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I .  Introduction 

The subject of the present paper’ is al-Kishi’s calculations on the 
muqarnas (fig. l) ,  contained in his Key of Arithmetic [Miftih al- 
Hisib]. The treatise forms the third and last section’ of chapter 
nine, Measuring Structures and Buildings, the last chapter of Book 
IV, On Measurements. At the beginning of this chapter al-KZshi 
explains why he discusses the subject: “The specialists merely spoke 
about this (i.e. measuring) for the arch (faq) and the vault ( i za j )  
and besides that it was not thought necessary. But I present it 
among the necessities together with the rest, because it is more 
often required in measuring buildings than in the rest.” Hence it 
is written for practical purposes, like the whole Key of Arithmetic. 
This work is a kind of encyclopaedia of elementary mathematics 
intended for everyone. According to its title, arithmetic is seen as 
the key. to solving all problems which can be reduced to calcu- 
lations. In the very beginning of the work al-Kishi defines: “Arith- 
metic is the science consisting of basic rules to find numerical 
unknowns from relevant known quantities.” 

The necessity of measuring surface areas and volumes of buildings 
lies in the possible application. In medieval Italy it was common 
practice to pay the artisans according to the surface area they had 
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completed. The same custom may have existed in the Arab world. It 
is also useful to know, more or less, how much material is needed 
like gold for gilding, bricks for construction or paint and such things. 

After a short biography of al-Kiishi and an attempt to explain 
the muqarnas, this paper examines the methods used by al-Kiishi 
ending with the Arabic text and its English translation. 

2. Al-Kiishi’s Life and Works 

The most eminent mathematician and astronomer in the first half 
of the 15th century was GhiyZth al-Din Jamshid Mas’iid a l -Ki i~hi .~  
Our earliest fixed point in al-Kiishi’s life is 2 June, 1406 (12 Dhii 
al-Hijjah, 808). On this date he observed in Kiishiin, his home 
town in central Iran some 150 km north of Isfahan, the first of a 
series of three lunar eclipses. 

Sometime during the year 816 A.H. (14131 14) al-Kiishi com- 
pleted the KhGqGnTZij, written in Persian4 and the first of his two 
major works. In the introduction to it he complains that he had 
been working on astronomical problems for a long period, living 
in penury in various places in central Iran, most of the time in 
Kiishiin. Having undertaken the composition of a Zgi, he would 
have been unable to complete it except for the timely beneficence 
of the Prince Ulugh Beg, he says, and to him he dedicated the 
finished work. Dedicating his scientific treatises to sovereigns or 
magnates, al-KZshi, like many scientists of the Middle Ages, tried 
to provide himself with financial protection. 

Soon after this, on 10 February, 1416 (10 Dhii al-Hijjah, 818), 
still in KZshiin, the first version of the Fruit Garden Stroll [Nuzhat 
al-Hadii’iq] was completed. The book is al-KiishTs own description 
of the equatorium he invented. It names no patron. When next 
heard from, al-Kiishi has joined the group of scientists at the 
Samarkand court. There he spent the rest of his life as a member 
of the scientific staff of Sultan Ulugh Beg. 

The great Khan (Khiiqiin) Ulugh Beg (13961449)’ was raised 
at the court of his grandfather, Tamerlane,6 and ruled from 1409 
to 1449 over Transoxania, the chief city of which was Samarkand. 
In contrast to his grandfather, Ulugh Beg was not interested in 
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conquest but gained fame as a scientist, being especially known 
for the astronomical tables ( z v )  produced under his direction. In 
141 7 he founded in Samarkand a madrasu - a school for advanced 
study in theology and sciences - in which astronomy was the most 
important subject. This school differed from others of that time 
both in the content and in the level of the subjects taught. Shortly 
after the completion of the madrasa, Ulugh Beg commenced the 
construction of a three-story observatory. For the work in the 
madrasa and the observatory, Ulugh Beg took many scientists into 
his service, including al-Kiishi. 

During the quarter century before the assassination of Ulugh 
Beg in 1449 and the beginning of the political and ideological 
reaction, Samarkand was the most important scientific center in 
the East. In Samarkand, al-Kishi actively continued his mathemat- 
ical and astronomical studies and took great part in the organiza- 
tion of the observatory and its provision with the best equipment, 
occupying the most prominent place in the scientific staff of Ulugh 
Beg. He himself gives a vivid account of Samarkand scientific life 
in an undated letter to his father' in Kiishiin, written while the 
observatory was being built. 

Al-Kkhi highly prizes the erudition and mathematical capacity 
of Ulugh Beg, particularly his ability to perform very difficult mental 
computations. On the other hand, al-Kiishi speaks with disdain' of 
Ulugh Beg's sixty or seventy scientific collaborators, making some 
exception for Qiidi Ziide al-Riimi (ca. 1364 - ca. 1436).9 Telling of 
frequent scientific meetings directed by the Sultan, al-Kiishi gives 
several examples of astronomical problems propounded there. 
These problems, too difficult for others, were solved easily by al- 
K5shi. With great satisfaction he also tells his father of Ulugh Beg's 
praise related to him by some of his friends. He emphasizes the at- 
mosphere of free scientific discussion in the presence of the sover- 
eign. The letter includes interesting information on the construction 
of the observatory building and the instruments, and characterizes 
al-Kishi as the closest collaborator and consultant of Ulugh Beg. 

On the morning of Wednesday, 19 Ramadan, 833 (22 June, 
1429) al-Kishi died at  the observatory outside Samarkand. In the 
prolegomena to his own Zij his royal patron Ulugh Beg" laments 
the early death of al-Kishi in the course of the work, and calls 
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him “our great mullii, the pride of the sagacious people of the 
world, the perfecter of the ancient sciences, the unraveler of the 
intricacies of problems.” 

Al-Kiishi produced his greatest mathematical achievements in 
Samarkand. In the middle of Sha‘biin, 827 (July, 1424) he com- 
pleted the Treatise on the Circumference [Risiila al-Muhitiya],” a 
masterpiece of computational technique resulting in the determi- 
nation of 2n which, when expressed in decimal fractions, is correct 
to 16 decimal places. In its introduction al-Kiishi states how close 
he wants his approximation to be and how large the polygon (3.2’’ 
sides !) and how accurate the calculation (in 9 sexagesimal digits !) 
should therefore be. His required precision for 7c is such that, when 
it is used for calculating the circumference of the ‘sphere of fixed 
stars’, whose diameter is supposed to be equal to 6 .  lo5 diameters 
of the earth, the error will be smaller than the width of a horse’s 
hair. Al-Kiishi really computes in the sexagesimal system contrary 
to other Islamic mathematicians like an-Nasawi (beginning 1 1 th 
c.) or al-Birini (973-1 048), who transform sexagesimal numbers 
into decimals for the computation and then transform the result 
back into sexagesimals.12 

Sexagesimal arithmetic is explained in the third Book of the 
Key of Arithmetic [Miftiih al-Hisiib], his second major work. This 
textbook, completed on 3 Jumiidii 1, 830 (2 March, 1427) and 
dedicated to Ulugh Beg, is his best known work (cf. introduction). 
His third masterwork is the Treatise on the Chord and Sine [Risiila 
al-Watar wa’l-Jaib],I3 in which he calculates, with the same pre- 
cision as for n, the sine of 1” to ten correct sexagesimal places by 
an elegant iterative method of computing. This treatise is listed in 
the introduction to the Key of Arithmetic, among his previous 
works. It is not clear, however, whether he completed the manu- 
script himself, or whether it was completed by Qadi Ziide after al- 
Kiishi’s death.I4 

As for his scientific attainments and his place in the history of 
science, Kennedy” remarks: “ Al-Kiishi was first and foremost a 
master computer of extraordinary ability, witness his facile use of 
pure sexagesimals, his invention of decimal fractions,I6 his wide 
application of iterative algorisms, and his sure touch in so laying 
out a computation that he controlled the maximum error and 
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Fig. 1.  The Muqarnas on the Minaret of the Ulugh Beg Madrasa in Samarkand (Nader). 

maintained a running check at  all stages. ... He seems to have been 
a completely competent observer and astronomical technician, 
neither ahead of nor behind his time.” 

3. The Muqarnas 
3.1 Definition and Etymology 

In the new Encyclopaedia of Islam Doris Behrens-Abouseif defines 
r n ~ q a r n a s ’ ~  as: “a type of decoration typical for Islamic architec- 
ture all over the central and eastern parts of the Muslim world; 
for its counterpart in the Muslim West, see muqarbas”. The term 
derives from the Greek ~opovia ,  Latin coronis, Fr. corniche, Engl. 
cornice, (Germ. Karnies), and has no explanation whatsoever in 
any of the Arabic dictionaries that could be associated with its 
function in Islamic architecture. It is therefore a popular term, or 
rather, a mason’s technical term.” 

Wolfhart Heinrichs” has some doubts on this accepted ety- 
mology. The fact that there is a sin-sad-variation in this word 
means that the written tradition of its root is not very firm. There 
are two cases in which this is not uncommon: one is foreign (and 
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mainly non-Semitic) loan words, which obviously do not have a 
traditional orthography and therefore their spelling fluctuates, and 
the other case is rare roots, which are only sparsely, or not at all, 
attested in the old authoritative literature. 

The Greek word K O ~ W V ~ C T ,  which is related to the word rcophvq 
meaning ‘crow’ and ‘everything that is curved’, can be used as an 
adjective meaning ‘crook-beaked’, ‘curved’ and as a noun referring 
to anything curved or bent. In particular, it can refer to (a) a 
‘wreath or garland’, (b) a ‘curved line or stroke, a flourish with 
the pen at the end of a book’, (c) a figurative use of (b), namely 
‘end’, ‘completion’, and (d), as an architectural term, ‘the finishing 
piece placed on the building’, the ‘copestone’. The last meaning, 
only found in Hesychius, has, however, to be considered as rare 
and unusual and it is not quite clear whether it would also cover 
a cornice. The semantic picture that has emerged so far is based 
on the classical dictionaries. 

In order to evaluate a lexical borrowing from Greek into Arabic, 
one should, of course, study the situation in medieval Byzantine 
Greek. Unfortunately, so Heinrichs, lexicographical treatment of 
this stage of the language is far from satisfactory. More helpful is 
the large dictionary by D. Dimitrakos (dqpqzp&coo) covering all 
periods of the Greek language. Among the architectural meanings 
of Kopovio we find the definition from Hesychius and then (Hein- 
richs’ translation:) “by extension every projecting girding or crown- 
ing of walls or pieces of furniture”. Thus, at some point in the 
history of the Greek language the word mpwvia  did have the 
meaning of “cornice”. 

Taking also into account the Arabic side Heinrichs thinks that 
the equation ~apovia  - muqarnas is not totally impossible, but that 
it leaves a lot to be desired on semantic grounds. Two additional 
considerations which would further weaken the derivation from 
~ o p o v i a  are first the formal side of the supposed borrowing: If we 
compare other Greek loanwords in the general sphere of architec- 
ture, such as fusaYfis2’, zukhruJ or funduq, we find that this kind 
of mere root-borrowing is not followed here. The other argument 
is taken from cultural history: Greek architects and artists played 
an important role in early Islamic art which had its repercussions 
in the Arabic technical vocabulary. However, if the muqarnas was 
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developed (cf. 5 3.2) in North Eastern Iran (Grabar) or in Baghdad 
(Behrens-Abouseif, Tabbaa) the influence of Greek artists is less 
likely. 

Turning to the medieval Arabic dictionaries for a possible ety- 
mology Heinrichs points out that they reflect a specific type of 
Arabic, i.e. the authoritative language of the true Bedouin Arabs 
of pre-Islamic and early Islamic times. Thus technical terminology 
was mostly excluded. Indeed, in the Lisan al-‘Arab, the architec- 
tural term muqnrnas is nowhere to be found. Various words are 
listed under both the sin and the sad form of the root q-r-n-s/s. 
One of these words stands out  as a very likely candidate for being 
the etymon of rntiqarnas. It is the geographical morphological term 
qurnns (also qirncis) which is defined as2’ “something like a nose 
projecting in a mountain.” Accepting this, the verb qarnasa would 
mean something like ‘to furnish a structure with projecting over- 
hanging elements’ and the part. pass. muqarnas, consequently, 
would originally have meant ‘(a structure) furnished with pro- 
jecting overhanging elements.’ In the Persian lexicographical tra- 
dition the architectural meaning of muqarnas is well documented, 
e.g. in the Farhang-i &mdarrfj where it says: “muqarnas is a 
structure which they used to make in the form of the qtirnis, the 
latter being the nose of the mountain.” It should be mentioned 
that in the Persian tradition the architectural term muqarnas often 
seems to have had a much broader meaning, covering any kind of 
cupola, especially one with paintings. Although the plausibility of 
the etymology qurnas - muqarnas cannot be denied Heinrichs 
points out that it does have certain weaknesses. However, it also 
appears to have a number of advantages over its competitors.” 

Muqarnas decoration is composed of a series of niches embedded 
within an architectural frame, geometrically connected and forming 
a three-dimensional composition around a few basic axes of sym- 
metry. It has often been compared with the form of a honeycomb. 
In European languages honeycomb, stalactites, or  stalactite vault 
are common terms to designate the muqarnas. Neither honeycomb 
nor stalactite, the word most frequently used, is quite adequate. The 
comparison with the geological dripping stone formations is valid 
only for a certain later type of dripping muqarnas or muqarbas. I 
shall use the term muqarnas throughout this paper. 
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3.2. Tradition 

The essential function of the muqarnas is ornamental. It was widely 
used as a cornice to adorn the edges and disguise the joints of an 
architectural structure. Most of all, it was closely connected with 
the transition zone of domes especially where the squinch was 
adopted as transitional device. 

As Donald Wilber22 explains, the most important design form 
of both pre-Islamic architecture of the Sissiinian period and of 
Islamic architecture in Iran was the use of the dome over a square 
sanctuary chamber. Placing the circle of the base of the dome upon 
the square of the lower walls presented a major structural problem: 
Early the Iranians developed a single solution which they retained 
for many centuries. This was the squinch, developed as the primary 
motive of the zone of transition between cube and dome. The 
builders, concerned with finding decorative roles for the squinch 
areas, favored a decoration by the multiplication of parts, a treat- 
ment which gave interest to the otherwise blank and shaded inner 
surface of the squinch. While the elaboration of the squinch area 
led to the everincreasing use of muqarnas, the squinch did not give 
birth to the muqarnas. Muqarnas was already in use in structures 
erected in Iran and in other Moslem countries. 

The origin of the muqarnas and its historical development is 
still obscure, and although opinions vary, it has usually been attri- 
buted to 4th/lOth century Eastern Persia. According to Oleg 
Grabar:” 

So far as is known, the origins of the muqarnas probably lie in almost simultaneous 
but apparently unconnected developments in north-eastern Iran (late tenth century) 
and central North Africa (eleventh century). 

Tabbaa24 rejects this on several grounds and offers Iraq instead, 
since it has provided us with the earliest example of a fully fledged 
muqarnas dome in the so-called shrine of Imam al-Dawr, located 
some twenty kilometers north of Samarra in a village called al- 
Dawr. This earliest muqarnas dome, appearing as it does in a small 
village of little historical significance, is unlikely to have been the 
first of its kind or the model for all later muqarnas domes. As 
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Islamic architecture prospered mainly in cities and, secondly, the 
patron of the shrine was in certain respects a vassal of the ‘Abbasid 
caliph, Baghdad might have been the center in which the muqarnas 
dome originated. 

The Islamic Museum of Cairo owns stucco muqarnas with Sam- 
arra style paintings once belonging to a bath at FustZt. As recent 
studies suggest, these paintings might be attributed to the ‘Abbasid 
period, i.e. to the 3rd/9th or 4th/lOth century, and not to the 
Fatimid period as commonly assumed; these muqarnas would be 
among the earliest known examples of the Moslem world. In that 
case, Baghdad as the capital of the ‘Abassid empire, could well be 
the place of origin of the muqarnas.” 

The muqarnas spread in ca. the 5 th / l  l th century all over the 
Islamic world becoming, like the arabesque and the inscription 
bands, a characteristic feature of its architecture from Egypt to 
Central Asia. This led Diez to the idea that muqarnas was not an 
individual invention whose inventor could be located but is rooted 
in Islamic mentality and culture. Its geometrically cut surface has 
the quality, like a crystal, of breaking the light and forming the 
additional contrasts of light and shade that always have been 
sought after by Moslem architects and decorators. 

3.3. Structure 

To understand how al-KZshi computes we have to understand the 
construction of a muqarnas, which is not explained by al-KZshi. 
He did not have to explain this, as his Key of Arithmetic was 
written for practical use. The construction workers knew how a 
muqarnas had to be put together. Although the appearance of a 
muqarnas is complex, there are usually only a few different basic 
elements. Sometimes these were even prefabricated, as in the case 
of the collapsed vault on the Takht-i Suleiman,’6 described by 
Ulrich Harb. After giving some necessary definitions I will try to 
explain the structure of a muqarnas using Harb’s reconstruction, 
displayed in his Ilklzanid Stalactite Vatilts [Ilkhanidische Stalakti- 
tengewolbe]. 



202 Yvonne Dol~l-Srmipli)niirs 

3.3.1. Definitions 

Muqarnas (fig. 1): 
“The muqarnas is a ceiling like a staircase with facets and a flat 

roof. Every facet intersects the adjacent one at either a right angle, 
or half a right angle, or their sum, or another than these two. The 
two facets can be thought of as standing on a plane parallel to the 
horizon. Above them is built either a flat surface, not parallel to 
the horizon, or two surfaces, either flat or curved, that constitute 
their roof. Both facets together with their roof are called one cell. 
Adjacent cells, which have their bases on one and the same surface 
parallel to the horizon, are called one tier” ( Al-Kiishi’s definition). 

Facet of a cell: vertical side. 
Roof of a cell: a flat surface, not parallel to the horizon, or two 

Cell: consists of two facets with their roof. 
Intermediate element: surface, or  two joint surfaces, connecting 

Element: a cell or an intermediate element. 
Tier: row of cells with their bases on the same surface parallel 

joined surfaces, either flat or  curved. 

the roofs of two adjacent cells. 

to the horizon. 

3.3.2. Description 

In figures 2 and 3 are representations of a corner of the south- 
octagon-vault at the Takht-i Suleiman. Figure 2 shows the three- 
dimensional view and its plane projection. The latter figure consists 
of simple geometrical forms: squares, half-squares, rhombuses, 
half-rhombuses (i.e. triangles with as base the shorter diagonal of 
the rhombus), deltoids, and 1/8 stars (in Harb’s terms, al-Kishi 
calls the last two ‘almond’ and ‘biped’. Also the terms ‘half-square’ 
and ‘half-rhombus’ are al-Kiishi’s designations). The main diag- 
onal in these surfaces is the plane projection of the line intersecting 
the two facets. In the half-squares the projection of this intersecting 
line is not shown, as the two facets intersect at lSO’, i.e. are in the 
same vertical plane. Subsequent tiers are colored, a1 ternating grey 



Fig. 2. Takht-i Suleiman, A Corner of the South Octagonvault and its Plane Projection 
(Harb). 

and white. Thus, each time the color changes we are one layer 
higher up. 

In fig. 3 the first three tiers, counting from the corner and from 
below, are displayed. In the plane projection these tiers are seen 
one by one, whereas the cross section gives an  idea of the actual 
structure. The plane projection of tier 1 shows a square in the 
corner with a half-square a t  both sides and in between two half- 
rhombuses. The last two have no bases, but are intermediate ele- 
ments to fill the gaps between the roofs of two consecutive cells. 
In the cross section of tier 1 we can distinguish a cell standing on 
a half-square (i.e. its plane projection is a half-square) and an 
intermediate element. 
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Fig. 3. Takht-i Suleiman, South Octagonvault, Tiers 1-3, from Below and Cross Section 
(Harb). 

Each cell consists of two sides, or facets, with a roof, whereas 
the intermediate elements connect two roofs. To make these ele- 
ments fit, they have to be constructed according to the same 
measure-unit, which is confirmed by the prefabricated elements 
found on the Takht-i Suleiman. Al-Kiishi uses in his computation 
the so-called ‘module’ (miqy5,s) of the muqarnas, defined as base 
of the largest facet, that being the side of the square. The module 
is the measure-unit of the muqarnas and is equated with ‘one’. 
This procedure facilitates calculating on the muqarnas. At the end 
of the computation the results are converted back into standard 
measures (cf. 54.1). 

Applying the principle of the module to tier 1 (fig. 3) we count 
one element in the corner with base twice the side of the square, 
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which means twice ‘one’, and two elements, each with base the 
diagonal, actual1 twice half the diagonal, of the square (cf. below), 
which means / 2 for each element. As these elements converge, 
the gaps between them are filled by the intermediate elements, 
which have no base but provide a base for the next tier (cf. the 
cross section in fig. 3). Tier 2 fits on tier 1, and we see here two 
elements, each based on two sides of a square, flanking the corner 
element, based on twice the short diagonal of a rhombus (with the 
sides of the square and the rhombus all equal to the module) and 
six intermediate elements in the form of a 1 /8 star or biped. These 
intermediate elements consist of two surfaces, joint along the main 
diagonal of the biped. The longer sides of the biped are again 
equal to the modul. This kind of pattern continues tier by tier. 

3.3.3. Example 
An example of such a construction is found in the shrine at Bistim 
(fig. 4” and fig. 5’8). Bistim is situated approximately midway 
between Teheran and Mashad, a few kilometers north of Shiihriid. 

2 

1 

Fig. 4. Bist5rn I ,  Shrine, Detail of Vault over East Portal (Pope, after photo). 



A building complex surrounds the tomb of the holy Biyazid-a1 
Bistimi. The whole structure, apart from a few Seljuk remains, 
has been constructed in the Ilkhanid period ( 256-1334). In figure 
4 we see a detailed part in the right half of the vault over the east 
portal. The structure is seen from the front, as a typical tourist 
would see it. The plane projection of the whole of this vault is 
shown in figure 5. In both figures the tiers are numbered in the 
same way to facilitate comparing the frontal view with the view 
from below. By comparing these two it is possible to distinguish 
some geometrical shapes, like elements standing on the sides of a 
square or on the shorter diagonal of a rhombus, and others. 

Intermediate elements, such as two kinds of bipeds as well as 
triangles or half-rhombuses, can also be discerned. It is interesting 
to note that at some places, e.g. tier 4 left, vertical panels have 
been put around the cells. These are the ‘boards of plaster’ made 
by the masons (cf. 94.4.2). Looking at the same vault from under- 
neath (cf. Harb) we see the vault as in the plane projection. The 
geometrical shapes become apparent, and the structure shows its 
simplicity. 

Fig. 5. Bistiim 1, Shrine, Vault over East Portal. from Below (=plane projection) (Harb). 
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3.3.4. Cell structure 

Figure 6 demonstrates the cell-structure in an enlarged section of 
the shrine at Bistiim 1 (fig. 4) with the corresponding plane projec- 
tion (fig. 5) :  It shows on the lower tier three cells standing on a 
jug, i.e. each of their plane projections is a jug (fig. 9). The two 
intermediate elements between these three cells, as well as the two 
intermediate elements connecting these cells and their neighbors, 
are all bipeds, complement to an almond (cf. fig. 8). In the plane 
projection the side of the biped fits the longer side of the jug, 
which equals the side of the square. All these sides equal the 
module or 'one'. Next to these elements a biped can partly be 
discerned, in this case a larger biped, the complement to a jug (cf. 
fig. 9). If we turn back to figure 4, we can see this detailed structure 
in its environment. On the tier above, four cells are constructed 
standing on almonds, which means that their plane projection is 
an almond, the complement of a small biped to a rhombus (cf. 
fig. 8). Right and left of these elements boards of plaster are visible, 
which have no plane projection, as they are vertical. Every cell 
consists of two walls, or facets, with a roof, consisting of two 
elements, above. The observation, that the two facets of a cell 
intersect in most cases at 904, 45", or 135", is again in agreement 
with the findings at the Takht-i Suleiman. 

Fig. 6. Muqarnas. Detailed Section of the Shrine at Bistirn I 
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3.3.5. Remarks 
This explanation referred to a muqarnas, in which the elements 
are curved and the variety of elements is relatively small. Some 
muqarnas are simpler as their elements with bases, i.e. the cells, 
consist of two plane facets intersecting with their plane roof along 
a horizontal line. Golombek and Wilber state that these types of 
muqarnas do not seem to have been in use in the Timurid period, 
but were certainly visible on the older standing  monument^.'^ 
However, a few examples are still found, like the muqarnas on the 
minaret of the Ulugh Beg madrasa (1417-1419) in Samarkand (fig. 
l ) ,  or the muqarnas transition between the dome and the cylindri- 
cal drum on the Qubba of Gawhar-Shad (Kushan, Afghanistan) 
dating from 844/ 1440.30 In this simpler case, the simple muqarnas, 
we are told to compute the surfaces of all the plane figures (ex- 
pressed in the module) and to add them all. No corrections are 
made (cf. $4.2). In the case of the curved muqarnas we have to 
know how to deal with the curvature. Al-Kiishi explains this in 
the section, Method of the Masons (cf. 04.4). 

Muqarnas obtained an instant success3’ among the far-scattered 
builders of Islam. Built originally in brick, they were in the middle 
of the eleventh century already used as pure brick fancy-work. 
Soon they were imitated in plaster and in stone. The inspiration 
of the muqarnas was truly ‘a contagious breath’, as the roof of the 
Palatine chapel in Palermo testifies. It was used in niches, squinches, 
half-domes, domes, on pendentives and straight cornices, on column 
capitals, and even, depicted in linear form, on flat walls. 

The excavations at the Takht-i Suleiman have brought to light 
a stucco plate with a geometrical design incised, which was the 
construction design for the builders, and provided the base for 
Harb’s reconstruction. It is, according to Ne~ipoglu,~’ the earliest 
known example of an architectural drawing. Textual evidence, he 
explains, points to the increasing use of architectural drawings 
in Iran and Turan from the Mongol/Ilkhanid period onward. 
Fourteenth-century sources frequently mention architectural draw- 
ings executed either on clay tablets or on paper. In the fifteenth- 
century Timurid/Turkmen world, which inherited the Ilkhanid 
architectural heritage, the drawings seem to have been more widely 
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used than ever before, due also to the increasing elaboration of 
geometric design. Hence for architects and builders in al-Kiishi's 
time the geometric scheme of a muqarnas was well known. 

4.  Al-Kfishi's Treatment 

4.1 Definitions of Muqarnas and Module 

The section begins with the definitions of the muqarnas (cf. 4 3.3.1) 
and the module. The latter is determined by al-Kishi as 'the 
measure of the base of the largest facet.' It turns out that he means 
the side of the square or  the rhombus. A cell with plane projection 
a half-square, or otherwise expressed, a cell standing on the diag- 
onal of the square, appears to have a longer base, i.e. fi (cf. 
4 3.3.2). But a cell consists of two facets plus roof. Hence the above 
mentioned cell is made of two facets, each standing on half the 
diagonal of the square, intersecting at 180". This is affirmed in the 
computation of the curved muqarnas (below), where al-Kiishi also 
talks about a facet standing on half the diagonal of the square. 
The area of a muqarnas is first calculated in terms of the module, 
which can then be converted into another measure, like a 
This means, as al-Kishi tells 'us, if one cubit equals b module, we 
divide the result, in terms of the module, by b' to obtain the 
amount of the area in cubits." 

Al-Kishi distinguishes four types of muqarnas: the Simple 
Muqarnas and the Clay-plastered one, both with plane facets and 
roofs, as well as the Curved Muqarnas, or Arch, and the Shiriizi, in 
which the roofs of the cells and the intermediate elements are curved: 

4.2 Muqarnas with Plane Facets and Roofs 

In the Simple Muqarnas the lower sides of a cell form only planes 
like a square, a rhombus, or a rhomboid, whereas their roofs 
are shaped like squares, half-squares, rhombuses, half-rhombuses, 
almonds, bipeds, or 'barley-kernels' (fig. 8 and fig. 9). Biped means 
the complement of an almond to a rhombus (cf. the calculation of 
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the curved muqarnas). All these elements have been treated earlier 
in the same book IV in chapter two, Measzrring Qziudriluteruls and 
what is connected with i t .35  ‘Barley-kernel’ is a translation of the 
Persian word ‘juudGnu’ or ‘jatid&zuj’, and not of the Arabic word 
‘shu’ir’, which al-Kashi uses in his Treatise on the Circumference 
[Risda al-muhitiya], and which is a measure of length. If there are 
barley-kernels, they only occur on the highest tier. 

The simple muqarnas is called minbar-like by the masons, minbar 
being the pulpit in the Friday mosque from which the leader of 
the congregation pronounces the Friday sermon. I t  consists basic- 
ally of two richly ornamented triangles of wood or stone enclosing 
a series of steps, which lead to a small platform. A beautiful 
example of a simple muqarnas is the muqarnas on the minaret of 
the Ulugh Beg madrasa in Samarkand (fig. 1). The lower bound- 
aries of its plane facets can indeed be seen as the side of a square, 
or of a rhombus, or of a rhomboid. Among its roofs we observe 
some of the shapes mentioned by al-Kiishi, like half-squares, half- 
rhombuses, bipeds, or almonds. All of these are, in accordance 
with the general definition of a muqarnas, not parallel to the 
horizon (cf. 9 3.3.1). 

To measure the area of the simple muqarnas al-Kiishi tells us to 
proceed tier by tier. First he computes the area of a tier’s facets 
by multiplying the amount of its bases by the height, which for the 
simple muqarnas is in most cases ‘one’. In the detailed calculation, 
below, the bases of the facets include, contrary to the definition, 
also one of the two shorter sides of an almond, or the like, and 
the base of a half-rhombus, or  the like. This deviation is a minor 
inconsistency. The next step is to count all the surfaces on its roof. 
Their sum together with the area of the facets gives the area of 
one tier. Then he adds all the tiers to obtain the surface of the 
muqarnas. 

The calculation of the roof is done directly and not by means 
of the plane projection. The roofs of the cells make an obtuse 
angle with the facets (cf. fig. 7). When these elements on the roof 
have the shape of an almond, o r  biped, or half-rhombus, they 
would appear smaller in the plane projection. We have to imagine 
these surfaces, parallel to the horizon, being pushed up at the side. 
which is not connected with the facet, in order to form an obtuse 



Fig. 7. Simple Muqarnas, Transition between Dome and Drum, on the Qubba  of Gawhar-  
Shad (Pougatchenkova). 

angle with the facet. I assume that the obtuse angle can only take 
on certain values, in order that the next tier will fit. The major 
inconsistency occurs when al-Kishi remarks: “If  we measure the 
surface on which the muqarnas is constructed, we would obtain 
the surface area of the entire roof of the muqarnas,” as if the roofs 
are parallel to the horizon! Why is such a skilful calculator so 
careless? Sometimes, the roofs are almost parallel to the horizon, 
especially in the more ancient specimens. However, we have seen 
that the roofs are not parallel to the horizon in the few Timurid 
simple muqarnas. A possible explanation seems to me. that the 
muqarnas with plane facets and roofs was not really in use in al- 
Kashi‘s time (cf. 43.3.5). As his work served a practical purpose, 
he paid much attention to the curved muqarnas, going into details 
for its calculation, as this is what people really needed. So much 
care was not necessary in the case of the simple muqarnas. 

Detailed calculation of the simple muqarnas: Measuring the facets 
goes as follows: we count how many facets are based on the side 
of a square, or on a side that equals it, and multiply their amount 
by ‘one’, the measure of the side of a square in terms of the 
module. Then we count how many facets are based on the shorter 
side of an almond or of a biped, and multiply their amount by 
0.414214 (cf. fig. 8: the length of AD in both of them). Furthermore 
we count how many facets are based on a half-rhombus, i.e. on 
the shorter diagonal of a rhombus, and multiply their amount by 
0.765367 (cf. fig. 8: the length of AG). The sum of these three 
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products is the base of one tier, which has to be multiplied by its 
height to obtain the area of all the facets of that tier. The detailed 
computation of the roofs is as follows: for every square located 
on the roof we count ‘one,, its area. For the other elements located 
on the roof we also count their areas, which amounts to (cf. 
fig. 8): 0.707107 for every rhombus, 0.414214 for every almond, 
0.353553 for every half-rhombus, 0.292893 for every biped, and 
‘one half for every half-square. We then proceed as explained 
above. 

Note: Al-Kiishi gives in his calculations the sexagesimal as well 
as the decimal values. He probably calculated in the sexagesimal 
system, as these are the only numbers found in the addendum, 
Method of the Masons, although the result, i.e. the coefficient, is 
given in the sexagesimal as well as in the decimal form. To check 
the numbers in this treatise I calculated everything but the coef- 
ficient in the decimal system, transforming the numbers into sexa- 
gesimals subsequently. 

The Clay-plastered or M ~ t a y y a n ~ ~  Muqarnas al-KZshi has seen in 
ancient buildings in Isfahiin. It is similar to the simple muqarnas, 
except that the heights of its tiers might differ and a few tiers might 
have only a roof and no facets. Calculations on the Mutayyan 
Muqarnas are analogous to the calculations on the Simple Mu- 
qarnas. 

4.3. Curved Miiqarnas 
The Curved Muqarnas, or the Arch, is like a Simple Muqarnas, in 
which the roofs of the cells are curved (cf. 4 3.3.2). Between two roofs 
curved surfaces are located. These intermediate elements are shaped 
as a triangle or as two triangles, which together form a biped. On 
its roof such triangles are also found as well as curved almonds and 
barley-kernels. The facets of the cells are only squares or rectangles. 
Their bases equal either the module of that muqarnas (i.e. the cell 
is standing on a square or a rhombus), or  half the diameter of its 
square (i.e. standing on a half-square), or the difference between the 
diagonal and its side (cf. fig. 8: fi- 1 = line AD,  the shorter side of 
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BIPED, COMPLEMENT OF ALMOND 

Z D  = Z E  = 1 
A D  = A B  = fi- I = 0.414214 (cr iert) 
L A D Z  = L B Z F  = 45” 
A F  = B F - A B  = f @(!,’3- I )  

area biped = 2 x x A F  x Z D  = 0.292893 
= 1 -fbh = 0.292893 

Fig. 8. Elements of the Simple Muqarnas 



an almond or biped), or the side of an octagon with radius equal to 
the module. There are no other bases besides these four. One-eighth 
of an octagon with radius equal to the module is an isosceles triangle 
with the angle at the vertex equal to 45", i.e. a half-rhombus. Thus, 
the length of its base is equal to the shorter diagonal of the rhombus. 
That a l -Kkhi  finds i t  necessary to mention the octagon probably 
means that octagons occurred rather frequently, or that he had a 
muqarnas in mind where octagons occurred. Two-eighths of an octa- 
gon with radius equal to the module give a 'jug', which is explained 
below in connection with the large and small bipeds. 

To measure the area of the curved muqarnas we add the bases 
of all the cells. Now we multiply the sum by the coefficient (cf. 
$4.4), which yields the area of all the cells, i.e. their facets plus 
curved roofs. To this amount we add the areas of all the intermedi- 
ate elements and thus obtain the area of the muqarnas. 

B 

D 
BARLEY-KERNEL J U G  A N D  ITS BIPED 

A B  = I = BG. L A B G  = 90' 
L B A D  = LBGD>90' BG = AG = I 

BGDZ is a square 

L A B Z  = 33 30' 
ABG and AGD are ;I half-rhombus 
area jug = 3 x area half-rhombus 

area barley-kernel = 4 .-lG x BD 

Fig. 9. Muqarnas Elements: Barley-kernel and Jug with its Biped. 
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In detail: We count the bases of all the facets in the following way: 
For every facet resting on a base equal to the module ‘one’, for every 
one on half the diagonal of the square 0.707107 (cf. fig. 8), for every 
one on the difference between the diagonal and its side 0.414214 (cf. 
above), and for every facet standing on the side of an octagon with 
radius equal to the module 0.765367 (cf. fig. 9: figure ABGD is one 
fourth of an octagon with its radius equal to the module). The sum 
of all these bases is multiplied by the coefficient, which is an average 
amount. In a curved muqarnas the coefficient is the sum of the 
straight intersecting line between the two facets and half the curved 
intersecting line through the roof (cf. below and fig. 10: From the 
intersecting curved line AHG we obtain the coefficient, which is the 
sum of GH+i A H ) .  This yields the area of all the cells’ surfaces in 
terms of the module. The coefficient is computed below in the sec- 
tion, Method of the Masons (4 4.4). 

Then we count the surfaces of the curved intermediate elements 
and take 0.567129 for every triangle, 0.610328 for each small biped, 
1.014473 for each large biped, and 0.633709 for every almond. If 
barley-kernels occur at the highest tier, we multiply their number 
by the amount of their area, which is the product of the longer 
diameter and half the shorter diameter, as always in terms of the 

A 

Fig. 10. Takht-i Suleiman, Prefabricated Element based on a Rhombus  ( H u b )  
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module. The sum of the areas of the cells and the areas of the 
intermediate elements provides the area of the curved muqarnas. 

In figure 10 we see at the right a prefabricated element, or cell, 
of the Takht-i Suleiman based on a rhombus. This means that its 
plane projection is a rhombus, as depicted in the upper left. A 
schematic view of this plane projection, setting it  into relation with 
the module and the other elements of the plane projection, is 
shown in the upper center. In the bottom left the frontal view of 
the cell is given and at  its right the vertical cross section through 
the middle of the cell. This curved line A H G  intersects the two 
facets and the roof of the cell. The length of A H  varies depending 
on the figure on which the cell stands (cf. $4.4.1). The average 
amount of the sum of the straight intersecting line HG and half 
of the curved intersecting line A H  is the coefficient. 

How are the areas of the intermediate elements computed? The 
fact, that these elements are not only curved in the vertical, but 
also in the horizontal line, complicates the calculation. In the case 
of the barley-kernel the two curves are taken care of by multiplying 
the vertical and the horizontal diagonal. For the other elements it 
is more difficult. 

Al-KZshi defines in chapter 

If (in a quadrilateral) two adjoining sides are equal to each other and likewise the 
other two, and the first two are opposite the other two, and the intersection of its 
two diagonals falls inside it, is is called a ‘kite’ (litt. ’bimane’ something with two 
hands dhdf al-yarnhzyn). And without any doubt only two opposite angles in i t  are 
equal to each other. If the two are right, the masons call the quadrilateral ‘almond’. 
if they are obtuse, the carpenters call i t  ’barley-kernel‘ and if they are acute, we call 
it ‘jug’ (bnfivn). The diagonals intersect in these three figures perpendicularly. as in 
the square and the rhombus. The complement of a kite to a rhombus is called a 
biped ( d h d  ol-rijlayn). 

Al-Kishi specifies indeed a biped by its complement, as seen in 
the beginning of the calculation on the simple muqarnas. 

Since a biped is defined by the kite it complements and since 
there are three different kites, there have to be three different 
bipeds. In principle there is a great variety in all three kinds of 
kites and bipeds, but the construction scheme of a muqarnas limits 
the possible angles. Al-Kishi mentioned that the angle between 
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the two facets of a cell could be 45", 90", 135", or an angle other 
than these two (see above). However, not just any value is possible 
for the latter angle, as the elements have to fit. In addition the 
two shorter sides of the barley-kernel, the two longer sides of the 
bipeds, the almonds and jugs are all equal to 'one', the module. It 
follows that in the scheme of a muqarnas a jug is the same as a 
double triangle or two half-rhombuses connected along a long 
side, or explained differently, it is equal to two-eighth of an octagon 
with radius equal to the module (see above). The jug is represented 
together with its biped in fig. 9, which also shows the barley-kernel. 
The almond and its biped can be seen in fig. 8. The barley-kernel 
is said to occur only at the highest tier, if at all, its complementary 
biped is therefore negligible. 

If we look again at fig. 5 ,  the plane projection of the sanctuary 
in Bistiim, two kinds of bipeds can indeed be distinguished: the 
complement to an almond and the complement to a jug. These 
are also the two kinds found at  the excavations on the Takht-i 
Suleiman, and are called by Harb: 'i star, resp. 4-rayed star.38 As 
plane figures these two bipeds have the same surface area: if we 
cut (fig. 8) the biped, complement to an almond, open along the 
main diagonal AZ, and connect the sides A B  and A D  again, so 
that B falls on D, we obtain the biped, complement to a jug, with 
the connected A B / A D  as main diagonal. Consequently there would 
have been no need for al-Kiishi to distinguish between these two 
bipeds in the calculation of the simple muqarnas and the Mu- 
tayyan, where only plane surfaces occur. 

However, when these two bipeds become curved surfaces, as in 
the curved muqarnas, their surface areas will be different. In the 
measurements on the Shiriizi muqarnas (see below) al-Kishi advises 
to compute the area of a curved biped by multiplying a perpendicular 
from an exterior angle on one of the sides by 0.76529, the 'curving 
factor.' This curving factor is connected with the coefficient and is 
also computed in the Method of the Masons (cf. fig. 1 1 : the factor is 
half the length of the curve AZH).  It is the vertical curve, whereas 
the horizontal curve is taken into account in the measured perpen- 
dicular. The perpendicular in the curved biped, complement of the 
jug, is longer than the perpendicular in the curved biped, comple- 
ment of the almond. Therefore the surface area of a curved biped 
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will be larger in the first than in the second case. Hence for the curved 
muqarnas al-Kishi speaks about large and small bipeds. 

As we have no means to measure the perpendicular, or the hori- 
zontal curve, we can only try to convert a figure into its correspond- 
ing curved figure by exchanging the value of the main diagonal 
(which has to be vertical in the intermediate elements) for the value 
of the curve A Z H ,  which is twice the curving factor (cf. fig. 1 1). The 
intermediate elements are then adapted to fill the spaces between the 
roofs of the cells. By this method I calculated the surface areas of the 
intermediate elements, but I do not know how al-Kishi found the 
values given in the treatise. The surface areas amount to: 

For an intermediate curved almond (fig. 8): 

area almond: AG x 2 curving factor 
= 0.414214 : 1.0420108 x 1.530577 
= 0.608426. 

Al-KZshi’s value is 0.633709, more than what we computed. 
Doing the same for the half-rhombus or triangle (fig. 8): 

area half-rhombus: BE x 2 curving factor 
= 0.353553 : 0.903689 x 1.530577 
= 0.5988123. 

Al-KZshi’s value for the curved triangle is 0.567129, which is less 
than what we computed. 

For a biped, complement of the jug (fig. 9): 

area biped: A Z  x 2 curving factor 
= 0.292893 : (m) x 1.530577 
= 1.0822807. 

Al-Kishi’s value is 1.014473, distinctly smaller. 
For a biped, complement of the almond (fig. 8): 

area biped: A Z  x 2 curving factor 
= 0.292893 : 0.7653668 x 1.530577 
= 0.585726. 

Al-Kishi’s value is larger, namely 0.610328. 
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The Shiriizi Mugurnas is like a Curved Muqarnas with a greater 
variety of elements. In the last one only four possible measures 
occur for the bases of the facets, as explained above, but in the 
Shiriizi the possibilities are innumerable. Also many different ele- 
ments are found on the roof: besides the curved roofs of the cells 
with intermediate triangles and bipeds one finds triangles, squares, 
pentagons, hexagons, star polygons,” etc., flat as well as curved. 
Sometimes a facet without a roof is found with a mihriib“ drawn 
on it. 

In Timur’s time, when the building activities exploded, local 
constructors could manage the simpler buildings. But for the 
special and more artistic monuments architects and artisans were 
imported from the conquered lands, first Khwirizm, then Tabriz 
and Shiriiz, and finally India and Syria. It is known that Timur 
collected architects from Shiriiz in 1388 and 1393, and that many 
migrated of their own free The names of several Shiriizi 
architects are transmitted, the most famous being Qawam al-Din 
b. Zayn al-Din al-Shiriizi, the only active builder whose surviving 
structures display a distinctive architectural style. This might well 
be the reason, why the type of muqarnas constructed with many 
variations, ‘innumerable possibilities’ as al-Kiishi explains, was 
called Shiriizi. 

To measure the area of the Shiriizi muqarnas we proceed in 
principle as in the case of the curved muqarnas. We first make a 
ruler corresponding to the module of that muqarnas and divide it 
into sixty sections if we calculate in the sexagesimal system, or  
into ten sections if we calculate in the decimal system, as al-Kiishi 
says “with Indian numbers”. With this ruler we measure all the 
various elements and can then compute as before. 

In detail: With the ruler we measure the bases of the facets of 
all the cells, except the ones without a roof, and multiply the sum 
by the coefficient, i.e. 1.726045 (see below), to obtain the surface 
area of all the cells. Then we measure in the bipeds the perpendicu- 
lars from the exterior angles on one of its sides, and multiply the 
sum by 0.76529 (cf. fig. 11: half the length of the curve A Z H ,  the 
‘curving factor’) to obtain the surface area of all the bipeds. This 
means that al-Kiishi treats the curved biped as a kind of triangle, 
and computes its area as the perpendicular times half the base, 
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in which the curving factor substitutes the side on which the 
perpendicular is drawn. By measuring the perpendicular, the hori- 
zontal curvature has also been included into the computation. 
After calculating the areas of the cells and the bipeds, we measure 
all the other surfaces on the muqarnas with the help of the ruler. 
Adding these together we obtain the total surface area of the 
muqarnas. 

4.4.  Method of the Masons 

4.4.1. Al-KGshi’s Trick 
In the last two cases, al-Kishi uses a coefficient (?a‘&/) to calculate 
the area of curved cells, as well as a ‘curving factor’. In an adden- 
dum al-Kishi explains how the masons construct panels (fig. 1 l ) ,  
and calculates the coefficient with their construction scheme. These 
panels are put around one cell, such that the line GH is perpendicu- 
lar, as seen in the example of the shrine in Bistim 1 (fig. 4 and 5 ) .  
Being vertical the panels will not show in the plane projection. As 
a cell converges (cf. fig. 10) from points like point H ,  such that 
the two converging lines meet in a point like point A ,  one can 
consider the surface .of a cell consisting of two rectangles with 
height GH, each with a triangle above with height the curve A Z H  
(fig. 11). Hence al-Kiishi adds the line GH and half the curve A Z H  
and multiplies by this sum, called the ‘coefficient’, the base of a 
cell to obtain the surface of that cell, i.e. the area of the vertical 
facets plus the curved roof. Half the curve A Z H ,  what I call the 
‘curving factor’, is used in the computation of the surface area of 
the intermediate elements. 

The construction of the panel and the computation of the coef- 
ficient start with a rectangle, in which the width, line A B  or  line 
DG, equals the module of the muqarnas and its length, line AD 
or  BG, is twice its width. The height of the panels, hence of the 
cells, being twice the module of the muqarnas is indeed confirmed 
by the prefabricated cells found on the Takht-i Suleiman. However, 
line A B  equalling the module is for the computation an average 
value: line AZHG, on the surface of the cell, is the perpendicular 
on its base (cf. fig. 10). In fact, i t  forms the intersection in a cell 
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between the two facets with their roof. The base DG of the rec- 
tangle ABGD is the main diagonal of the plane projection of the 
cell. Its measure is, as we can see in fig. 8: 

for an almond, line AG > DG = 1; 
for a biped, line A Z <  Z D  = 1; 
for a square, fi> I;  
for a half-square, ifi < 1; 
for a half-rhombus, the line perpendicular on AG < 1 = the value 
of AB. 

Thus we see that in practice the value of the main diagonal of 
a cell is sometimes more, sometimes less than ‘one’. Al-Kishi’s 
inspiration to assume an average value of ‘one’ for the main 
diagonal is a brilliant trick. It is good enough for practical pur- 
poses, as the masons also work with this value, the computation 
of the coefficient becomes rather simple, and he can deal with all 
the cells in one procedure. Here again, as in the computation of 
n, al-Kiishi’s impressive skill as a calculator is demonstrated (cf. 
9 2). 

4.4.2. Construction of the Panel 

The masons draw a rectangle, of which the width A B  constitutes 
the module of the muqarnas and its length BG equals double the 
width, as in rectangle ABGD (see fig. 11). From the point A they 
draw a line AE, such that angle BAE equals 30°, and divide A E  
into five sections. They determine from point E the segment EZ 
equal to two sections and the segment EH equal to EZ. Then they 
draw with radius Z H  around the points Z and H two circular 
arcs, which intersect inside the rectangle in point T and around 
point T the circular arc Z H ,  which is obviously of the circumfer- 
ence. They produce D A  and DG slightly to the two points I and 
L and draw the lines LK parallel to BG and IK parallel to A B  to 
obtain the surface KIAZHGL. Then they make many boards out 
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T 'c- 

K 
B 

L 
Fig. 11. Method of the Masons. 

of plaster such that every board fits one surface KIAZHGL, with 
Z H  being a circular arc. And they place them on both sides of 
one cell, in such a way that the side GH is in the plummet line, 
which means it has to be perpendicular. If necessary they shorten 
or lengthen the foot of the panel, i.e. line GH. In this case the 
coefficient has to be decreased or increased with the same amount 
for the calculation of the measurements. 

4.4.3. Calculation of the Coefficient 
The construction scheme of the masons (fig. 11)  is the model 
for al-Kiishi's calculation of the coefficient. He calculates only 
sexagesimally,42 but the result is also given in decimals. 
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AB = moduleofthemuqarnas = 1; 

BG = 2 AB; LBAE = 30”; 

A E  = :I/T = 1;9,16,55,18 

A 2  = :. 1;9,16,55,18 = 0;41,34,9,11 
[0;45,32,9,11* - -, 0;41,34,9,11]; 

Z T  = Z E  fi = 4 . 3  fi. 1/5 = 9; 
2nZT 2 n . 4  

6 6 . 5  
arc Z H  = - - --- - 0;50,15,55,44 [0;50,15,55,44]; 

G H  = 2-(BE+EH) = 2-(iAE+fAE) 
= 0;57,38,46,12 [0;57,38,43,14J; - 

the sum A Z H G  = A Z + Z H + H G  = 2;29,28,51,7 [2;29,28,48,9J; - 

A Z H  = A 2  + arc Z H  = 1;31,50,4,55 [ 1;3 1,50,4,55]; 

Z A Z H  = 0;45,55,2,27 [0;45,55,2,27], the ‘curving factor’; 

GH + + A Z H  = 1;43,33,48,40 [1;43,33,45,fl* -, 1;43,33,45,41], - 

“and this is what we called the coefficient.” Converted into decimals 
the coefficient is 1,726059 or 1,726045, - the value used in the treatise. 

1 

The numbers in square brackets in this calculation are those 
written in al-Kiishi’s treatise, the underlining showing the differ- 
ence from my calculations. The differences marked * are due to 
the scribe, as we can see from the continuation of the calculation 
(the sum AZHG) in the case of AZ,  and from the value given in 
other places of the treatise in the case of the coefficient. The only 
significant, minimal difference lies in the value of GH, from which 
the different value for the coefficient follows. Al-Kiishi was an 
extremely competent calculator (cf. $2). A silly calculating error 
seems therefore unlikely, although theoretically the following could 
have happened: 
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The exact value of 1/J = 1;43,55,22,58 is known to al-Kiishi, as our 
values for A 2  are the same. Yet he might have misread for fi the 
number 1;43,55,27,58, in which case his result for GH would indeed 
be 0;57,38,43,14! 7 think it more probable that al-KZshi knew from 
practical experience the measure of GH, or even the value of the 
coefficient, which is an approximation anyway. 

5. Remarks, Conclusion 

Al-Kiishi distinguishes four types of muqarnas. However, a close 
look reveals that (1) most of the Mutayyan Muqarnas have the 
shape of the Simple Muqarnas; (2) the Curved Muqarnas is like a 
Simple Muqarnas with the roofs of its cells curved; and (3) the 
Shiriizi Muqarnas is similar to the Curved Muqarnas with a greater 
variety of elements. It follows that these four types are more or 
less of the same kind. In another variation, described by R ~ s i n t a l , ~ ’  
the height of the subsequent tiers diminishes gradually. Al-KBshi’s 
method can still be applied here, if the calculation is done tier by 
tier adapting the coefficient to every tier. 

A kind of muqarnas not taken into account by al-Kiishi is a 
muqarnas with pendentives, or stalactites, called muqarbas in the 
new edition of the Encyclopaedia of Islam.44 Grabar4s refers to the 
analysis of the muqarnas in the Alhambra made by Goury and 
Jones: 

They indicated that only seven different prisms are involved in most constructions 
(i.e. of the Alhambra), and some five thousand of them were used in the dome of 
the Hall of the two Sisters. There are only three sections to the prisms: right- 
angled triangle, rectangle, and isosceles triangle. What makes variety of composition 
possible is that there are several facets on each prism and that these facets are at  
different angles from each other and have different curvatures. But at  least one of  
the surfaces is common to more than one unit, so that a large number of different 
arrangements can be made with a small number of units. 

This small number of units should again allow for a relatively 
simple computation of the surface area of the muqarnas, at  least 
if we know where and how to simplify the computation. 

The modern method for measuring the muqarnas, or buildings 
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in general, is by photogrammetry. This survey method is character- 
ized by employing a partial metric camera, taking pictures of the 
object to be surveyed from at least two different angles. Point 
determination is performed by analytical photogrammetric means 
with bundle adjustment as the primary approach.46 The essential 
difference between photogrammetry and al-Kishi's method is that 
photogrammetry measures the object as it really is, whereas al- 
Kashi measures the object as it should be, slight irregularities are 
not important here. Thus photogrammetry is used for inventory 
purposes as to control statics and building substance, or in the 
history of architecture, and for stereo cartography. However, the 
actual calculation of the surface with all its irregularities is still a 
demanding job. 

By analyzing the structure of the muqarnas al-KZshi gives, on 
the contrary, a straightforward, rather simple calculation for an 
approximate value of the surface area of a muqarnas. As we have 
seen in the calculation of the curved intermediate elements ($4.3) 
al-Kishi's values are in two of the cases more than what we 
computed and in the other two cases less. How al-Kishi reached 
his values I do not know. Already the value of the curve AZH,  
twice the 'curving factor', is an approximation, as explained in the 
Melhod of the Mason. Hence it seems that al-Kishi knew from 
experience how to average the values used in the calculation of the 
muqarnas. The same observation can be made in the calculation of 
the q ~ b b a . ~ '  It might well be that al-Kishi came from a family of 
artisans or architects. In the Letter to his Father ($2) al-Kiishi 
explains in great detail the instruments being constructed for Ulugh 
Beg's observatory. So his father must have been an educated man, 
not just being able to read, but supposedly being able to understand 
al-Kiishi's expository. Back in Kish in  al-Kishi might have gotten 
his practical education in construction matters. 

Measuring the muqarnas is the last section of the extensive book 
IV, On Measurements, of al-KZshi's Key of Arithmetic. From the 
triangle to the complicated structure of the muqarnas, and includ- 
ing such bodies as dodecahedra and others, al-Kishi has now 
exhausted the subject of measuring. The theme has been rounded 
off, not just from a formal point of view, but, more important, as 
a set of rules for practical application. 
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English and Arabic texts4* 

English text 

fol. 83v, 1.8. The third section. On measuring the area of the muqarnas. 
The muqarnas is a roofed [musaqqufl (vault) like a staircase [madraj] 

with facets [dill and a flat roof [salh]. Every facet intersects the adjacent 
one at either a right angle, or half a right angle, or their sum, or another 
than these two. The two (facets) can be thought of as standing on a plane 
parallel to the horizon. Above them is built either a flat surface, not 
parallel to the horizon, or two surfaces, either flat or curved, that consti- 
tute their roof. Both (facets) together with their roof are called one cell 
[bayr]. Adjacent cells, which have their bases on one and the same surface 
parallel to the horizon, are called one tier [fabaqa]. 

The measure of the base of the largest facet is called the module 
[miqycis] of the muqarnas. We have seen four types: the Simple [stfdhq4’] 
Muqarnas, which the masons call minbar-like, the Clay-plastered one 
[mufayyun], the Curved one [muqawwas], and the Shirizi. 

The Simple Muqarnas is the one in which the planes formed by the 
(lower) sides of its cells are only either rhombuses [mu‘ayyan], or rhom- 
boids (shablh al-mu ‘ayyan], o r  rectangles [mustafd]. The planes above, 
i.e. its roofs, are squares [murabba 1, rhombuses, almonds [/uwzaja], half- 
squares, half-rhombuses, bipeds [&it al-rulayn], which are the comple- 
ment of the almond (i.e. to a rhombus), and a few barley-kernels Vuudinaj 
(Persian)]. The sides of the squares and the rhombuses, the two longer 
sides of the almonds and the bipeds, both legs fol I 84r of the half-squares 
and the half-rhombuses, and the two shorter sides of the barleykernels 
are all equal to each other and equal to the module. The barley-kernels 
do not occur except on the upper tier. 

Method for measuring it: We first measure in terms of its module, 
then, if we want, we convert this into another unit of measurement such 
as a cubit [dhircil or something else. This is done by counting the facets 
of every tier: how many are built on the side of a square, or on the side 
of something equivalent, or on the side of the square which is its height; 
how many (facets) there are on one of the two shorter sides of an almond 
or its complement, that is the biped, or what is in accordance with it ;  
and how many there are on the base of the half-rhombus, or what is in 
accordance with it. We take for all (facets) on the side of a square or a 
rhombus ‘one’, for all on either of the two shorter sides of the almond 
or 
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Arabic text  
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its complement 0;24,51,10,8 (sexagesimal)” or 0.141214 (decimal), and 
for all on the base of a half-rhombus 0;45,55,59,55 or 0,765367. Then we 
add them and multiply the sum by the height [sumk] of that tier, that is 
the height of the facets, which in most cases is the amount of the module, 
in order to obtain the area of the facets of that tier, i.e. its walls, in terms 
of the module of the muqarnas. Furthermore we take for a square 
located on the roof ‘one’, for a rhombus 0;42,25,35,4 (ms. 0;42,24,34,4) 
or 0,707 107, for an almond 0;24,5 1,10,8 or 0,4 142 14, for a half-rhombus 
0;21,12,47,32 or 0,353553 (ms. 0,352553), for the complement of an al- 
mond (= biped) 0;17,34,24,36 or 0,292893 (ms. 0,292092), and for a half- 
square ‘one half. We add them all and the sum is the area of the surfaces 
of the roof of that fol I 84v tier in terms of the module of that muqarnas. 
Thereupon, we add the area of all the tiers, the result is the area of the 
surface of the muqarnas. - If we measure the surface on which the 
muqarnas is constructed, we would obtain the area of the entire roof of 
the muqarnas. - Thereupon, if we want to convert this (result) to cubits, 
we divide it by the square of what is contained in one cubit, as in the 
examples of the measure and its parts”, and the result is what is required. 

The Mufayyans2 Muqarnas we have seen in ancient buildings in IsfahZn. 
Most of them have the shape of the simple muqarnas, except that the 
heights of their tiers are not all equal and sometimes two or three tiers 
are found with roofs without facets. Measuring it is analogous to measur- 
ing the Simple one. 

The Curved Muqarnass3. is like a simple muqarnas in which the roofs 
of its cells are curved. Between the two roofs of every two adjacent cells 
a curved surface is located in the form of either a triangle or of two 
triangles, that together are like a biped. Sometimes curved triangles are 
found in its roof, like the triangle mentioned above, or curved almonds 
and barley-kernels. The facets of the cells are only squares or rectangles. 
The bases of those surfaces are either the same as the module of that 
muqarnas, or half the diameter of its square, or the difference of its 
diagonal and its side, or the side of an octagon, whose radius (litt. half 
of its longer diagonal) is equal 
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to the module. We don’t go beyond these four. 
Method for measuring it: We count how many facets are resting on 

bases equal to the module, how many on half the diagonal of its square, 
how many on the difference of its diagonal and its side, and how many 
on the side of an octagon, whose radius is equal to the module. We take 
for each one of the first ‘one’, for each one of the second 0;42,25,35,4 
(ms. 0;42,25,34,4) or 0,707107 (ms. 0,7071707), for each one of the third 
0;24,51,10,8 (ms. 0;24,54,8) or 0,414214, and for each one of the fourth 
0;45,55,59,55 or 0,765367. We add these and multiply the sum by 
1;43,33,45,41 or 1,726045 to obtain the area fol I 85r of the surface of all 
the cells in terms of the module of the muqarnas. We have called this 
number ‘the coefficient’ [ta ‘&/I. 

Then we count how many curved triangles or curved bipeds are located 
between the roofs and take for each triangle 0;34,1,38,55 or 0,567129, 
for each small biped 0;36,37,10,56 or 0,610328, for each big biped 
1;0,52,5,59 or 1,014473, and for each curved almond 0;38,1,21,3 or 
0,633709. 

If there occur barley-kernels at its highest tier, we multiply their longer 
diameter, in terms of the module, by half their shorter diameter and 
multiply the product by however many barley-kernels there are. Then we 
add the surfaces of the cells and the triangles, the bipeds and the almonds, 
that are located between the roofs of the cells, and the barley-kernels to 
obtain the area of the surface of the muqarnas. 

The Shkizl Muqarnas is similar to the curved muqarnas, except that 
the measures [maqidii.] of the bases of the facets of the cells of the curved 
muqarnas do not exceed the four measures mentioned before, whereas 
for the Shirizi their measures are innumerable. And in its roofs are found 
- besides the curved roofs of the cells and the triangles and the bipeds, 
located between them - triangles, squares, pentagons, hexagons, star 
polygons [dhit shurfit], and so forth, both flat and curved. Sometimes a 
facet without a roof is found on that tier on which a mihriib is drawn. 
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Method for measuring it: We make a ruler corresponding to its module 
and divide it into small sections. The most appropriate is to divide it into 
sixty sections if we calculate with sexagesimal numbers, or into ten sec- 
tions if we calculate with Indian numbers. We measure with it the bases 
of the facets of all the cells in all the tiers, except what has no roof. Then 
we multiply it (i.e. the sum) by the coefficient, which is 1;43,33,45,4I or 
1,726045. Thus is obtained the area of all the cells’ surfaces. 

Then we measure each one of the external perpendiculars from the 
exterior angles f o 1 1 8 5 v  of the bipeds on one of its sides, add them, and 
multipIy the sum by 0;45,55,2,27 or 0,76529054 to obtain the area of the 
bipeds. Then we measure all the surfaces located on the muqarnas, except 
the surfaces of the cells and the bipeds, as those of the triangles, squares, 
pentagons, hexagons, roofless facets, and others with that ruler, in the 
manner we mentioned for measuring them. We add it (i.e. the sum) to 
the area of the surfaces of the cells and the bipeds to obtain the area of 
the surface of that muqarnas. 

Instruction: You should know that the masons draw” a rectangle, 
whose width is equal to the module of the muqarnas and whose length 
is twice the width, like rectangle ABGD. They draw from one of its angles, 
angle A for example, a line AE, such that it contains together with AB 
an angle equal to one third of a right angle. Then they divide A E  into 
five sections and mark EZ from point E equal to two of its sections and 
EH also equal to EZ.  They draw two (circular) arcs around the two 
points 2 and H with radius Z H ,  which intersect inside the rectangle at 
point T. Then they draw the (circular) arc Z H  around point T, which is 
without any doubt equal to one sixth of the circumference. 

They produce the two lines D A  and DG by a small amount fo1J86r 
until the points I and L (ms. L and I) and draw LK parallel to BG and 
IK parallel to AB. Thereupon they construct many panels [huh] of gypsum 
bijj], such that each one of them corresponds to the surface KIAZHGL 
with Z H  as an arc, and put each two of these around one cell, such that 
the side GH is perpendicular. 

We have ~alculated’~ the quantities of AZ and ZH on the assumption 
that A B  is ‘one’. 
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Thus we found out that the straight line AZ is 0;41,34,9,11 (ms. 
0;45,35,9,1 I ) ,  the arc ZH is 0;50,15,55,44, and line GH is 0;57,38,43,14. 
Thus the sum AZHG is 2;29,28,48,9, the sum A Z H  is 1;31,50,4,55, its 
half is 0;45,55,2,27, and the sum of GH and half of A Z H  is 1;43,33,45,41 
(ms. 1;43,33,45,1 l), and this is what we called the coefficient and applied 
in the calculation of the measurements. 

Sometimes they shorten or lengthen the foot of the panel, i.e. line GH. 
They need to do this, when they put it behind the arch [fcq], in order 
that it fits. Thus for measuring similar cases it is appropriate to decrease 
or increase the coefficient with the amount that was decreased or increased 
from the foot of the panel. The result foil86r we use instead of the 
coefficient. 
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We have written down the measures used in this section in a table 
to check them, as follows: 

-. 
- c  
w v )  

3 = x  
2 r  z m  

2 1  

3 6  

I 0  

5 5  

8 5 8  

0 4  

2 9  

1 2  

3 2  

4 7  

7 0  

I n  ‘ j~ rna l ’~ ’  numbers 
-. 

E. 

9 

1 0  shorter side of the almond 

shorter diagonal of the rhombus/ 
side of the octagon 

half the diagonal of the square/ 
area of the rhombus 0 

half the area of the rhombus 0 

area of the biped 0 

coefficient 1 

If we multiply with it the perpen- 
dicular from the exterior angle of a 
biped we obtain its area 0 

~ 

area of the triangle of a curved 
muqarnas 

area of a small biped, constructed 
of two curved triangles 

area of a big biped, constructed of 
two curved triangles 

area of a rhomboid obtained from 
two curved triangles=curved al- 

In Indian numbers: 
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NOTES 

1. This paper is a revised and enlarged version of my lecture at  the conference"Mathematica1 
Problems in the Middle Ages - the Latin and Arabic", Wolfenbuttel (Germany), June 
1990. 

2. The section is contained in fols. 83v-87r of the Leiden ms. O r  185, the oldest of the 
extant manuscripts, dated 965/1557-8. I have only used the Leiden ms. together with 
the edition (p. 381-391) by Nader [1977], based on the Leiden. London. and Teheran 
mss. as well as the Cairo printed edition edited by A. S. Damirdas (1967). Rosenfeld 
uses in the Russian edition of the Key of Arithmetic the Leningrad and a Berlin mss., 
where some of the figures are missing. For his paper in collaboration with L. Bretanizkij 
the Leiden ms. provides the missing figures. 

3. cf. the article by A. P. Youschkevitch and B. A. Rosenfeld in DSB vol. Vl1. p. 255-262. 
as well as Berggren [I9861 p. 15-21, and especially Kennedy [1960(1)]. 

4. Scientific works were usually written in Arabic. 
5. cf. the article by T. N. Kari-Niazov in DSB vol. X111, p. 535-537. 
6. Also known as Timur Lenk. Mongol warrior whose conquests extended from the Volga 

river to the Peisian GulT: 1336[?]-1405. 
7. cf. Kennedy [196O(Il)] or Sayili [1960(1)]. 
8. Kennedy [1960(11)] p. 203: "The fact is that although these people are numerous who 

are involved with mathematics, nevertheless not one is such that he has any real standing 
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in (theoretical) science and the science of observations, for none of them know the 
Almagest. There is (just) one, Qidizideh, who knows the science of the Almagest, but 
he is not a practical man, and he has done nothing connected with applications, and 
(yet) he is the most learned of them.” 

9. cf. the article by Hlmit Dilgan in DSB vol. XI,  p. 227-229. 
10. cf. Sayili [1960(11)], p. 265. 
1 I .  cf. Luckey [1953]. 
12. cf. Luckey [1951], p. 44 f. 
13. cf. Aaboe. [1954]. 
14. cf. Aaboe [1954], p. 28 f. 
15. Kennedy [1960(1)], p. 8. 
16. Decimal fractions were already invented in the tenth century by al-Uqlidisi, who insists 

on always using the decimal sign. Al-Kishi has no decimal sign, but builds up the scale 
of decimal fractions by analogy with that of the sexagesimals. Al-Uqlidisi falls behind 
al-Kishi in two respects: Al-Kishi is more at home in multipying decimal fractions. 
And secondly, al-Krishi seems to realize the importance of these fractions better than 
al-Uqlidisi. (cf. Saidan [1978], p. 482434).  

17. Also written as muqarnas. 
18. Muqarbas or Muqarbas, a term denoting a technique of architectural craftsmanship 

used in the Mediaeval Muslim West, yielding the Spanish word mocrirobe. ... The 
artistic technique which developed as mocarabe is defined in the Diccionurio de In Real 
Academia de la Lengua as “work formed by a geometric combination of interlocking 
prisms, externally cut in concave surfaces and used as decoration in vaults, cornices, 
etc.” (Fernandez-Puertas [1991]). 

19. I am very grateful to Prof. Heinrichs, Harvard University, for sending me his forthcoming 
paper. “The Etymology of rnuqarnas. Some observations.” 

20. Heinrichs’ translation of the Arabic‘ definition: shabih a/-anf yaraqaddurn 1; I-jnbal. He 
adds that the similarity between these two terms becomes even clearer and more 
convincing, when studying the testimonial verse adduced by the lexicographers. 

21. cf. Heinrichs [forthcoming] for a more extensive argument. 
22. cf. Wilber [1955]. p. 72-74. 
23. p. 176 and p. 178. 
24. For the line of his argument see p. 62 f. 
25. Behrens-Abouseif, p. 501 f. 
26. N. E. of Teheran, near the Caspian Sea. 
27. Pope [ 19391, p. 1102. 
28. Harb [1978], p. 44-46, plate 5. 
29. Golombek/Wilber [1988], p. 165. 
30. Pougatchenkova [198l], p. 144-147. 
31. For more detailed information cf. Rosintal [1939]. 
32. I thank Prof. G. Necipoglu, Harvard University. for sending me his forthcoming article 

on the subject. 
33. A cubit is the length of a forearm. The variety known as the common cubit contains 

about 54.0 cm, the great Hishimi cubit about 66.5 cm, and the small HFishimi about 
60.1 cm (see Hinz [1955], p. 55). 

34. At  the Takht-i Suleiman the module measures 21 cm or 26 cm (one element has been 
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found based on a module of 42 cm). Probably the module was in general smaller than 
one cubit, in which case multiplying by b2 would mean multiplying by the square of a 
fraction. Hence the division here instead of multiplication IS  praxis-oriented. 

35. Definitions on fol. 51v/52r; Nader [1977], p. 218-220. 
36. Muluyyan, part. pass. from the verb !ayyana. to daub or coat with clay. 
37. fol. 52r; Nader [1977], p. 219. 
38. p. 37 and p. 41. 
39. Definition on fol. 65r (p. 277). On star-motifs in Islamic art see A. J. Lee [1987]. 
40. A recess in a mosque wall indicating the direction of prayer. 
41. cf. Golombek/Wilber, p. 187-194. 
42. I thank Dr. B. van Dalen, Utrecht, for his support in computing sexagesimally. 
43. Rosintal [1928] p. 80-84. 
44. cf. footnote 18. 
45. p. 178 f. 
46. See Kotowski et al. [1989]. 
47. cf. Dold-Samplonius [ 19923. 
48. A Russian translation is found in Rosenfeld [1954] p. 216220, where the figure belonging 

to the Method of the Masons is incorrect, and in Bretanizkij/Rosenfeld [ 19561 p. 125-129. 
49. sddhaj, simple, uniform, artless. 
50. Except for the Instruction al-KHshi gives all values as well in the sexagesimal as in the 

decimal system. His practice of writing decimal fractions is in agreement with writing 
sexagesimal fractions, distinguishing the lowest place in both cases. Hence this passage 
reads in the ms.: 0;24, 51, 10, 8 fourth or 414214 sixth decimals. The sexagesimals are 
expressed in letters Cjumal numbers) and the decimals in Indian numbers. The modified 
Greek zero symbol, used with the jumal numbers, consists of a small circle connected 
to a small bar above it. cf. Irani [1955/1983], p. 11 f./720 f. 

51. cf. Book V, chapter three, O n  the Adduction of some Arithmetical Rules that are o/ien 
Prerequisite for the Solution of Unknowns. 

52. Mu!ayyan. part. pass. from the verb pyyana, to daub or coat with clay. 
53. Al-Gshi  uses sometimes qnus, sometimes muqawwas. 
54. The zero at the end of this number had to be written in the ms. because al-KHshi writes 

numbers unto the sixth decimal position. Without this zero the number would read 
0.076529. 

55. cf. fig. 10. found on fol. 86r in the ms. 
56. This calculation is only made in the sexagesimal system. 
57. HisHb at-jumal: use of the letters of the alphabet according to their numerical value. 
58. ms. 0. 
59. ms. 41. 
60. ms. 2. 


