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Europe between 3000 and 2500 B.C. It should have left traces not only in
the early Babylonian and Greek mathematics, but also with the Indians and
Chinese. It should have been characterized in particular by an extraordinary
knowledge about Pythagorean triples and by the theorem of Pythagoras on
right triangles. An exciting exposition of these theses can be found in the
book Geometry and Algebra in Ancient Givilizations (Springer, 1983) which is
devoted to the algebra of the ancient times. A continuation entitled A History
of Algebra (Springer, 1985) concerns the history of algebra from the Arabs until
about 1930. Finally, van der Waerden’s book Sources of Quantum Mechanics
(North-holland, 1967) is also of a historical nature, containing a rich source of
material on the history of quantum mechanics.
Let us hope that in the near future all his research papers, which contain so
many new and diverse results, will be brought together in a Collected Works
of B.L. van der Waerden.

0

rt e

0

Hognoj

08 JAIl

11 lthn.ncc

i

i

B.L. van der Wa c Detecte Vo
MedievI Mathematic3 Ast
Dc
P0.

‘

1. INTRODUPT1ON
One of Professor Van d
A i( (fl f’ivoi it
of astronomy in Anti ii i
i
Li Middi Ac
ci sely related to th
i
If I lat hniat
Ages, astronomy was
ll ii ‘sI
used, and a larg par f IS 11(11 1 1(5 IA itiSI)
ai plications
By mathematical an
ialysis 1 a e
sources, Van der Waer I
en ihh o 1
historical connections t I
I Ii
heenno e
number of papers on t I
I vu i tlena

1. Babylonian mOo i i
(1
tin eamlie t
century B.C. to I
Ii iatical I 1 fbi I t)
500B.C
AP
‘1
i
1
2. The developmen
is I I g und Is nf iei
3. The Pythagoreans ti
tli B C
4. The astronomy (f
1)
Al) 1 1
5. Traces of Egyptis us r iii) in tic
I
relat ions with Bal
ii stionoin
6. Astronomy in pro s ii i leisia (A )
(‘I
7. Indian astrononl) x
u A T). 400 ar I
astronomers w r
net ho I f 1 1 111(1
oiny).

,

ft

nk

In tile style of Van dci A
k
will nu
as illustrations of his ni 1 i i o
T’hesi cxiii i e
the meaning of the fun
i llahyloni ii 1 1 1
B.C, and his analysis o
a1cii mdi n it’ h
positions.

2. THE Saiios IN BAns I
A I RONOS.
Around 750 B.C., Bab1
isa $ ties begs i
of celestial phenomen s 1 1 Ii y ris ord t
were stored in arch iv s
oIs(ri I

C

i i

1

tent and

s the history
ted subject
1 the Middle
(mat ics was

xst onomical

xstmonomical
(niatical and
lIOn a large

in the 16th
ised between

y

Jobks.
C and its

time, Tamil
ie; al ast ron-

etc examples
discovery of
ist centuries
ng planetary

observations
clay tablets
ii alysed by

146

...

FIGuRE 1.

F
1)1,26)
12, [81
12,50
[13,32)
[14,14]
[14,56]
[15,38]
[15,34]
14,52
14,10
13,28
12,46

-

Jan P Hogendk

G
14,55,39.15,33,201
4, [33,55,33,201
4, [8,6,54,48,53.20]
[3,42,18,16,17,46,40]
[3,16,29,37,46,40]
[2,50,46,40)
[2,40)
[2,4)0
2,41,46,4[0]
3,2,33,15,11,6,40]
3,28,21,[43,42,13,20]
3,54,10,[22,13,201

simple and not
later astronomers) After 500 B.C. the Babylonians developed
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.
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(for p, q integers,
The Babylonian astronomers wrote the number lOp + q
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293,)
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(150 AD.) used
‘Some of the Babylonian records were transmitted to Greece; Ptolemy
B.C.
Babylonian observations of lunar eclipses that occurred in 721—720
mathematical structure
The missing numbers can be restored as soon as one knows the
2
that various fragments, which may
of the columns. Sometimes it can be proved in this way
even be in different museums, once belonged to the same tablet.
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to two other functions F and G, which are tabulated in the sixth and seventh
columns,
column of tile table (see Figure 1, in which the third, fourth and fifth
dealing with the position of the sun, the length of daylight and the lunar lat
itude have been omitted). To avoid confusion, the maximum, minimum and
constant difference of 4) will be indicated from now on as M, m and 4.
The sixth column displays values of a function F, the lunar daily motion in
degrees. As a matter of fact, F is an abbreviated form of a function F’ which
appears on other tablets and which is a zigzag-function with maximum MF
difference dF. =
= 15;56,54,22,30, minimum mF = 11;4,4,41,15, and constant
0;42,0,0,0. The unit of measurement is the degree (note that the Babylonian
astronomers introduced the division of the circle into 360 degrees). Experience
tells us that 4) and the unabbreviated function F* are exactly in phase. The
abbreviated function F on tablet No. 1 has the same constant difference, but
since the maximum and minimum are rounded to MF = 15;57, mF = l1;4, the
period of F is slightly different from that of F’ and 4).
In the seventh column we find values of a function C, which indicates the
length of the synodic month. G(X) is the time interval from the full moon in
month X 1 to the full moon in month X. The synodic month is always 29
days plus a fraction, and the Babylonians only recorded the fraction in “time
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difference, because the minima of O come
(1
) synodic months later
than the maxima of 4>.
Because the Babylonian time-degree corresponds to 4 modern minutes (units
of time), the last sexagesimal in a nuniber such as C
2
4,46; 42,57,46 indi
cates
of a second. It is obvious that the Babylonians could not measure
such small time-intervals. The functions 4> and C therefore belonged to a math
ematical model, the motivation of which was unclear in 1955, when Neugebauer
published his Astronomical cuneiform Texts.
Around that time a clue was found by the famous assyriologist A. Sachs,
Neugebauer’s colleague in the History of Mathematics Department at Brown
University in Providence (11.1.). On a tablet for the computation of 4>, Sachs
was able to read the sentence
“17,46,40 is the addition or subtraction for 18 years”.

4>(X)

=.

—

—

±4.

We have seen the number 17,46,40 =
before, in the computation of G
from 4> near the extrema. Sachs observed that “18 years” is tIme Babylonian
name for a period of 223 synodic months, which is nowadays called a Saros
period. The Saros period is important in (ancient and modern) lunar theory
because it is very nearly an integer multiple of the periods of two other lunar
phenomena, namely the anomalistic month (the mean period of lunar velocity)
and the draconitic month (the mean period of lunar latitude). Lunar and solar
eclipses often occur with intervals of 1 Saros, so the Babylonians probably
discovered the Saros period by analysing the eclipse observations that had
been made since the eight century B.C.
Sachs’ work was continued by NEuGEBAuER [5]. Neugebauer showed that
4>(X + 223)— 4>(X) ±17,46,40, so the passage which Sachs deciphered makes
sense. Thus we can write
4>(X + 223)

-

O(X)

O(X)

=

—

±4

25; 48,38,31,6,40
-

=

.

4,

he concluded

Neugebauer noticed that 4> and C have the same period; hence also

—

O(X + 223)
Since d

O(X + 223)

and he stated that “4> measures time in comparing the length of lunations one
Saros apart” [5, p. 8]. Thus the unit of measurement of 4> is the time-degree.
4
however, the precise meaning of 4> and the connections between 4> and C were
still unclear to Neugebauer.
Now Van der Waerden enters the scene. In the first edition of his book
Science Awakening (1966) [8], pp. 148-153, Van der Waerden explained the
or: 60 time degrees, called a “large hour”.
t
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...“,

numl)er.
They
would
say
“the
2;13,20
of this month is 1:59,48.
meaning:
4) of this month is 1;59,48
In the second edition of Science Awakening [9,
pp. 226-229}, Van (icr Vlaerden included the evidence found by Aaboe, but he
omit.4 ed most of the reasoiung which he had used to unravel the meaning of

Vte now turn to another example of Van der Vlaerdens research. concerning a
11 let I ova I I ml ian Illet In el for compu ing planet arv posit ions, winch appeared in
11w i<iiandakhtdiwaka of Brahmagupt a (7111 century) and in a variety of other
Sanskrit astronomical textbooks of the same period. First we have to explain
sonw basic principles of geocentric motion and the corresponding technical

the

i =

position of the

the angle

order to compute

terminology. From a geocentric point of view, the sun moves around the earth
£ in a period of one year, with a slightly varying velocity depending on its
position in the ecliptic. Ihe motion is slowest in the late spring, when the sun
in the sign Gemini. and is fastest in the late autumn, when the sun is in the
sign Sagittarius. The medieval indian astronomers explained the solar motion
as follows (Figure 3). They considered a point Al moving uniformly in the
plane of tile ecliptic on a circle with centre the earth E, and the assumed that
the sun S moved uniforuilv on a ‘ery small circle with centre A!. The rotations
of Ptl and S are in opposit.e directions but with the same period (a year), so
MS is always parallel to a line from E
to
a
fixed
point
which
A,
is
located
ill the sign Gemini in the ecliptic. Point A is the apogee; in other words
S
is at tile greatest distance from the earth when Al is at A.
. Tile large circle
7
is called the deferent. and tile Indian astronomers put its radius I? equal to
sonic integer (for example 150). They called the small circle a manda-epicvcle.
and they expressed its radius r
1 in the same units as B. Numerical values for
the ratio r
, : B and tile position of A in the ecliptic were determined from
1
observations of the StIll or derived from earlier Indian or Greek sources.
sun S at a given moment, the as—
ZAIEA, called tile “centre,
8 as a linear

lii

trononiers first found

function of tulle. ‘1 hen tile astronomers computed by elementary trigonometry
9
tile manda correction jt(tc) = LSEAI. Then is ja(is) gives the apparent position
of S with respect to the apogee A.
The velocity
the
of
other
planets
as
seen
from
tlle
earth
depends
to some
extent on their positions irk time ecliptic, bitt to a mnuch larger extent
on their
posit ions with respect to the sun. io account for tile second effect, the Indian
astronomers
used
second
a
of
type
epicycle,
the
sighra-epicyc
le (Figure 4),
which is a larger epicycle wit Ii centre C and radius r
. The centre C rotates
0
uniftrrnly on a deferent circle with radius B and centre the earth E. For the
superior planets, the planet P moves uniformly on the sighra-epicycle such

The relation between
t
and G is also explained in Neugebauer’s llAMA [6, vol. 1,
pp.
505-51 l[, but I find his explanation less clear than that given h Van der Waerden.
The Indian astronomers knew that the apogee A is variable, but the variation is so slow
7
that the effect is only noticeable after centuries.
The term is knlron in Greek, “kendra” in Sanskrit, suggesting a transmission from
8
Greece to India
’rtie Indian a.stronomners invented the sine function.
9
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model suggests. The Indian astronomers knew that the velocity of the planet
also depends on its position in the zodiac, and they therefore assumed that
each planet had a ,szghra-epicycle as well as a rnanda-epicycle like the sun (with
a different fixed point A and a different r for each planet). The next problem
was how to combine the effects of the manda- and sighra-epicycles. The Indian
astronomers prescribed various procedures for the computation, in the style
of a cookbook, but they did not answer the question of how the manda- atid
sighra-epicycles fit together in one geometrical model.
I will now discuss Van der Waerden’s analysis 17] of the procedure described in
the Khandakhadyaka of Brahrnagupta (seventh century). I use the notation u
for the rnanda—correction (ZMEA in the model without sighra-epicycle, Figure
3, with parameters A and r adjusted to the planet) and a for the sighra
correction (t PEC in the simple model without manda-epicycle, Figure 4).

—

K
—

1L(K2)

a + u(a)

1. Find angles c and a (as linear functions of time).
2. Compute the following quantities:
K2

1(3 = K

+u(o
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3. The inventor must have been a great mathematician, probably Apollonius
of Perga (ca. 200 B.C.), who worked with epicycles and knew trigonom
etry.
4. The approximate computation (but not the geometric model) were trans
mitted from Greece to India, probably via (pre-Islamic) Iran. Van der
Waerden found traces of a similar (but simpler) method in the astro
nomical handbook of al-KhwarizmI (ca. A.D. 830), who used pre-Islamic
Iranian sources.
There seems to have been little reaction to Van der Waerden’s explanation in
the modern literature. As far as I know, his conclusions regarding Apollonius
of Perga as the possible author of the approximation method have not been
accepted by other historians. However, his analysis is an interesting piece of
work, which could lead to further research. It would be interesting to make
a numerical comparison between the planetary positions predicted in the fol
lowing three ways: by means of Ptolemy’s equant model and by means of
the Indian procedures (with historically attested parameters, and in a relevant
time-interval, say, between 200 B.C. and A.D. 800), and according to modern
recomputations. Thus one can try to find out whether the mathematical co
incidence is the result of a historical connection or of a close correspondence
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I know of no detailed investigation of the overall accuracy of Babylonian (or
Greek) lunar theories, but it seems that the Babylonian theories provided very
reasonable predictions of lunar eclipses and first sightings of the lunar crescent.
We have to bear in mind that the Babylonians possessed neither accurate clocks
nor instruments for measuring the longitude and latitude of the moon at a given
instant. It is a historically interesting question how the complicated Babylonian
theory of 4) and G could have been derived from observations. This question
has been elucidated in a recent paper by Mrs. L. BItAcK—BF;RNsEN [2], see
also J.P. BRVITON [3].
AcKNowL[;L)cIsIi:NT. I am grateful to Miss SM. McNab for linguistic advice.
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