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TRACES OF THE LOST GEOMETRICAL ELEMENTS
OF MENELAUS IN TWO TEXTS OF AL-SIJZI

JAN P. HOGENDLIK*
1. Introduction and summary

Menelaus was a mathematician and astronomer who lived around
A.D.100inRome.! His mostimportant work was the Spherics, a treatise
on the geometry of the sphere. The original Greek text of the Spherics
is lost but the work has come down to us in various Arabic, Hebrew
and medieval Latin translations. In the Greek and Arabic literature,
reference is made to other works by Menelaus which have not come
down to us. This paper is about one of these works, of which the
Greek title is unknown, but which is entitled Geometrical Elements
(Usiil Handasiyya) in Arabic.

Many conjectures have been made about the contents of this work,?
but most of these are not supported by explicit references in ancient or
medieval sources. To show how little is known about the Geometrical
Elements, ] have listed the published references to the work in Section 2
of this paper. From these references we can deduce the following infor-
mation: The Geometrical Elements was a work in three books, which
was known in the ninth century A.D. to Thabit ibn Qurra,> who wrote a
commentary to it, and in the tenth century to Abi Ja*far al-Khazin (ca.
A.D. 950).* AI-Biriini® describes a problem which Menelaus solved

* Mathematical Institute, Utrecht University, P.O. Box 80010, NL-3508 TA Utrecht.

1 On Menelaus see Bulmer-Thomas and GAS V, 158-164.

2 See, for example, Bjdrnbo pp. 4-8; Bulmer-Thomas, pp. 299-300; Knorr, pp. 101,
115, 219; it has been conjectured that the Geometrical Elements contained an alternative
proof of Euclid’s Elements 1:25 ascribed to Menelaus by Proclus; a proof of the plane
version of the “theorem of Menelaus” (on a triangle and a transversal); a construction
of two mean proportionals by Archytas; a version of this construction by means of
a certain “paradoxical curve” mentioned by Pappus; some Archimedean theorems on
chords; a trisection of the angle by means of a circle and a hyperbola, see Section 5.

30n the mathematical works of Thabit ibn Qurra see GAS V, 264-272,
Matvievskaya and Rozenfeld vol. 2, pp. 85-103.

4 On Abi Ja*far Muhammad ibn al-Husayn al-Khézin see GAS VI, 189-190, GAS
V, 298-300, 305-307.

5 On al-Biriini see e.g, GAS V, 375-383, Matvievskaya and Rozenfeld vol. 2, pp.
264-295.
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in proposition 2 of book III of the Geometrical Elements, but he does
not give the solution by Menelaus. Al-Biriin says that Abd’1-Jid (ca.
A.D. 970)® wrote a treatise on this problem, which was criticized by
al-Sijzi, who solved the problem in an easy way. This is all information
on the Geometrical Elements that can be extracted from the published
references.

In this paper I present some new information on the Geometrical
Elements of Menelaus and its influence in the medieval Islamic tradition.
My sources are two unpublished texts by al-Sijzi. Abu Sa‘id Ahmad
ibn Muhammad ibn “Abdaljalil al-Sijzi’ was a very productive geometer
and astrologer, who originated from Sijistan in South-Eastern Iran, and
who was active in the second half of the tenth century A.D.

Section 3 is about a new trace of the Geometrical Elements of Mene-
laus, in al-Sijzi’s hitherto unpublished Treatise on the Properties of the
Perpendiculars Drawn From a Given Point To a Given Equilateral Tri-
angle, By Way of Determination. This text shows that in the beginning
of the Geometrical Elements, Menelaus studied the sum (or difference)
of perpendiculars drawn from a given point to the sides of a given equi-
lateral triangle.

In Section 4, I discuss the relation between Geometrical Elements
II:2 and al-8ijz1’s hitherto unpublished Letrer to Abii “All Nazif ibn
Yumn the Physician on the Construction of an Acute-Angled Triangle
From Two Different Straight Lines. In this letter al-SijzT presents a
ruler-and-compass construction of certain triangles, as an improvement
over the construction by his contemporary AbG Sa“d al-°Ala’ ibn Sahl,
who had used an ellipse. This construction is to be found in Text 3.
Thus Geometrical Elements 1I1:2 was related to a series of studies by
geometers in the Arabic-Islamic tradition.

In Section 5, I will use the new evidence to disprove a suggestion by
the late Wilbur Knorr that the Geometrical Elements contained a trisec-
tion of the angle by means of conic sections. The Geometrical Elements
seems to have been a collection of elementary theorems and problems
on straight lines, circles and triangles in the plane. The Arabic-Islamic
geometers were very interested in such theorems and problems, and
the influence of the Geometrical Elements of Menelaus in the Arabic-
Islamic tradition was probably much more extensive than the few extant

6 On Ab’l-Jiid see GAS V, 353355, Matvievskaya and Rozenfeld vol. 2, pp. 260—
262, on his date see Hogendijk 1, p. 243.

7 On al-Sijzi see GAS V, 329-334, GAS VI, 224-226, GAS VII, 177-182, 409410,
al-Sijzi pp. vii-ix.
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references suggest. Further study and analysis of unpublished Arabic

texts may well reveal more details about the contents of this work, and

one cannot exclude the possibility that Arabic fragments of the Geomet-
rical Elements will be discovered in the future.

The Appendix to this paper contains the Arabic texts with English
translations of the following treatises:

Text 1: Al-Sijzi's Treatise on the Properties of the Perpendiculars
Drawn From a Given Point To a Given Equilateral Triangle,
By Way of Determination. This text is special since it contains
a very large geometrical figure (Figure 10 below), in which no
less than 46 points are labeled by letters.

Text 2: Al-Sijzi’s Letter to Abii “Ali Nazif ibn Yumn the Physician on the
Construction of an Acute-Angled Triangle From Two Different
Straight Lines.

Text 3: A fragment of al-Sijzi’s treatise On the Selected Problems
Which Were Discussed by Him and the Geometers of Shiraz
and Khordsdn, and His Annotations, containing a construction
by Abii Sa“d al-°Ala’ ibn Sahl by means of an ellipse.

2. References to the Geometrical Elements
in published sources

No explicit references to the Geometrical Elements have been found
in ancient Greek texts. The work is mentioned in three medieval Arabic
sources which have been published thus far. 1 now render these three
references in Arabic with English translation. I wiil not discuss ref-
erences in the Greek and Arabic literature to unspecified geometrical
works by Menelaus, because it is uncertain that any of these references
concern the Geometrical Elements.®

8 For example, in the Book on the Measurement of Plane and Spherical Figures
(GAS V, 251 no. 1) the Banii Miisd present a construction of two mean proportionals.
The Bani Miisa say:

“This construction is bya man among the ancients, whose name is Menelaus, and who
presented it in a book by him on geometry.” See al-Tisi no. 1, p. 20, line 2-3. It does not
follow that this book was the Geometrical Elements. The construction is essentially the
same as that by Archytas (fourth century B.C.) which has been transmitted in a Greek

version in the commentary by Eutocius on Archimedes’ On the Sphere and Cylinder
Il
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1. The bio-bibliographer Ibn al-Nadim (ca. 970) says in the Fihrist
that Menelaus wrote:

CAs S QB e &3 55 o ol e Ll Pyl L

e sg gl )
“The book on the Elements of Geometry, which Thabit ibn .O.E.m made
(i.e. edited) in three treatises (i.e. Books); the Book of the Triangles, of
which a small part came out in Arabic.”® In a passage quoted below,
al-Biriini says that Thébit ibn Qurra commented on the Geometrical El-
ements. Thus it is likely that Thabit revised the existing translation of
the three Books of the Geometrical Elements and added his own com-
mentary. The reference to the Book on Triangles shows that Menelaus
wrote other works on elementary plane geometry as well.

2. Around A.D. 1000 Abii Nagr ibn “Iriiq wrote a letter to al-Biriini
in which he corrected some errors in the Astronomical Handbook of the
Plates (Z1j al-Safd’ih) by Abi Ja‘far al-Khazin (ca. A.D. 950).10 Abi
Nasr says that even excellent mathematicians can make mistakes, and
he gives the following example:

Lol JyoBl pamdl O gL e S0 s pan oy

s Iy o el

“And Abi Ja‘far al-Khazin himself corrected a mistake or omission
which Manalanawus (i.e. Menelaus) happened to make in his book
called the Geometrical Elements.” !

Unfortunately Abii Nasr does not give us more information on Abii
Ja“far’s criticisms.!?

3. In the Extraction of Chords al-Birtinl mentions the Geometrical
Elements of Menelaus in the following passage:

lois gazt (5ol Loy e Dby Olat oy jbe B o0 Utk 1)
G e W G e L KA1 gl sl O LDy e as

Ulania Uast Loy oo 50> cheal 3 cibams a8 Oy OF &ty gVl

G o e o Sl ol Klae ) sl oy i LG L

9 See al-Nadim p. 327.
190n Abl Nasr ibn Iraq see GAS V, 338-341, GAS VI, 242-245, the letter in
question is mentioned in GAS VI, 243 no. 3. A manuscript of the Zij al-Safa’ih has
been found recently, see Sams6, pp. 594-601.
1 Abii Nasr no. 3, p. 3, lines 13-14,
12 The other references to Menelaus in this letter by Aba Nasr concern the Spherics
(al-Kuriyyat) (see Abti Nasr no. 3, p. 5, line 10).
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RSNy an Gl g Yol 8 b 3 Jom KN W5 3
LY (VP APV VI P BAIRE v R B 0. INF BAP T R S R
dais Lol (g Loy all 3101 e N J Gle 9Ky
Wb 5ol Gl e iidy B bl 19 ol 0l Ul o)
A s pais Jy Uyl
"To construct two lines from two assumed points such that they (the
lines) contain an assumed angle and their sum is equal to an assumed
line. Menelaus wanted to show in the second proposition of the third
book of his Geometrical Elements, how we inscribe in a given semicircle
a broken line which is equal to a given line, but he used a very long
method. Then Thibit ibn Qurra constructed it when he commented
on this book, by means of a construction of the same length as the
construction of Menelaus. By means of the above-mentioned property
of the broken line in the concavity of any arc, the construction of what
Menelaus wanted is easy, and it is general, for all arcs of the circle, not
only for the semicircle. Abii’l-Jiid devoted a treatise to this problem and
he solved it in an outrageously long and difficult way. When Abiu Sa‘id
al-Sijzi saw it (the treatise), he solved it (the problem) in an extremely
easy way. Our solution will not be less (easy) than his.” 2

C
N | V
B A
B A

Figure 1 Figure 2

The problems mentioned by al-Biriini can be illustrated by Figures
1 and 2. In Figure 1, AB is the diameter of a semicircle. Menelaus
constructed a “broken line” ACB with C on the semicircle such that
AC + CB is equal to a given length."* Since any point C is on the

13 Al-Birani no. 1, pp. 49-50; Suter, pp. 31-32.

14 11 his translation of al-Birani’s Extraction of Chords, Suter makes the following
curious remark (p. 69): “Die Aufgabe, die Menelaus im 2. Satze des 3. Buches seiner
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semicircle if and only if ZAC B = 90°,!3 the problem can also be stated
thus: to construct two lines AC, BC from two assumed points (A, B)
such that they contain a right angle (/AC B) and their sum is equal to a
given line. In the beginning of the quoted passage al-Birini mentions a
more general problem, which can also be stated in two equivalent forms
(Figure 2): (a) Let A and B be two given points. To construct point C
such that AC + C B is a given length and ZAC B is a given angle (which
need not be a right angle); (b) Let A and B be two given points on a
given circle. To construct point C on the circle such that AC + CB is
equal to a given length. The two forms of the problem are equivalent
as a consequence of Euclid’s Elements 111:26-27.1% T will discuss al-
Sijz1’s solution of this problem in Section 4 of this paper. The treatise
by Abii’l-Jid is lost, but the story that al-Sijzi criticized him is plausible
because he and al-Sijzi were enemies and al-Sijz1 also criticized him
elsewhere.!”

3. A new trace of the Geometrical Elements of Menelaus

A new trace of the Geometrical Elements of Menelaus is to be found
in al-Sijzi’s Treatise on the Properties of the Perpendiculars Drawn
From a Given Point To a Given Equilateral Triangle, By Way of Deter-
mination, that is Text 1 in the Appendix to this paper. Al-Sijzi begins
Text 1 by saying that “Mayalawils mentioned in the beginning of his
book on the Geometrical Elements the property of equality (resulting)
from drawing the perpendiculars in an equilateral triangle to its perime-
ter. He followed in this the method of division (of the problem into
special cases) but the necessary division was not exhaustive. So I in-
tended to follow in this the method of division (into cases) according to
the (different) position of the points.”

Mayalawus . yVls is evidently an error for Manalawus . 4Yis,
caused by misplacement of one diacritical mark, but we do not know

Elemente geldst hat, mul aber doch etwas anders gelautet haben, denn sonst konnte
er kaum ‘einen sehr langen Weg’ flir die Lsung gebraucht haben.” Perhaps Suter
thought that a Greek geometer could not give a long solution of an easy problem. See,
however, Section 4 for a conjecture about a problem which may have been treated in
the Geometrical Elements and for which proposition 2 of Book III may have been a
preliminary.

15 Buclid, Elements 111:31, Heath vol. 2, pp. 61-63.

16 Heath vol. 2, pp. 56-59.

17 On the relations between Abd’l-Jid and al-Sijzi see Hogendijk 1, Chapter 5.
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when and by whom the error was made, and al-Sijzi may have believed
that Mayalawus was the right spelling.

A
A

< Q
R/ p /s D| _ B

R /:

P
G s D B
Figure 3 Figure 4

In the rest of Text 1, al-Sijzi discusses the three perpendicular dis-
tances from any point P to the sides of a fixed equilateral triangle. If
P is inside the triangle, al-Sijzi proves that the sum of these three dis-
tances is constant and equal to the altitude of the triangle, that is to say,
PQ + PR+ PS = AD in Figure 3. He divides the proof into four
cases: (1) P is an angular point of the triangle, (2) P is on a side of
the triangle, (3) P is on an altitude of the triangle, (4) P is inside the
triangle but not on an altitude. Al-Sijzi also discusses the case where P
is outside the triangle, as in Figure 4; in that case the sum of two per-
pendicular distances minus the third distance is equal to the altitude of
the triangle, that is to say PQ + PR — PS = AD. Here al-Sijzi distin-
guishes 7 cases. Al-SijzT tacitly assumes that point P is inside one of the
angles of the triangle; Figure 4 is drawn for the case where P is inside
angle BAG, with AB and AG extended indefinitely. We now raise the
question, which cases were treated by Menelaus in his lost Geometrical
Elements. Al-Sijzi’s preface shows that Menelaus proved the theorem
at least for points P inside the triangle as in Figure 3. For an ancient
or medieval mathematician, who did not work with negative quantities,
the generalization of the theorem to points P outside the triangle as in
Figure 4 is not at all straightforward. If al-Sijzi had discovered this gen-
eralization, he would probably have said so.'® al-SijzI’s statement that

18 1y other works, al-Sijzi claims authorship of constructions which he adapted with
very minor modifications from other geometers. For example, he adapted the trisection
of the angle by means of a hyperbola from Abi Sahl al-Kiihi, see Woepcke p. 118,
Knorr pp. 293-309; [ disagree with Knorr’s suggestion on pp. 308--309 that al-Kaht's
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“the necessary division (of cases) was not exhaustive” suggests that his
own contribution consisted of the elaboration of cases which Menelaus
had not treated explicitly. I conclude that Menelaus stated and proved
the theorem in some form for points P outside the triangle, but that he
did not make the explicit distinction into 7 cases which al-Sijzi made in
Text 1.

If point P is inside an A
angle opposite to one of
the angles of the triangle,
as in Figure 5, we have
PQ—~ PR~ PS=AD.
Al-Sijz1 missed the theo-
rem for this case. Itis ¢
likely that Menelaus did
not treat the theorem ex- G D
plicitly for this case; he
may have missed it as
well.

For points P insidethe
triangle as in Figure 3, the M
theorem is also stated and proved in an ancient Greek treatise which sur-
vives in an Arabic translation under two different titles, namely the Book
of the Geometrical Elements of (Pseudo-)Archimedes, and Book of As-
sumptions of Agatun."” My conclusion that the Geometrical Elements
of Menelaus contained the theorem for Figure 4, agrees with the con-
clusion of Yvonne Dold-Samplonius®® that Menelaus is not the same
author as Aqgatun or Pseudo-Archimedes, who did not give the theorem
for P outside the triangle.

Ibn al-Haytham (ca. 960—ca. 1040) proved the theorem for points P
inside the equilateral triangle and he generalized the theorem for points
P inside an isosceles triangle.?! Ibn al-Haytham did not discuss the case
where P is outside these triangles, so it is likely that he did not know
the Geometrical Elements of Menelaus.

Figure 5

trisection is an adaptation of the trisection in Pappus of Alexandria’s Mathemarical
Collection IV:43,

19 gee Hermelink and Dold-Samplonius, propositions 8-10, pp. 21-23.

20 gee Dold-Samplonius p. 12.

21 gee Hermelink.
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4. Al-Sijzi’s Letter to Aba “Ali Nazif ibn Yumn
and the Geometrical Elements of Menelaus

Al-Biriini’s discussion of Geo-
metrical Elements 111:2 has been
quoted in Section 2 of this paper.
There al-Biriini discussed a prob-
lem which is as follows in mod-
ern notation (Figure 6): Let A and
B be two given points, ¢ a given
length (i.e. line segment) and « a
given angle. To construct point
C such that AC + CB = c and
{ACB = «. Menelaus solved this
problem for ¢ = 90°, that is to
say that C is on the semicircle with Figure 6
diameter AB.

Al-Birlini says that al-Sijzi solved the problem (for arbitrary o) in
an easy way. It is not difficult to reconstruct al-Sijzi’s solution, either
from the indications given by al-Birdni himself, or from various texts
by al-Sijzi, such as Text 2 below.? It is as follows (cf. Figure 6):

Construct the circular arc through A and B which “contains” an angle
equal to 5. This arc is, in modern terms, the collection of all points
X on one side of line AB such that /AXB = %. The construction
of this circular arc is explained in Euclid’s Elements 111:33.%* Then
draw the circle with centre A and radius ¢, let it intersect the arc at
P. To avoid confusion, the circle with centre A and radius ¢ is not
drawn in Figure 6, but its point of intersection P with circle AX B is
displayed. Draw PA. Draw the circular arc through A and B and
“containing” an angle «. Let AP intersect this arc at C, and draw
CB and PB. Since /ACB = /CPB + ({CBP, /ACB = «a, and
LAPB = %, itfollows that LCBP = §=(CPB,soCP =CB. Thus
AC + CB = AC + CP = AP = ¢, as required. The construction is

22 The construction is also found in al-Sijzi’s treatise On the Selected Problems Which
Were Discussed by Him and the Geometers of Shirdz and Khordsan, and His Anno-
tations, GAS V, p. 333 no. 23, see Text 3 below. There, al-Sij2i tried to use this
construction in order to inscribe a triangle of given perimeter in a given circle. His
solution of this problem was incomplete. See MS. Dublin, Chester Beatty 3652, ff.
39a:30-39b:4, MS, Istanbul, Resit 1191, ff. 39a:20-3%b:12.

23 Heath vol. 2, pp. 67-70.
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possible if ¢ < 2AQ, where AQ B is the isosceles triangle with AB as
base and ZAQ B = a (dotted lines in Figure 6). For ¢ < 2AQ the two
solutions C are located symmetrically with respect to .

Text 2 in the Appendix is al-SijzT’s hitherto unpublished Letter to
Abii “Alt Nazif ibn Yumn the Physician on the Construction of an Acute-
Angled Triangle From Two Different Straight Lines (GAS V, 332 no.
13). Nazif ibn Yumn was a Christian theologian, physician and math-
ematician who lived in Baghdad (GAS V, 313-314). Although Text
2 does not contain an explicit reference to the Geometrical Elements
or to Menelaus, the text is of interest here for two reasons. First, its
mathematical contents are closely related to al-Sijz1’s solution outlined
above, and hence to the theorem which Menelaus solved in Geometrical
Elements II1:2. Thus Text 2 may shed light on the possible context of
this problem. Secondly, since Text 2 was written A.H. 359/ A.D. 970,
it is likely that al-Sijzi had read the Geometrical Elements by that time.
This information will be useful in Section 5 of this paper.

In Text 2, al-Sijz1 discusses the construction of an acute-angled tri-
angle from “two different straight lines” AB and AG, with AG > AB.
This is a triangle ABZ with acute angles such that AZ + ZB=AG (see
Figure 7).

Al-8ijzi draws the seg- E G
ment AG perpendicular to T ——
AB. He constructs the
circular arc through points D H

A, B, “containing” an an-

gle of 45 degrees. He
draws perpendiculars BD

and AH to intersect this

arc at D and H and he K
notes that AD is a diam- '

eter of the circle to which '\ IR

this arc belongs. (Note
that ABDH is a square, N\
{ADB = 45°, and AG > B A
AH.) Hethen draws asec-
ond circle with centre A
and radius AG. In Figure
7 the two circles intersect at two points X and 7', but it is also possible
that the two circles are tangent at D or do not intersect. Al-Sijzi gives
figures for these three cases, see the Appendix, Figures 11-13.

Figure 7
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For any point E on the second circle but outside the first circle, we
have JAE B < 45°, Al-Sijzi constructs Z on AE such that EZ = ZB
and he shows that /AZB = (ZEB + (ZBE = 2(AEB <« 2-45° =
90°. If point £ is located in the strip between AG extended and BD
extended, the angle ZAB is also acute. Al-Sijzi claims that one obtains
all possible acute-angled triangles ABZ such that AZ + ZB = AG
by this method. This claim is incorrect, but it is true that his method
provides all acute-angled triangles ABZ suchthat AZ+ZB = AG and
AZ < ZB. Atriangle AZB suchthat AZ = ZB = $ AG isvery easy to
construct, and triangles AZB suchthat AZ > ZBand AZ+ZB = AG
can be constructed in the way of al-Sijzi by interchanging B and A. Thus
Text 2 is really about the construction of all acute-angled triangles ABZ
such that AZ + ZB = AB. The problem to construct one acute-angled
triangle AZ B such that AZ + ZB = AG is much easier, because one
can take the isosceles triangle with AZ = ZB = W\»Q and one does
not need al-Sijzi’s solution.

Text 2 is in the following way related to al-Sijzi’s solution of the
problem in Geometrical Elements 111:2 of Menelaus: If in Figure 7 we
choose £ = T or E = K, a point of intersection of the two circles,
we have ZATB = (AKB = 45°. Thus we obtain triangle ACB
with £C = 90°, AC + CB = AG, hence a solution of the problem
of Menelaus for ¢ = AG. Figure 7 displays in dotted lines the case
E = K. Figure 7 can also be used to construct triangle ABZ with
[AZB =a <90°, AZ+ ZB = ¢ = AG. All we have to do is to draw
the cirular arc through A and B “containing” an angle 5 and taking £
as a point of intersection of this arc and the circle with centre A and
radius ¢, that is circle GT'X in Figure 7. Points £ and Z in Figure 7
then correspond to points P and C in Figure 6. Thus Text 2 is closely
related to al-Sijzi’s solution of the problem of Menelaus.

We now discuss the historical background of this problem. In Text 2
al-Sijz1 says that he will be dealing with the construction of “an acute-
angled triangle from two different straight lines” (i.e. AB and ¢ = AG),
and that he had also solved this problem in his work On Triangles, now
lost, but known to Nazif ibn Yumn.2* Al-Sijzi says that the problem
had also been solved by Abii Sa‘d al-‘Ala” ibn Sahl by means of an
ellipse. Al-Sijzi discusses the solution by al-°Ald” not in Text 2 but in
another unpublished treatise, and the relevant part has been included in
this paper as Text 3.

24 Note that Menelaus also wrote a work called On Triangles, which is mentioned by
Ibn al-Nadim in the Fihrist in the passage quoted in Section 2.
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In the notations of
Figure 7, the idea is
as follows (see Figure
8). Consider the el-
lipse with foci A and
B and major axis ¢ >
AB, draw the semicir- B A
cle with diameter AB,
and draw perpendic-
ulars AA’ and BB’
to meet the ellipse at ]
points A’ and B'. If Figure 8
point Z is on arc A'B’
of the ellipse, but outside the circle, triangle AZ B will be acute-angled
and AZ 4+ ZB = c, as required. The intersections L, M of the ellipse
and the semicircle provide the solutions to the problem of Menelaus to
construct a “broken line” AL B equal to c in the semicircle. Again, we
see that al-SAla° dealt with the construction of all triangles AZ B such
that AZ + ZB =c.

The relations between Text 2, al-Sijzi’s solution of the problem of
Menelaus, and the text of al-Ald’ suggest that the problem *“to construct
the (i.e. every) acute-angled triangle from two different straight lines”
may have occurred in the Geometrical Elements as well, and that Ge-
ometrical Elements 1I1:2 was a preliminary to the solution. Al-Biriini
informs us that the solution by Menelaus (probably by ruler and com-
pass) was complicated, and therefore al-‘Ald* must have preferred his
‘own elegant solution by means of the ellipse. Al-Sijzi then showed
that a simple ruler-and-compass construction was possible, although he
did not work out all details in a satisfactory way. Thus the Geometri-
cal Elements of Menelaus may have stimulated an interesting series of
investigations by Arabic-Islamic geometers.

Z)F Z
N

5. The Geometrical Elements did not contain a
trisection of the angle by means of conic sections

In Textual studies in Ancient and Medieval Geometry, pp. 219, 288
289, the late Wilbur Knorr suggests that the Geometrical Elements of
Menelaus contained a trisection of the angle by means of a circle and a
hyperbola. Knorr argued that this trisection was adapted from this work
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by Thabit ibn Qurra in his own treatise on the trisection of the angle
(GAS V, 271 no. 16). I will now argue that this suggestion is incorrect
by means of Texts 1 and 2 and al-Sijzi’s treatise on the trisection of the
angle (GAS V, 331 no. 7) which was summarized by Franz Woepcke in
his edition of the Algebra of ‘Umar al-Khayyami. My argument is as
follows.

Text 1 shows that al-Sijzi knew the Geometrical Elements of Mene-
laus at some stage in his career, and Text 2 strongly suggests that he
knew this work in A.D. 970 / 359 H. In the treatise on the trisection,
al-Sijzi cites the work of al-Biriini, who was born in A.D. 972 /362 H.
The treatise on the trisection is therefore much later than Text 2 (and
probably also much later than Text 1), and we can therefore assume that
al-Sijzi knew the Geometrical Elements of Menelaus when he wrote his
treatise on the trisection of the angle.

In the treatise on the trisection of the angle, al-Sijzi says that the
ancient geometers were unable to trisect the angle, and that the only
modern geometers who could solve this problem were Thabit ibn Qurra
and Abi Sahl al-Kihi. In the same text, al-Sijzirenders one “proposition
by Thabit ibn Qurra.” This proposition is evidently taken from Thabit’s
text on the trisection of the angle.? It follows that al-Sijzi knew Thabit’s
trisection by means of a circle and a hyperbola and considered it to be a
correctsolution. If Menelaus’ Geometrical Elements contained the same
trisection as Thabit’s text, as suggested by Knorr, or any other trisection
of the angle by means of conic sections, al-Sijzi would not have said
in his own treatise on the trisection of the angle that the ancients were
unable to trisect the angle. I conclude that the Geometrical Elements
of Menelaus did not contain a trisection of the angle by means of conic
sections.

Thus there is no evidence that the Geometrical Elements contained
anything else than ruler-and-compass constructions and theorems on
straight lines, triangles and circles in plane geometry.

25 See Woepcke, pp. 117-118,
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Appendix: Arabic texts and translations
Text 1

Treatise of Ahmad ibn Muhammad ibn “Abdaljalll al-Sijz1
on the Properties of the Perpendiculars Drawn From a Given Point
To a Given Equilateral Triangle, By Way of Determination.

The following edition and translation is based on the manuscripts
Dublin, Chester Beatty Library 3562, ff. 66b—67b (Arberry vol. 3, p. 60},
and Istanbul, Siileymaniye Library, Resit 1191, ff. 124b-125b (GAS V,
333 no. 19). The Dublin manuscript is dated Friday 7 Ramadan 611 H.
= January 9, 1215 A.D.

The manuscripts contain numerous scribal errors, and some passages
had to be restored to make mathematical sense. Such passages appear
in angular brackets < ...> in the text and the translation. The text is fol-
lowed by a critical apparatus, in which I have indicated the manuscripts
by the symbols » (for Dublin) and | (for Resit). I have made some
changes in the orthography, but I have not corrected grammatical errors
in the text. Only the Dublin manuscript iridicates by slashes the letters
in the text referring to points in geometrical figures.

My own explanatory additions to the translation are in parentheses.

The manuscript contains 11 figures (my Figures 9-1 to 9-XI), dis-
playing special cases of the theorem in the text. The Roman numbers I,
10, ..., XI which appear in these figures and in the text are my transcrip-
tions of the Arabic alphabetical numbers in the figures in the Dublin
manuscript. These 11 figures are derived from an £normous composite
figure at the end of the text (Figure 10). This figure is special because
no less than 46 points are labelled by a letter. Al-Sijzi first used single
letters of the Arabic alphabet to label these points. He used these let-
ters roughly in order of increasing numerical values, with W = 6 and
Y = 10 as exceptions.?® I now list the letters of the Arabic alphabet
and their numerical values, together with the transcriptions I have used,
following the system of E.S. Kennedy. 1=1=A,o=2=B,>=3=

26 The letters sand ¢ were infrequently used in diagrams in Arabic texts, perhaps
because the corresponding Greek letters digamma (= 6) and iota (= 10) occur only
rarely in Greek mathematical diagrams. The impopularity of y=6 in diagrams may
also be due to the possible confusion with the Arabic word s meaning “and”. For
details on the correspondence between Arabic and Greek letters in geometrical figures,
see Toomer vol. 1, pp. xci-xciii.
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Q,uubub.bnmnm&nmn%.pnqu,ﬂumnm«knonﬂ.
r.mnHon%,bnwonm.gnwouh%n&ona.Dnuouz,C..Hmo
nm,mnqon 0,=80=F, »=90=C,3=100=0, ,=200=R,

Huoouk,runpconm\,runmoou@,.ﬂuacou.\...vnqoone,
o =800=X, L=900= <,N‘H 1000 = 1.

After he had exhausted the Arabic alphabet, al-Sijzi continued with
two-letter combinations =Y A, _u=YB,£ =YGand 5, =Y D. These

combinations have numerical values 11, 12, 13 and 14. For sake of clar-
ity, I have used the symbols «, 8, y and § instead of YA, Y B, YG, Y D.
Al-Sijzi then abandoned the principle of numerical values and used the
symbols EE, KK,LL, MM, FF, I for the remaining points which
he needed. Perhaps he chose these double letters because these com-
binations do not look the same as the two single letters in Arabic. For
example, aa is not the same as o plus o, «§”is not the same as 4 plus 4,
etc. 1 have transcribed the double letters by a lower-case letter, thus: k
for KK,&for LL,i for I, efor EE, m for MM, f for FF.
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T ! Translation of Text 1

In the name of God, the Merciful, the Compassionate. Lord, make
(our work) complete.
Treatise of Ahmad ibn Muhammad ibn ‘Abdaljalil al-Sijzi on the
I v properties of the perpendiculars drawn from a given point to a given
e Figure 9-XI i _ equilateral triangle, by way of determination (of all possible cases).
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Mayalawis mentioned in the beginning of his book on the Geomet-
rical Elements the property of equality (resulting) from drawing the
perpendiculars in an equilateral triangle to its perimeter. He followed
in this the method of division (of the problem into special cases) but
the necessary division was not exhaustive. So I intended to follow in
this the method of division (into cases) according to the (different) po-
sition of the points, and to prove that in an easy way, in one figure
(Figure 10), so that the position of the points can be seen by the eyes,
and the properties of the perpendiculars which occur according to the
(different) positions of the points become easy for someone who studies
this (matter). Success is with God. On Him I count, verily, He is the
Trustworthy.

Thus let the given equilateral triangle be ABG and let the perpen-
dicular?’ drawn from angle A to the base BG be perpendicular AD.
Required (to prove): if from any given point inside the triangle, or at an
angle (i.e. angular point) of it, or on one of its sides, perpendiculars are
drawn to the three sides of the triangle, they (i.e. their sum) are equal to
perpendicular AD. If the point is assumed outside the triangle and the
three perpendiculars are drawn to the sides of the triangle or their rec-
tilinear extensions, then the two perpendiéulars drawn to the two sides
of the equilateral triangle or their extensions exceed perpendicular AD
by the perpendicular drawn to the base of the triangle or its rectilinear
extension.

Thus let us enumerate the positions of the points. We say: the point
can fall with respect to the triangle at an angle (i.e. an angular point,
Figure 9-1) of it, or on a side (Figure 9-1II) of it, or inside the triangle
(Figures 9-111, 9-1V), or outside it (Figures 9-V to 9-XI).

If it (the point) falls inside the triangle, it falls on perpendicular AD
(Figure 9-1II) or not on perpendicular AD (Figure 9-1V).

If it (the point) falls outside the triangle, it falls (i.e. the feet of the
three perpendiculars are) either on its three sides (Figures 9-V, 9-VI, 9-
VII), or on the rectilinear extensions of its sides (Figure 9-X), or some of
them fall on the sides and the others on the rectilinear extensions of the
sides, that is to say, either the (i.e. one) perpendicular falls on the base of
the triangle, that is line BG, and the two remaining perpendiculars fall
on the rectilinear extensions of sides AB, AG (Figure 9—VIII), or the
(i.e. one) perpendicular falls on one of the sides AB, AG and the two
remaining perpendiculars fall on the rectilinear extension of the base

27 The Arabic uses the same word (*amiid) for altitude of a triangle and perpendicular
to a straight line.
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BG and the rectilinear extension of one of the sides AB, AG (Figure 9—
IX), or the two (i.e. two) perpendiculars fall on base BG and one of the
sides AB, AG and the remaining perpendicular falls on the rectilinear
extension of one of the sides AB, AG (Figure 9-XI).

I. (Figure 9-1) If the point falls at an angle, as point B, then let us
draw BL to one of the sides of triangle ABG. Then line BL is equal to
perpendicular (i.e. altitude) AD.

II. (Figure 9-1I) If the point fails at one of the sides of the triangle,
as point E, then let us draw perpendiculars EM, EN tosides AB, AG.
No third perpendicular can be drawn. Then, since EM is a perpendic-
ular (i.e. altitude) of an equilateral triangle with side BE and EN is a
perpendicular (i.e. altitude) of an equilateral triangle with side EG, the
ratio of EM to BE is as the ratio of EN to EG, and as the ratio of AD
to BG. By addition,?® the ratio of EM (plus) EN to BE (plus) EG is
as the ratio of AD to BG. So lines EM (plus) EN are equal to line
AD.

HI. (Figure 9-III) If the point falls on line AD, as point Z, then let us
draw perpendiculars ZS, Z O to sides AB, AG. Then let us draw line
®ZY. parallel to line BG. Then lines ZS (plus) ZO are equal to line
AZ. Thus lines ZS (plus) ZO (plus) Z D are equal to lines AZ (plus)
Z D, thatis line AD.

IV. (Figure 9-1V) If the point falls in the area ABG (i.e. inside the
triangle), as point H, then let us draw line ®H X parallel to line BG,
and let us draw the perpendiculars H F, HC, H Q tosides AB, AG, BG.
Then, as we have proved, lines H F (plus) H C are equal to perpendicular
(i.e. altitude) AZ and line HQ is parallel to line ZD and equal to it.
Thus lines H F (plus) HC (plus) H Q are equal to lines AZ (plus) ZD,
that is line AD.

V. (Figure 9-V) If the point falls outside the triangle, let us draw from
points B, G perpendiculars BT, GT to sides AB, AG, let us extend
AB, AG indefinitely and let us extend BT, GT to meet AV, Al at
points V, 1.2 Let us draw perpendiculars Bi, Ge.*® And < if the
point> falls at point T, I say that the two perpendiculars T B, T G exceed
perpendicular AD by perpendicular T D. Proof: The ratioof AGtoGD
is as the ratio of AT to TG, but AG is twice GD, so AT is twice TG,

28 Here al-Sijzi uses Euclid’s Elements V:12, to the effect that (in modern notation)
ifa:b=c:d=e: f,then(a+b): (c+d)=e: f,seeHeath, vol. 2, pp. 159-160.

29 The text means: Let us extend BT, GT to meet AG extended and A B extended
at points /, V respectively.

30 points i and e oceur in Figures 9-VIII to 9-XI and 10.



154 JAN P. HOGENDUK

so BT (plus) TG are equal to AT, so they exceed AD by line DT.

VI. (Figure 9-VI) If the point falls at perpendicular DT, such as
point X, we draw perpendiculars KR, K X. Then lines KR, K X fall
in the equilateral triangle with perpendicular (i.e. altitude) AK, < thus
they are equal to line AK, so they exceed perpendicular AD by per-
pendicular K D. And if the point falls at line GT, such as point Y, we
draw perpendiculars YU, Y©®. Thenlines Y U, Y G fall in the equilateral
triangle with perpendicular AK, >3' thus they are equal to line AK, so
they exceed perpendicular AD by perpendicular K D. Line ¥ © is equal
to line X D so they exceed line AD by line ¥ ©.

VIL (Figure 9-VII)If the point falls inside triangle BGT , as point W,
then let us draw perpendiculars WU, WX, W Q. We draw W J parallel
to BG. Then, since the perpendiculars WU/, WX fall in the equilateral
triangle with perpendicular (i.e. altitude) AJ, they are equal to perpen-
dicular AJ, but W@ is equal to DJ, so they exceed perpendicular AD
by perpendicular W Q.

VHI. (Figure 9-VIII) If the point falls between lines imT fe, the
resulting perpendiculars meet side BG and the rectilinear extensions of
sides AB, AG, thatis, BV, GI; for example point & and perpendiculars
ad, oy, af. ‘

IX. (Figure 9-IX) If the point falls between (i.e. inside) triangle
Gf1, the resulting perpendiculars meet the rectilinear extension of base
BG, that 1s Gy, and the rectilinear extension of side AG, that is G/,
and side A B; for example point o and perpendiculars od, ay, of.

X. (Figure 9-X) < If the point falls between lines ef I k, the resulting
perpendiculars meet the rectilinear extension of base BG, that is Gy,
and the rectilinear extensions of sides AB, AG, that is, BV, GI; for
example point & and perpendiculars a8, ay, af. >32

X1. (Figure 9-XI) If the point falls between (i.e. inside) triangle
TG, the resulting perpendiculars meet the base BG, side AB and the
rectilinear extension of side AG, that is GI; for example point o and
perpendiculars oé, ay, af.

317 have restored a lacuna in the manuscript, which must have occurred because the
eye of the scribe moved from one passage “in the equilateral triangle with perpendicular
AK" to the next. I have also restored perpendicular Y ® in Figure 9-VI. I assume that
Y K and G B are parallel, so that Y© = K D.

321 have tentatively restored the missing passage describing the case of Figure 9~
X. The figure appears in the manuscript, and the case is mentioned explicitly in the
beginning of the text.
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The proof for this (i.e. Figures 9-VIII to 9-XI): We draw through
point « a line®® parallel to the base BG, to meet sides Ak, A¢.>* Then
perpendiculars a8, af are equal to the perpendicular (i.e. altitude) of
the triangle, so they exceed perpendicular AD by perpendicular ay as
we have shown before.

In cases other than in this determination (of possible cases), the
property is not found at all.>> That is what we wanted to demonstrate.
End of the treatise.’

Text 2

Letter by Ahmad ibn Muhammad ibn “Abdaljalil (al-Sijzi)
to Abil “Alf Nazif ibn Yumn the Physician on the Construction of
an Acute-Angled Triangle From Two Different Straight Lines.

The following edition and translation of Text 2 is based on the
manuscript: Paris, Bibliothéque Nationale, Fonds Arabe 2457, ff. 136b—
137a.37 On the date in this manuscript different views have been pro-
posed; Kunitzsch and Lorch assume that the manuscript was an auto-
graph of al-Sijzi, but Sezgin argued in GAS VI, 192 that the manuscript
is a 13th century copy. I have given further arguments supporting Sez-
gin's view in al-Sijzi p. viii. The Arabic text is well legible, a few scribal
errors have been corrected in the apparatus. My own explanatory addi-

tions to the translation are in parentheses.

muv\,:orvx_ J o=
er&%&%%&&%ft% oy el AL,
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33 This line is not drawn in the figures in the manuscript.

34 points k and £ are not shown in Figures 9~VIII to 9-X]I, but these points are found
in the composite Figure 10.

35 This statement is incorrect, see Figure S above, in whichwehave PQ—PR—PS =
AD. This can be proved by the same reasoning.

36 The Dublin manuscript ends with the remark: “The first volume of geometrical
(works) of al-Sijz has been completed, in the morning of Friday the seventh of Ramadan
of the year 611 (corresponding to January 9, A.D. 1215).

37 De Slane p. 432, GAS V, 332 no. 13.
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Translation of Text 2

In the name of God, the Merciful, the Compassionate.

Letter by Ahmad ibn Muhammad ibn “Abdaljalil (al-Sijz1) to Abu
Ali Nazif ibn Yumn the Physician on the Construction of an Acute-
Angled Triangle From Two Different Straight Lines.

You asked, may God make your happiness everlasting, about the
construction of the acute-angled triangle from two different straight
lines, and you mentioned that Abi Sa“d al-“Ala” ibn Sahl constructed
that by means of the ellipse and proposition ... of the third book of

38 The manuscript has an empty space here. In Conics I1:52 Apollonius proves that
the sum of the focal distances of any point of an ellipse is equal to the major axis. See
Ver Becke, pp. 271-272. The last few lines of the text were also available to me in a
Lahore manuscript, on which see GAS VII, 409.
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the Book of Apollonius on the cone (i.e. his Conics). You mentioned
that I solved this, and that is in our book On Triangles, but what we
presented in our book was not in the way of determination (of possible
and impossible cases). Therefore I solved it, in the way of division (of
the problem into cases) and determination (of possible and impossible
cases) by means of the first and third Book of Euclid’s Elemnents, in order
to make clear to my Lord (i.e. you), may God help him, that propositions
by easy ways and simple principles from Euclid’s Elements, are to be
preferred over (solutions by) difficult methods, especially from the Book
of Conics. Problems which cannot be solved by means of the Elements
can be related to strange and deep methods, and we do not have to clarify
the reason for this because it is clear. Our success is by God.

The question. We want to construct from two assumed straight lines
an acute-angled triangle.

The answer. There are three cases for this triangle.

Let the assumed straight lines G
be lines AB, AG. We want what E
we have said. We draw a circle
on chord AB in such a way that D
arc ADB contains half a right ‘
angle, namely circle ADB. We
draw B D perpendicular to AB to
(meet) the circumference of the K
circle. We join AD. Then it is
clear that AD is the diameter of
the circle. We draw with centre
A and distance AG an arc of a
circle GK . Either it is tangent to
circle ADB at point D as in the
first (figure) (Figure 11), or it in-
tersects it at two places, as in the second (figure) (Figure 12), at T, X,
or it falls outside the circle as in the third (figure) (Figure 13). If it falls
outside the circle, let us extend BD towards T and let us join A7'. If it
intersects it, as in the second (figure), let it intersect it at two points, on
both sides of diameter AD, (namely) points 7, X, and let us join AT.
If it is tangent to it as in the first (figure) it must be tangent to it at point
b.uo

Figure 11

39 By Elements 111:16, Heath vol. 2, pp. 37-39, the tangent is the perpendicular to
the diameter through the point of contact.
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I say that the angle*® whose chord is line AB always falls between
(i.e. inside) sector GAD in the first (figure), and between (i.e. inside)
sector GAT in the second and third (figure),*! and (that) by means of
the two lines drawn from points A, B to arc GED and by drawing a
(new) line from point B to the line drawn from A to arc G £ D, (the new
line) containing with the line drawn from B to arc G E D an angle equal
to the angle which is produced at arc GE D by the two lines (already)
drawn from points A, B, an acute-angled triangle can be put together,
and (that) from other (new lines through B) and these two assumed lines
no acute-angled triangle can be constructed.

E
T E G

Figure 12 Figure 13

Thus let us draw AE to arc GED.*? We join BE and we make
on point B of line AB an angle equal to angle AEB, namely EBZ.
I say that triangle AZ B is acute-angled. Proof of this: Since angle
AEB is less than half a right angle,** and angle AZ B is twice angle
AE B, since it is equal to the angles AE B, E B Z which are equal to one
another, angle AZ B is less than a right angle, so it is acute. Since the
two lines drawn from points A, B to arc GE D contain with line AB
two angles less than two right angles, I mean, two acute angles, each of
them is acute, so triangle AZ B is acute-angled. It is clear that the line

40 al-Sijzi probably means A E B here, because he has not yet defined point Z.

41 Line AG is placed perpendicularly to line AB, and al-Sijzi supposes AG > AB.

42 The notation in the following proof is for the first figure (Figure 11). For the second
and third figure (12, 13), D should be changed to T.

431f BE intersects the circle at X, by Euclid’s Elements I11:27 (AXB = (ADB =
45°, Thus /AE B < 45° because point E is outside the circle through A, D, B.
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drawn from point A towards the side of H* contains with line AB an
obtuse angle, and similarly the line drawn from B towards the side of
D contains with AB an obtuse angle.*> Therefore the limit of drawing
them is in between the parallel lines AG, B D. That is what we wanted
to show.

This is what we have presented by way of division (into cases) and
determination (of possible and impossible cases), in a general method,
easy to grasp and easy to follow, concisely phrased, according to what
suits your mind and understanding. So profit from it, and may God
make you happy with it. The letter has ended, with the praise to God
and His grace. I wrote this on Thursday, the day Dey of the month Aban
of the year 339 of the Yazdgerd era.%6

Text 3

A construction by Abii Sa“d al-“Ala’ ibn Sahl, from al-Sijzi’s
treatise On the Selected Problems Which Were Discussed by Him
and the Geometers of Shiraz and Khordsdn, and His Annotations

Al-Sijzi’s treatise On the Selected Problems Which Were Discussed
by Him and the Geometers of Shiraz and Khorasdan, and His Annota-
tions (f1al-mas@’il al-mukhtira allati jarat baynahu wa-bayna muhandisi
Shirdz wa-Khurasan wa-ta“ligatuhu) (GAS V, p. 333 no. 23) has come
down to us in the two manuscripts Dublin, Chester Beatty 3652, ff. 35a—
52b (Arberry vol. 3, p. 59) and Istanbul, Siileymaniye Library, Resit

#4 The text means: a line AZ drawn on the other side of line A H , where point H is
the second point of intersection of AG and circle ABD.

45 Here the text s not clear. Al-8ijzi seems to be talking about /A B E, but the required
triangle is ABZ, and /A BZ may be acute even if /A B E is aright or obtuse angle. This
part of the reasoning should be changed as follows. Suppose we want to construct all
acute-angled triangles AZ B such that A and B are givenand AZ + ZB = AG > AB.
It is easy to construct an isosceles triangle AZ B such that AZ = BZ = w\»m. To
construct a scalene triangle, we can assume without loss of generality AZ < ZB, so
{ABZ < (ZAB. Then we can use the construction of al-Sijzi, which guarantees that
{AZB and {ZAB are acute. Thus /ABZ is acute as well.

46 The month Abin of the year 339 of the Yazdgerd era corresponds to October 20
— November 19, A.D. 970. The day called “Dey” can be the 8th, 15th and 23th day of
the month; these were called Dey beh Azar, Dey beh Mehr, Dey beh Din. Because the
day is a Thursday, two possibilities remain: Thursday 8 Abin 339 = October 27, 970
A.D. and Thursday 15 Aban 339 = November 3, 970 A.D. I owe this information to
Mr. Rahim Rezazadeh Malek and Mr. Mohammad Bagheri, Tehran,
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1191, ff. 31b-62a. In this treatise al-Sijzi discusses many problems
with solutions by himself or by other geometers, including the problem
of Text 2 with the solution by al-*Al&>. This solution is found in MS.
Chester Beatty 3652, ff. 37b:37-38a:9, Resit 1191, ff. 36b:17-37a:6.
The solution has not been published before.*’ In the apparatus the same
notation has been used as in Text 1.
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47 The solution is not mentioned in Rashed’s edition of the works of al-“Ala@’, although
another solution by al-‘Ala’, which occurs one page earlier in the same text of al-Sijzi,
appears on p. 190 of Rashed’s edition. In Hogendijk 2, p. 193, I mentioned the fact
that a reference to al-“Al&> occurs in the text On the Selected Problems .... There I did
not mention that the text contains fwo solutions by al-°Ala” and this may have misled
Rashed.
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Translation of Text 3

By al-‘Ald> ibn Sahl. B A
(Figure 14) The two D G
straight lines AB, GD

are different, and AB M
is the longer of them. H

We want to construct
from them an acute-
angled triangle. Letus
place the (shorter) line at D
the middle of the greater

line and let us make

AD times DB equal to

the square of EX. We T
place K ET perpendicu-
larly at the midpoint of
line AB and we make on diameters AB, T X the ellipse AK BT.*8 We
describe on diameter G D semicircle GkD.*® Then it is tangent to the
ellipse, or it intersects it, or it falls inside the ellipse. We draw perpen-
diculars GZ, DH to AB. If the semicircle falls inside the ellipse, the
(i.e. any) two lines drawn from points G, D to line DK G on the bound-
ary of the ellipse contain an acute angle, and the two angles on the sides
of G, D are acute, and the sum of the two lines is equal to the longer
line AB,*° which is given, so we have constructed what we wanted. If
it is tangent to the ellipse at point X, the (i.e. any) two lines drawn from
points G, D to (any point on) line DX G except point K contain an acute
angle, and the two remaining angles are acute. And if it intersects it at
points L, M, then the (i.e. any) two lines drawn from points G, D to
lines ZL, M H contain an acute angle, and the two remaining angles are
acute, and their sum, that is of the two lines drawn from points G, D, is
equal to < line AB, so we have constructed from > lines AB, GD an
acute-angled triangle, and that is what we wanted to demonstrate.

Figure 14

48 Apollonius, Conics, 1:56, Ver Eecke p. 106-109.

49 Point K had already been defined as endpoint of EK, but here al-Sijzi defines
K a second time in a way which is inconsistent with the earlier definition. To avoid
confusion I write & for the point defined according to the second definition. In al-Sijzi’s
text and figure, these points K and k are indicated by three letters 4,

50 Apollonius, Conics 111:52, Ver Eecke p. 271-2.
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