

the
line

draw
n

fro
m

A
to

arc
G

E
1),

tihe
new

line)
containing

w
ith

the
line

Iraw
n

from
B

to
arc

tiE
D

an
ngln

equal
to

the
angle

w
hich

is
produced

at
arc

G
E

L
)

by
the

tw
o

lines
lre

a
d
y
)

draw
n

from
points

A
,

B
,

an
acute-angled

triangle
can

he
put

together,
and

(that)
from

other
(new

lines
through

B
and

these
tw

o
ass

tned
lines

no
acute-angled

triangle
.an

he
constructed

F
igure

12

T
hus

let
us

draw
A

E
to

arc
G

E
I)

‘
W

e
join

E
L

an
I

w
e

m
ake

on
point

B
of

line
A

B
an

angle
equal

to
angle

A
L

E
.

nam
els

E
B

Z
.

I
say

that
triangle

A
Z

B
is

acute-angled.
P

roof
of

this
Since

angle
A

E
B

is
less

than
half

a
right

a
n
g

le
,

4
3

and
angle

A
Z

R
i.

ss
‘e

angle
A

E
B

,
since

it
is

equal
to

the
angles

A
E

B
E

B
Z

w
hich

a
c

c
iu

Ito
one

another,
angle

A
Z

B
is

le
s

a
a

right
angle,

so
it

s
t

t
ace

the
tw

o
lines

draw
n

from
a

I
to

arc
G

E
!)

cont
te

A
R

tw
)

angles
less

than
a

I
m

ean,
tw

o
i

of
to

tm
is

acute,
so

tnnn
a

ugled
I

1e

0c
lS

ijz
ip

ro
h
a

1
m

ci
lin

e
AC

is
ptace

p
2
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intersects
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draw
n

from
point

A
tow

ards
the

side
of

f
f

4
4

contains
w

ith
line

A
B

an
obtuse

angle,
and

sim
ilarly

the
line

draw
n

from
B

tow
ards

the
side

of
D

contains
w

ith
A

B
an

obtuse
a
n
g
le

.
4
5

T
herefore

the
lim

it
o

f
draw

ing
them

is
in

betw
een

the
parallel

lines
A

G
,

B
D

,
T

hat
is

w
hat

w
e

w
anted

to
show

.
T

his
is

w
hat

w
e

have
presented

by
w

ay
of

division
(into

cases)
and

determ
ination

(of
possible

and
im

possible
cases),

in
a

general
m

ethod,
easy

to
grasp

and
easy

to
follow

,
concisely

phrased,
according

to
w

hat
suits

your
m

ind
and

understanding.
So

profit
from

it,
and

m
ay

G
od

m
ake

you
happy

w
ith

it.
T

he
letter

has
ended,

w
ith

the
praise

to
G

od
and

H
is

grace.
I

w
rote

this
on

T
hursday,

the
day

D
ey

ofthe
m

onth
A

bãn
of

the
year

339
of

the
Y

azdgerd
e
ra

.
4
6

Text3

A
construction

by
A

bü
Sazd

al-A
lã’

ibn
Sahi,

from
al-S

ijzi’s
treatise

O
n

the
S

elected
P

roblem
s

W
hich

W
ere

D
iscussed

by
H

im
and

the
G

eom
eters

o
f Shfraz

and
K

horasan,
and

H
is

A
nnotation,s

A
l-Sijzi’s

treatise
O

n
the

S
elected

P
roblem

s
W

hich
W

ere
D

iscussed
by

H
im

and
the

G
eom

eters
ofShfraz

and
K

horãsdn,
and

H
is

A
n
n
o
ta

tions
(if

al-m
asã’il al-m

ukhtãra
allatijarat

baynahu
w

a-bayna
m

uhandisi
S

hirãz
w

a-K
hurãsãn

w
a-taliq

atu
h
u
)

(G
A

S
V

p.
333

no.
23)

has
com

e
dow

n
to

us
in

the
tw

o
m

anuscripts
D

ublin,
C

hester
B

eatty
3652,

if.
35a—

52b
(A

rberry
vol.

3,
p.

59)
and

Istanbul,
S

uleym
aniye

L
ibrary,

R
e
it

T
he

text
m

eans:
a

line
A

Z
draw

n
on

the
other

side
of

line
A

H
,

w
here

point
H

is
the

second
point

of
intersection

of
A

G
and

circle
A

B
D

.
‘

H
ere

the
textis

notclear,
A

I-S
ijziseem

s
to

be
talking

about
LA

B
E

,butthe
required

triangle
is

A
B

Z
,and

L
A

B
Z

m
ay

be
acute

even
if

LA
B

E
is

a
rightor

obtuse
angle.

T
his

part
of

the
reasoning

should
be

changed
as

follow
s.

S
uppose

w
e

w
ant

to
construct

all
acute-angled

triangles
A

Z
B

such
that

A
and

B
are

given
and

A
Z

+
Z

B
=

A
G

>
A

B
.

It
is

easy
to

construct
an

isosceles
triangle

A
Z

B
such

that
A

Z
=

B
Z

=
-

A
G

,
T

o
construct

a
scalene

triangle,
w

e
can

assum
e

w
ithout

loss
of

generality
A

Z
Z

B
,

so
L

A
B

Z
<

L
Z

A
B

.
T

hen
w

e
can

use
the

construction
of

al-S
ijri,

w
hich

guarantees
that

A
Z

B
and

Z
A

B
are

acute.
T

hus
L

A
B

Z
is

acute
as

w
ell.
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T

he
m

onth
A

ban
of

the
year

339
of

the
Y

azdgerd
era

corresponds
to

O
ctober

20
N

ovem
ber

19,
A

.D
.

970.
T

he
day

called
“D

ey”
can

be
the

8th,
15th

and
23th

day
of

the
m

onth;
these

w
ere

called
D

ey
beh

A
zar,

D
ey

beh
M

ehr,
D

ey
beh

D
in.

B
ecause

the
day

is
a

T
hursday.

tw
o

possibilities
rem

ain:
T

hursday
8

A
bari

339
=

O
ctober

27,
970

A
D

.
and

T
hursday

15
A

bãn
339

=
N

ovem
ber

3,
970

A
.D

.
I

ow
e

this
inform

ation
to

M
r.

R
ahim

R
ezazadeh

M
alek

and
M

r.
M

oham
m

ad
B

agheri,
T

ehran.

T
he

solution
is

not
m

entioned
in

R
ashed’s

edition
of

th
ssorks

of
of

although
another

solution
by

al-’A
lS’,

w
hict

occurs
one

page
ear

icr
it

the
sam

c
text

of
d

S
iji.

appears
on

p.
190

of
R

ashed’s
edition.

In
H

ogendijk
2.

p
1Q

3,
I

m
entioned

the
fact

that
a

reference
to

al-A
la’
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in

the
text

O
n

the
Sele

ctcel
Pm

hii’ni
1

hote
1

did
not

m
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that
the

text
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s
solutions

by
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l

ted
dii

otas
b

ase
m

isle
R

ashed

1191,
if

31b.—
62a.

In
w
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1
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2
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solut
o

C
hester
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eatty

3652
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(F

igure
14)

T
he

tw
o

straight
lines

A
R

,
G

D
are

different,
and

A
R

is
the

longer
of

them
.

W
e

w
ant

to
construct

from
them

an
acu

te
angled

triangle.
L

et
us

place
the

(shorter)
line

at
the

m
iddle

ofthe
greater

line
and

let
us

m
ake

A
L

)
tim

es
D

B
equal

to
the

square
of

E
K

.
W

e
place

K
E

T
perpendicu

larly
at

the
m

idpoint
of

line
A

R
and

w
e

m
ake

on
diam

eters
A

R
,

T
K

the
ellipse

A
K

B
T

4
8

W
e

describe
on

diam
eter

G
D

sem
icircle

G
k
D

.
4
9

T
hen

it
is

tangent
to

the
ellipse,

or
it

intersects
it,

or
it

falls
inside

the
ellipse.

W
e

draw
perpen

diculars
G

Z
,

D
II

to
A

R
.

If
the

sem
icircle

falls
inside

the
ellipse,

the
(L

e.
any)

tw
o

lines
draw

n
from

points
G

,
D

to
line

D
K

G
on

the
boun&

ary
of

the
ellipse

contain
an

acute
angle,

and
the

tw
o

angles
on

the
sides

of
G

,
D

are
acute,

and
the

sum
of

the
tw

o
lines

is
equal

to
the

longer
line

A
B

,
5°

w
hich

is
given,

so
w

e
have

constructed
w

hat
w

e
w

anted,
If

it
is

tangent
to

the
ellipse

atpoint
K

,
the

(i.e.
any)

tw
o

lines
draw

n
from

points
G

,
D

to
(any

pointon)
line

D
K

G
exceptpoint

K
contain

an
acute

angle,
and

the
tw

o
rem

aining
angles

are
acute.

A
nd

if
it

intersects
it

at
points

L
,

M
,

then
the

(i.e.
any)

tw
o

lines
draw

n
from

points
G

,
D

to
lines

Z
L

,
M

U
contain

an
acute

angle,
and

the
tw

o
rem

aining
angles

are
acute,

and
their

sum
,that

is
of

the
tw

o
lines

draw
n

from
points

G
,

D
,

is
equal

to
<

lin
e

A
R

,
so

w
e

have
constructed

fro
m

>
lines

A
R

,
G

D
an

acuteangled
triangle,

and
that

is
w

hat
w

e
w

anted
to

dem
onstrate

A
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V
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p.
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109.
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K
had
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defined
as

endpoint
of

B
K

,
but

here
aIS

iji1
defines

K
a

second
tim

e
in

a
w

ay
w
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is

inconsistent
w

ith
the

earlier
definition
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confusion
I

w
nte
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for

the
point

defined
according

to
the

second
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by
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