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The Arabic version of Euclid’s
On Divisions

Jan P. Hogendijk

1. Introduction

The Greek text of Euclid’s work On Divisions (repl Suapéoewv) is lost, and
the only Greek references to this work are to be found in Proclus’ commentary
on the Elements of Euclid. Proclus tells us little more than that On Divisions
is a work by Fuclid which included the division of figures into “like and
unlike” parts.! In the Fihrist, the 10th-century Arabic bibliographer Ibn
al-Nadim mentions Euclid’s Book of the division, corrected by Thabit (=
Thabit ibn Qurra, 836-901),% but as far as is known, no manuscripts of
the Arabic translation or the revision by Thabit have survived. In 1851
F. Woepcke published® a French translation of an abstract of On Divisions
which had been composed by the 10th-century Persian geometer Ahmad ibn
Muhammad ibn ‘Abdaljalil al-Sijz1.* Al-Sijzi rendered the first sentences of
all propositions in On Divisions but the proofs of only four of them. He
stated that he omitted the other proofs because he found them too easy. In
an anonymous 10-th century Arabic text called Various geometrical problems,
C. Schoy discovered a proposition of Euclid’s On Divisions together with a
geometrical construction by the anonymous translator of the work. Schoy
published German translations of these passages in 1926.5

The modern studies of On Divisions (such as Archibald’s reconstruction
of 1915)% are based on Woepcke’s French translation and on possible traces of

YCf. J.L. Heiberg, Litteraturgeschichtliche Studien uber Euklid. Leipzig (Teubner) 1882,
pp. 36-37.

Ibn al-Nadim, Kitab al-Fihrist. Mit Anmerkungen herausgegeben von Gustav Fliigel,
Leipzig 1871, vol. 1, p. 266 lines 15-16.

3F. Woepcke, Notice sur des traductions arabes de deux ouvrages perdus d’Euclide,
Journal Asiatique, 4¢ série, 18 (1851), pp. 217-247. Reprinted in F. Woepcke. Ftudes sur
les mathématiques Arabo-Islamiques, ed. F. Sezgin, Frankfurt: Institut fiir Geschichte der
arabisch-islamischen Wissenschaften, 1986, vol.1.

‘See F. Sezgin, Geschichte des arabischen Schrifttums, Band 5, Mathematik bis ca. 430
H, Leiden: Brill, 1974, pp. 329-334. This work will henceforth be abbreviated as GAS V.

5C. Schoy, Graeco-Arabische Studien nach mathematischen Handschriften der Viceko-
niglichen Bibliothek zu Kairo. Isis 8 (1926), 21-40, see especially pp. 32-34. Reprinted
in C. Schoy, Beitrdge zur arabisch-islamischen Mathematik und astronomie, ed. F. Sezgin,
Frankfurt: Institut fiir Geschichte der arabisch-islamischen Wissenschaften, 1988, vol. 2,
pp. 589-591.

SR.C. Archibald, Euclid’s Book on division of Figures. With a restoration based on
Woepcke’s terl and on the Practica Geometriae of Leonardo Pisano. Cambridge (at the
University Press) 1915.
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On Divisions in medieval Latin texts (which do not contain explicit references
to Euclid’s work). No further attention has been paid to the Arabic texts
themselves. Thus in Volume 8 of Euclid’s Opera Omnia,” Heiberg and Menge
printed Woepcke’s translation of Euclid’s On Divisions but not the Arabic
text on which the translation is based.

The main purpose of this paper is to make available the Arabic texts
translated by Woepcke and Schoy as well as literal English translations. Text
A below is the abstract of Euclid's On Divisions by al-Sijzi, which was trans-
lated by Woepcke. Text A exists in a unique manuscript: Paris, Bibliothéque
Nationale, Fonds Arabe, 2457, 53b-55b.8 The manuscript was believed (by
Woepcke and others) to be an autograph by al-Sijzi, written in 358 H./A.D.
968-9. However, on f. 216 there is a table of contents in the same hand,
dated 657 H./A.D).1259, so the manuscript must be a copy of the manuscript
written by al-Sijz1.° ‘

Text B is part of the anonymous compilation entitled Various geometrical
problems, which probably dates from the late 10th century.® The treatise
exists in a unique manuscript in Cairo, Dar al-Kutub Mustafa Fadil Riyada
41m, 165b-170b,'" copied in 1153 H./ 1740 A.D. Text B consists of props.
5 and 6 of the treatise. Proposition 5, which is said to be “from the Book
of Euclid on division”, deals with the construction of a segment of a circle
contained between two parallel lines and equal in area to a given sector. The
proposition is closely related to but not identical to al-Sijzi’s proposition 28,
on the construction of a segment of a circle contained between two parallel
lines and equal in area to a given part of the circle. Prop. 6 is a trisection
of the angle, which the text attributes to “the translator of it” (i.e. of On
Divisions).

Euclid’s On Divisions had a considerable influence on the Arabic geo-
metrical tradition. For example, in Chapter 8, On the division of triangles,
and Chapter 9, On the division of quadrilaterals, of the Book on the geo-
metrical constructions necessary for the craftsman (GAS V, 324 no. 2), the
10-th century geometer Abu I-Wafa’ al-Biizajani included many solutions of

"Euclides, Opera Omnia, ed. J L. Heiberg et H. Menge. Leipzig (Teubner) 1883-1916.
8 vols.

8See M. De Slane, Catalogue des manuserits arabes (de la Bibliothéque Nationale), Paris
1893-1895, p. 431.

®This was first noticed by F. Sezgin in Geschichle des arabischen Schrifttums, Band
VI, Leiden 1978, p. 188 no. 1.

108ee GAS V, op.cit., p. 396.

*10On the manuscript see H. Suter, Der V. Band des Katalogs der arabischen Biicher der
vicekoniglichen Bibliothek in Kairo, Zeitschrifi fir Mathematik und Physik, Historisch-
litterarische Abteilung 38 (1893), p. 24; reprinted in H. Suter, Betirdge zur Geschichle der
Mathematsk und Astronomie 1m Islam, Frankfurt: Institut fir Geschichte der arabisch-
islarnischen Wissenschaften, 1986, vol. 1; D.A. King, A catalogue of the scientific
manuscripls in the Egyptian National Library (in Arabic), Part 1. Cairo 1981 {pub-
lished by the General Egyptian Book Organization), p. 447; D.A. King. A survey of the

scienltfic manuscripts in the Egyptian Nalional Library, Winona Lake: Eisenbrauns, 1986,
n. 52 no R OR
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problems in On Divisions {corresponding to On bﬂ.eﬂ.ms..aq.a props. 1-9, 11-16
and 27-28). Text C below is one (unnumbered) proposition T.OE‘Qrwvnwn 9.
In this proposition Abu I-Wafa’ constructs a womEm:a om.w circle 8:3:.:&
between two parallel lines and equal to osm,::&. of the circle. The ionmwsm
of the solution is extremely close to that of al-Sijzi’s meSmm? prop. 28.17 |
have included text C here because it sheds light on the relationship between
and B.

gxwﬂ;ﬂ:% edition of text C I have used the manuscripts: F = Istanbul, Aya
Sofya 2753, f. 44:2-7, and L = Uppsala Tornberg 324, Vet. m.,? f. 39b:6-
16. Both manuscripts are undated. In the Uppsala manuscript the text
is incorrectly attributed to al-Farabi. Only the first and last page of the
manuscript (f. 1b, 60a) belong to a text by al-Farabi,' wma the rest is a large
continuous fragment of the treatise by Abu 1-Wafa’, which begins wvwcv:%
on f. 2a in the middle of a sentence. Text C can also be consulted in the
edition by S. A. al-‘Al1,’4, in the Russian translation by Krasnova'® ?wmmm on
F), and in al-Farabi’s Mathematical works 18 (based on L). The .w&m.fo:mr_v
with Euclid’s On Divisions is not mentioned in these three publications.

[ now comment on the relationship between the three texts A, B and C.

The following terminological argument shows that w_-mawﬁm wucm.n;np (text
A) was probably based on the revision of On Divisions by Hrm&; ibn QJQW.
The rectangle contained by two segments AB and G D, ,&:n: mOﬁ m:orm is
a geometrical concept, is rendered in al-Sijzi’s abstract in an arithmetical
way as alladhi yakinu min AB fi GD, meaning ::S.n i?ar is ?rw.ammc:v
of {the multiplication) AB times GD”. This expression is cscﬂﬂ; in >2.7
bic geometrical texts, but Thabit ibn Qurra used similar expressions in his
translations of Book V-VII of the Conics, namely alladhi yakinu min mn&
AB fi GD “that which is (the result) of the multiplication (of) AB times
GD” .V

The close resemblance between text C and al-Sijzi’s abstract prop. 28
shows that Abu'l-Wafa’ must have had a version of On Divisions in front of
him when he wrote Chapters § and 9 of his own work.  Because

12Cf. F. Woepcke. Analyse et extrait d’un recueil de nozmaw:o:o:m.mmoﬁmn:n:mm par
Aboul Wafa. Journal Asiatique, 5¢ série, 5 (1855), pp. 340-341. Reprinted in Woepcke,
Ftudes, op. cit. vol. 1.

13Gee GAS V, op. cit. p. 296 no. 1. )

14See S.A. al-“Ali, Ma yahtaju ilayhi al-sani min <ilm al-handasa B-Abi l-Wafd. .. al-
Biizjani, Bagdad 1979, p. 126. ) . |

155 A Krasnova: Abu-1-Vafa al-Buzdzhani, Kniga o tom, Q:b neobchodimo remes en-
niku iz geometricheskikh postroennii {translation with ,_:Soacnron and commentary) in:
Fiziko-Matematicheskie Nauki v stranakh vostoka, sbornik stater 1 publtkatsti, vypusk I

/ - .p. 105,
(1V), Moscow (Nauka) 1966, pp. 42-159, see esp. p : ‘

16 Al Farabi, Matematicheskie Traktaty, Per. .. A. Kubesov, B.A. Rozenfeld, Alma Ata
1971, pp. 168-169. i ,

Y7CE G, Toomer, Apollonius’ Conics Books V to VII. The \»Q?q translation of :.5
lost Greek original 1n the version of the Bant Miusa, New York: .mv::mm_, _@wo‘, mo:_.mm.m in
the History of Mathematics and Physical Sciences 9, e.g. p. 5 line 17, p. 11 line 1, index

A4
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Abu’l-Wafa’ presents problems with solutions, he probably had the whole
text of On Divisions and not the abstract of al-Sijzi, in which most con-
structions and proofs are omitted. Because al-Sijz1 used the revision of On
Divisions by Thabit ibn Qurra, this must also be the version which Abu’l-
Wafa’ used and copied. The coincidences between his Text C and al-Sijzi’s
text A suggest that al-Sijzi did not change the wording of the parts of On
Divisions which he put together in his abstract.

There are considerable differences between prop. 28 of Text A and Text
C on one hand and prop. 5 of Text B on the other hand. One can explain
these differences by the assumption that Text B is based not on Thabit’s
revision but on the original translation of On Divisions. If this is true, Prop.
5 in text B was probably deleted by Thabit ibn Qurra in the course of his
revision of the text. The trisection in prop. 6 in text B may have undergone
the same treatment. This trisection is based on a neusis, but Thabit ibn
Qurra preferred to trisect the angle by conic sections.!®

By studying the Arabic tradition, and in particular the work of Abu’l-
Wafa’, one can improve the reconstruction of On Divisions published by
Archibald in 1915. In his reconstruction Archibald took the problems from
Al-Sijzi’s abstract and the solutions (constructions and proofs) from Leonardo
Fibonacci’s Practica Geometria, written in 1220. Most constructions can also
be taken from Abu l-Wafa’; these constructions are probably closer to the
original On Divistons than those of Leonardo.

In the following editions and translations, passages in angular brackets
are additions made by me in my attempt to restore the text, and my own
explanatory additions are in parentheses or square brackets. The critical
apparatus for the text is printed at the bottom of each page.

18Thabit’s trisection can be consulted in W.R. Knorr, Textual studies in ancient and
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Manuscripts:

Text A: MS. Paris, Bibliothéque Nationale, Fonds Arabe 2457, 53b-55b.
Text B: MS. Cairo, Dar al-Kutub Mustafa Fadil Riyada 41m, 167b-168a.

MS. Aya Sofya 2753, f. 44;
MS. Uppsala, Tornberg 324, {. 39.

Text C: F =
L

i
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Translation of text A
In the name of God, the Merciful, the Compassionate.

9'® The Book of Euclid on the division.

1. We wish to demonstrate how we bisect a known triangle by a line
paralle] to its base.

2. We wish to demonstrate how we divide a known triangle into three
equal parts by two lines parallel to its base. .

3. We wish to bisect a known triangle by a straight line drawn from a
known point which is on one of its sides.

4. We wish to bisect a known trapezium by a line parallel to its base.
And® the known trapezium can be divided into three equal parts just as we
divided the triangle, by a construction corresponding to that construction.

< 5 > We wish to bisect a parallelogram by a straight line drawn from a
known point which is on one of its sides.

< 6 > We wish to demonstrate how we cut off from a known parallelogram
an assumed part, any part wé wish, by a straight line drawn from a known
point which is on one of its sides.

< 7> We wish to demonstrate how we bisect a known trapezium by a
straight line drawn from a known point which is on the line of the highest?!
(part) of the trapezium.

8. We wish to cut off from a known trapezium an assumed part by a
straight line drawn from a known point which is on the < line of the >
highest (part) of the trapezium.

9. We wish to demonstrate how we bisect a parallelogram by a straight
line drawn from a known point outside it.

10. We wish to demonstrate how we cut off from a parallelogram an
assumed part by a straight line drawn from a known point outside it. ;

11. We wish to demonstrate how we bisect a known trapezium by a
straight line drawn from a point beyond the highest (part) of that trapezium.
It is necessary that the point is not beyond the place of the meeting of the
two sides.??

12. We wish to demonstrate how we cut off from a known trapezium an
assumed part by a straight line drawn from a known point beyond the line

19This is the ninth text in the manuscript Paris, Bibliothéque Nationale 2457. .

20n the margin of the manuscript, this corollary is numbered “5”, the next two proposi-
tions {my propositions < 5 > and < 6 >) are numbered “6” and “7”, and the subsequent
proposition {my proposition < 7 >) is not numbered. I assume that the corollary was
numbered “5” by mistake, and that the scribe made up for his mistake by not assigning a
number to my proposition < 7 >.

2IMeaning: on the longer side of the trapezium.

21 do not understand this condition. The problem is solvable for all points outside the
trapezium. Woepcke's interpretation (pp. 34-35) does not convince me.
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of the highest (part) of that trapezium. It ig necessary that the point is not
beyond the place of the meeting of the two sides of the trapezium.?3

13. We wish to demonstrate how we bisect a known quadrilateral by a
straight line drawn from a known angle of it.

14. We wish to demonstrate how we cut off fram a known quadrilateral
some assumed part by a line drawn from a known angle of it.

15. We wish to demonstrate how we bisect a known quadrilateral by a
straight line drawn from a known point which is on one of its sides.

16. We wish to demonstrate how we cut off from a known quadrilateral
an assumed part by a straight line drawn from a known point which is on
one of its sides.

17. (Figure 1) We wish to apply to a straight line a rectangle equal to the
area tontained by lines AB, AG, and deficient from the completion of the
line by a square area.?® Since we have proved what we said, if someone says
: why was it so that it was not possible for us to apply to AB an area equal
to AB - AG,? deficient from its completion by a square area, and equal to
the area AE . EB, we say: that is not possible because AB is greater than
BE and AG is greater than AE, so BA- AG is greater than AE - EB. So

if there is applied to AB a parallelogram equal to AB . AG it is (like) area
AZ -ZB.

Figure 1

23%ee the preceding footnote.

241t would have been more correct to say:
a rectangle equal to the area contained by A4
by a square. The problem is mathematically equivalent to the following: to construct a
point X on AB such that AX . XB = AB - AG. To explain the terminology, draw three
perpendiculars 44’, XX’ and BB to AB such that A4’ = XX’ = BB’ = xB. Now
rectangle AX X' 4’ is equal to “the area contained by AB, AG” , XBB' X' isa square, and
ABB'A' is a “complete” rectangle with side AB. The problem is of a well-known type in
Greek geometry, the so-called application of areas. See T.L. Heath, Euchid. The thirteen
Books of the Elemenis. Vol. I, pp. 342-345, Vol. I, pp. 257-259.

#The notation AB- AG will be used to translate Arabic expressions like: alladhi yakiny
min AB fi AG, literally; “which is (the result) of AB times AG” . The Arabic preposition
fi is normally used in multiplications, so a multiplicative notation seemns appropriate.

2 Woepcke {(p.36) assumed that the sentence is incomplete, but there is no good reason
for this assumption. The text means that a point X such that AX .- X5 = AB- AG cannot
lie between A and G, hence it must lie between G and B, The
* the necessary condition for the existence of point X.

We wish to apply to the siraight line AB
B, AG and deficient Jrom ils completion

text is not concerned with
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< 18 > (Figure 2) We wish to demonstrate how we bisect a known triangle
by a straight line which passes through a known point inside the triangle.
Thus let the known triangle be triangle ABG, and (let) the point which is
in its interior (be) D. We wish to let pass through D a straight line which
bisects triangle ABG. Thus we draw from point D a line parallel to line
BG, namely DE. We apply to DE an area equal to half AB- BG, let it be
TB-ED. We apply to line TB a parallelogram equal to BT - BE, deficient
from its completion by a square area, let the applied area be area BH - HT.2
We join line DH and we extend it towards Z. | say that line DHZ has been
drawn such as to divide triangle ABG into two equal parts, namely HBZ,
HZGA.

Proof of this: TB- BE is equal to TH - HB, so the ratio of BT to TH
is equal to the ratio of HB to BE. Separando, the ratio of TB to BH is
also equal to the ratio of BH to HE. But the ratio of BH to HE is equal
to the ratio of BZ to ED. Thus the ratio of TB to BH is equal to the ratio
of BZ to ED. So TB - ED is equal to BH - BZ. But TB - ED is equal
to half of AB - BG, and the ratio of BH - BZ to AB - BG is equal to the
ratio of triangle HBZ to triangle ABG, because the angles at point B are
common. So triangle HBZ is half of triangle ABG. So triangle ABG has
been divided into two equal parts, namely BHZ, AHZG. If we apply to TB
a parallelogram equal to TB - BE, deficient from its completion by a square,
and if this area is AB - AT,?® then if we join AD and extend it towards K,

we prove in the same way that triangle ABK is half of triangle ABD. That
is what we wanted to demonstrate.

Figure 2

#"The text does not discuss the possibility of this construction. Point H is between E
and T as a consequence of the end of prop. 17.

28This means that point H coincides with A.
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< 19 > (Figure 3) We wish to demonstrate how we cut off from a known
triangle an assumed part by a straight line which passes through a known
point inside the triangle. Thus let the known triangle be triangle ABG and
(let) the known point which is inside it (be) D. We wish to let pass through
point D a straight line which cuts off from triangle ABG an assumed part,
and let the assumed part be one-third. We draw from point D a line parallel
to line BG, namely DE. We apply to DE a rectangle equal to one-third
of AB - BG, let this area be BZ - ED. We apply to ZB% an area equal to
ZB- BE, deficient from its completion by a square area, let the applied area
be area BH - HZ.3° We join line HD and extend it towards T. In a similar
way we prove that triangle HT B is one-third of triangle ABG. By a similar
construction we divide it into any part we wish. That is what we wished to
demonstrate.

< 20 > Let there be four lines A, B,G, D and let A - D be greater than
B - G. | say that the ratio of A to B is greater than the ratio of G to D.

< 21 > Again, if A- D is less than B - G, I say that the ratio of A to B
is less than the ratio of G to D.

< 22 > (Figure 4)* If there are two straight lines AB, DE and the ratio
of AB to BG is greater than the ratio of DE to EZ, I say that, separando,
the ratio of AG to G B is greater than the ratio of DZ to ZE.

< 23 > In exactly the same figure, let the ratio of AG to GB be greater
than the ratio of DZ to ZE. I say that, componendo, the ratio of AB to
BG is greater than the ratio of DE to EZ.

< 24 > (Figure 5) Again, let us make the ratio of AB to BG less than
the ratio of DE to EZ. Then, separando, the ratio of AG to GB is less than
the ratio of DZ to ZE.

< 25 > We wish to demonstrate how we bisect a known triangle by a
straight line drawn through a known point outside the triangle.

< 26 > We wish to demonstrate how we cut off from a known triangle an
assumed part by a straight line drawn from a point outside the triangle.

B G A

E - Z D
Figure 5

< 27 > (Figure'6) We wish to bisect a known figure contained by an arc
and two straight lines which contain an angle. Thus let there be a known

Instead of ZB the manuscript has DE by scribal error.

30The text does not say for which points D this construction is possible. Point H is
between £ and Z as a consequence of the remark at the end of proposition 17.

31Figure 4 in the manuscript contains points T, H and K, which were probably used in
the proofs of props. 22 and 23.
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Figure 3
B G 4
T H
E z D K
Figure 4
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A

A

Figure 6

figure ABG, contained by arc BG and the straight lines BA, AG, containing
angle BAG. We wish to draw a straight line which bisects figure ABG. Thus
we join line BG, and we bisect it at point E. We draw from point E a line
perpendicular to line BG, namely EZ. We Join the straight line AE. Since
line BE is equal to line EG, area BZE is equal to area EZG. But triangle
ABE is equal to triangle AEG, so figure ABZE turns out to be equal to
figure ZGAE. ’ :

Ifline AE is on the rectilinear extension of line EZ, figure ABG has been
divided into two equal parts, namely ABZE GAEZ.

If line AE is not on the rectilinear extension of line ZE, we join line AZ
and we draw from point £ a line parallel to line AZ, namely ET. We join
line T'Z. 1say that line T'Z has been drawn so as to divide figure ABG into
two equal parts, namely ABZT, ZGT. Since triangles TZA, EZA are on
the same base, namely AZ. and between two parallel lines, namely AZ, TE,
triangle ZT' A is equal to triangle AEZ. Let a common addition be made to
them, namely figure AZB. Then TZBA turns out to be equal to ABZE,
which is half of figure ABG. Thus the straight line T'Z has been drawn so as
to divide BZG A into two equal parts, namely ABZT, TZG. That is what
we wished to demonstrate.

< 28 > (Figire 7) We wish to draw in a known circle two paralle] lines
which cut off from the circle some assumed part. Thus let us make the part
one-third and the circle ABG, and we wish (to do) what we have said. We
make the centre of circle ABG <point D, and we make the> side of the
triangle inscribed in this circle, namely AG, and we draw lines AD, DG. We
let pass through point D a line parallel to line AG, namely DB. We join line
GB. We bisect arc AG at point . We draw from point E a line parallel to
line BG, namely EZ. We draw line AB. | say that the parallel lines EZ,
GB have been drawn so as to cut off from circle ABG one-third of it, namely
figure ZBGE.

EUCLID ON DIVISIONS 157

B o U6 s 3 et oo g ¥y 5t o Onhal o By T Ds fa
Cpiall B sy TR say U6 Uy, J F

el P e Lyl @ e 05K 38 L sl T K O
e D s oF o6 ol KU sl T K2 s sl cBL L
.uﬂnﬂgfuﬁugiﬁ:%mhymaﬂrwcﬁk,
Eﬂﬁ%m&.@?%?&ﬁrmﬁ%gf%T&
Jt s b b 2 51 05 0106 8 e e Tea gay 51 L Ll
s saly sasl e Ta TL W 536 . Ty T leay G glie et 21
A Rl T B s P T T leay ol onks o Wy )
S s gay oyl e Lol e Col K2 py AL Bl Lapels sl
Ll loag Gy slade oo by o @il das o 5 G £

LS OV s L sy B SR

lom 01 e OMas Dplye nas Ragleas 815 3 O s < £
. oy i b
me,rwrrvmkk.uuxum\,t,ofrw(rlﬁt,é,%A(rc.nu
P oaas E Lk jlos Ues 5 Ak o %y 5 dak o (nieal 21 pegd

Figure 7

ok 26 (crossed out) oW + 25 . (crossed out) Ugha 2V + 24 .38 23 N&M 22
-




158 HOGENDIJK

Proof of this: Line AG is parallel to line DB, so triangle DAG is equal

to triangle BAG. Let to them a common addition be made, namely the
circular segment AEG. Then the whole figure DAEG turns out to be equal
to the whole figure BAEG. But DAEG is one-third of circle ABG, so figure
BAEG is one-third of this circle.
Since EZ is parallel to GB, arc EG is equal to arc BZ. But EG is equal
to EA, so EA turns out to be equal to ZB. We make arc EGB common.
Then the whole arc AB is equal to the whole arc EZ, so the straight line
AB is equal to the straight line £Z, and the circular segment AEGB turns
out to be equal to the circular segment EGBZ. We drop the common part,
namely the circular segment GB, then by subtraction figure £ZBG is equal
to figure BAEG.
But figure BAEG is one-third of circle ABG. So figure EZBG is one-
third of circle ABG. That is what we wanted to demonstrate.
If we wish to cut off from the circle one-fourth of it or one-fifth of it or
another assumed part by means of two parallel lines, we draw in this circle
the side of the square or the pentagon which are inscribed in it, and we draw
to it from the centre two lines as we have drawn them here, and we proceed
as in this construction.3?
< 29 > We wish to divide a known triangle into two parts such that the
ratio between them is a known ratio, by means of a line parallel to its base.
< 30 > We wish to divide a known triangle by means of lines parallel to
its base into parts in known ratios. )
< 31 > We wish to divide a known trapezium into two parts such that
the ratio between them is a known ratio, by a line parallel to its base.
< 32 > We wish to demonstrate how <we divide> a known trapezium
into parts such that the ratios between them are equal to known ratios and
such that the division is by lines parallel to the base of the trapezium.
< 33 > We wish to demonstrate how we divide a known quadrilateral
into two parts such that the ratio between them is a known ratio, by a line
drawn from a known angle of it.
< 34 > We wish to demonstrate how we divide a known quadrilateral by
straight lines drawn from a known angle of it into parts in known ratios.
< 35 > If these things are known, it is possible for us to divide a known
quadrilateral in a known ratio or known ratios by a straight line or straight
lines drawn from a known point on one of its sides, if we bear in mind the
conditions mentioned above. .

The book is finished. We have restricted ourselves to the statements
without proof, because the proof is easy.

32This is worked out in detail in the fragment of On Divisions preserved in the Various
geometrical problems, see Text C below. Note that Thabit ibn Qurra wrote a short treatise
on the problem of constructing a segment equal to one-sixth of the circle; this is published
in J. Sesiano, Un complément de Tabit ibn Qurra au Ilept Sranpéocwv d’Euclide, Zeitschrift
fur Geschichte der avabisch-islamischen Wissenschaften 4 (1988), 149-159.
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Text B

5.3 (Figure 8) By Euclid, in the Book of the Division. Circle ADG is
known, and in it there is a known sector ABG. We wish to cut off from the
circle a segment contained by two parallel lines and two arcs, such that the
segment is equal to the sector. Thus we bisect arc AG at point E, and we
join AG. We draw line BZ parallel to AG, and we join ZA. We draw line
EH parallel to ZA. Then arc ZH is equal to arc AE, and this is clear. So
arcs HZ (plus) AE are equal to arc AG. We make arc AZ common, then
arc ZG is equal to arc EH. We join ZG. Then triangle AZG is equal to
triangle ABG. So the segment contained by arc GA and lines AZ, ZG is
equal to the sector. We make the segment contained by chord AZ common,
then the segment of -which the chord is GZ is equal to the sector plus the
segment of which the chord is AZ. But the segment of which the chord is
GZ is equal to the segment of which the chord is EH. We drop the common
segment, of which the chord is AZ, then by subtraction the segment which
1s contained by arcs HZ, AE and the chords AZ, EH, which are parallel, is
equal to the sector. That is what we wished to demonstrate.

Figure 8

8.% (Figure 9) By the poor translator of it. We wish to trisect an acute
rectilinear angle such as angle ABG. Thus we extend GB on the side of
B rectilinearly and indefinitely. We draw with centre B and distance GB

33This is no. 5 of the various geometrical problems. The figure in the manuscript consists
of a circle only, without letters. In Schoy’s reconstruction, point B i8 on the circumference
of the circle. It is more likely that B was the centre, because a “sector” (Arabic: qatta®) is
usually part of a circle contained by an arc and two radii, and because the text is consistent
with prop. 28 of Al-Sijzi’s abstract if B is the centre.

3414 is not clear where exactly point D is located.

35This is no. 6 of the various geometrical problems. A trisection of the angle is necessary

if one wishes to apply prop. 5 of Text B and prop. 28 of Al-Sijzi’s abstract to find the a
segment equal to for example 1/9th of the circle.
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semicircle GAD, let it intersect side BA at <point A. We put>3® the end
of the ruler on point A and its other end <...... >%7 and we move it until
the line segment <between> line BZ and the point under the ruler on the
circumference of the semicircle, such as point E, is equal to the radius of the
circle.?8 If we have found this, we join lines AEZ, BE. Because angle AEB,
which is exterior to triangle BEZ, is equal to the sum of the equal angles
EBZ, EZB, angle BAE, which is equal to angle BEA, is twice angle BZE.
Because angle ABG, which is exterior to triangle AZB, is equal to the sum
of angles BAZ, AZB, it is three times angle AZB. So we make on point B
of line BG angle GBH equal to angle BZE. Then it is one-third of angle
ABG. That is what we wished to do. ,

Text C

(Figure 7) If he said: how do we cut off from circle ABG one-third of
it, or one-fourth of it, or any part we wish, by two parallel lines, then we
make the centre of the circle point D, and we draw in the circle the chord of
one-third of it, namely line AG, and we draw line BD parallel to AG. We
join BG. We bisect arc AG at point E. We draw from point E line EZ
parallel to BG. Then figure ZBGE, which is between the two parallel lines,
is one-third of the circle. This is the figure for it.%

Arabic text:%
ki WS m 3l o) 00 Yoy oh WA £D B o et B g6 00
ks gay W Gy I G p S dan G Sl Ouly
bk o ke T ps E s B ol P L g
ol oy P AN ED KOsk oy A les 5 dais o0 g X
. 40 G,y o..»bu m.\:«& Ay QK\.;V%,

uer»:..m.:ch:u:m&mawmmm_u%iwﬁm_.,Hrmionamﬂ:wﬁnocaUmnmm&oi%?ms:zw_.n
in brackets. .

37Two words are wiped out completely. The meaning must have been: we put the other
end of the ruler on GB extended.

387This construction belongs to a type of construction called neusts in Greek geometry.
A neusis is the insertion of a straight segment of given length between two given (straight
or curved) lines such that the segment verges (Greek: veueiv) to a given point, that is to
say that the given point is on the rectilinear extension of the segment.

39The figure is the same as that in On Divisions, prop. 28 in the abstract of al-Sijer
{Figure 7 above). Line AB is also drawn in manuscripts F and L. Abu |-Wafa® does not
give proofs, because they were supposed to be unnecessary for the craftsmen for whom
the book was intended. The margin of the Istanbul manuscript contains a proof which I
do not render here. .
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